
2021
.
3.8

LECTURE 20 : LIE THEORY I (Root systems )

God : understand enough to work
with general Glp .

Play : Cl) Root systems
(2) Weyl groups
(s ) semisimple LAGS and Lie algebras

Root system 's Red : -Bourbaki Liebe alys,
- VI Ssl

- Humphreys , Foliates
V = finite - dimensional v.si/lR .

S
,
7 : Vx V 't → IR

,
the natural pairing .

Defy : A root system is a subset RCH

satisfying :

R③ R is finite
,
OER

,
and R spans V

.
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R③ For aER
,

I ! tell
't such that

refueled frame G.
x
" > = 2

,

and the linear reflection
Hagar

so}eV
g : I↳ J - 42 , I > a preserves R .

12530 For a
, PER , K , p

" > c- I
.

Elements of R are called roots
.

The elements I (specified in RSZ ) are co - roots
.

( The set Rv :{ xv Ine R} C V
't
is a root system - check!)

Nyla: Sak ) = - x .

So R = - R
.

R is reduced if
,

for each LER
,

the

only multiples nd ER are n I
.

→ We 'll atways assume this .
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The rank of R is dim V
.

EI. There's (essentially ) only one root system of rk 1

-
x V- IR ( A , )← •-5

Ria
,

- a }

p xtp
n n

Ix: 0=73

-as
I
sa

( Az )

v j
-

x-p
-p

Ryle : in pictures , implicitly 11=112
"

w/ standard Euclidean metric
.

( choice of basis t metric is not an issue
. . .
)

[
For now

,
C . ;) is this standard metric

,

so under k¥11 have iv.Tn ) .

We'll use this a little now
,
avoid it later

.
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Two meets
-

For a
, p c- R

, Gap is the angle TTY
pw - r - t

.
C
,
I

.

And Hall -Fgm is the length .

By 12530 ,
⇒ ⇒ sa , pv > = ( x. ftp.l-2#Y=zYYpi4eos0ap
is an integer , as is ↳ a) = 24,1ft cos -0ps .

So G. f) Sp , a) = 4 cos
'

Gap C- I
.

This restricts the possibilities .

For a# Ip
,

Hall EHBH :

4co50-apo-aple.BY#
O % anything
I %

,

'

% 1

2 74
,
374 2

3 %
,
576 3

4 0
,
it I ← x

= t p
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Exercise : If Halle Hpk and x¥±p
,
then 4,97=11 or O

.

Show this implies :
¥sp Ci ) if Ca, p ) so then xtp is a root

.

Tip in if ( x
, p )

> 0 then x - p is a root

Ess :(Rank 2 )
Nz

E- ¥ T
sa

,

(AHA
, )

Lz 2 it Az
r n

E. It ( Az )
3 #L

,

L S

qt2xr

&
p g

NitXz

0=3,1 sa ,
(Bz )
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32
,
t Zaz
^

4Th Edith jsxitxz

a. e? µ ,

( Ga )

DEI : R is reducible if R =p
,
IR
,

nontrivially)

such that ( R
, , Rz )

O
,

i.e
.

,

the

decomposition is orthogonal .

a
Ai

,
Az

,
Bz

,
Ga - irreducible

# a
. A

,
× A

,
- reducible

.
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Simple roots
,
positive roots , Weyl chambers
t

Desk. : A subset D= { ai , -→ an } c R is a

set of simple roots if

CD I is a basis of ✓
and

123 Every PER is p = E Citi
,

with all Ci C- I> o or all Ci C- 7- so .

Thy : simple roots exist !

an amta

EI
- a

,# a
,

⇒ { him } =D for Az .

L T
-L

,
- Az - 22

Defy : A subset Rta R is a set of positive roots if

I gov
't such that plat -1-0 t x ER

\
.

go
and Celal > o the Rt

.

-

÷"¥t.
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( Positive roots obviously exist )

Negative roots are R
-

= -Rt
,

so R -

- Rt HR
'

.

Def : let Ha CV be the hyperplane defined by
{ N -

- 03
.

A Weyl chamber is a connected component

*
of v.v

.

"
.

-

-

.

Prog : There are canonical bijection s
{ sets of simple roots D} ← { sets of positive roots Rt }

r

b I
{Weyl chambers 8 }

REI : [B , VI , § 1.5 ]

1=34 , .
..int → Rt = { Eci di Ici 30} ER .

I = { > c.VI sa ,
x: > > O t ist, . .. , n )
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Prog : If a
, PED , effs , then K , PV > SO .

If : Assume Hells Hell
,
and far contradiction (x

,
P ) > O .

Then by exercise
, x-p is a root XX

.

-

W-eightsdefn.sn
. Ie V is a weight if ( 2 , I > c- I Hae R

.

- Weights form a lattice in V
,

the weight lattice

MweEV
.

' Roots are weights (by RS 3 ) , span the root lattice

Mrt C Mut C ✓

Fixing simple roots A - { 4 , -
- in }

,

the

dominant Weyl chamber is 8=12/42 ,
ai ) > o forgets}

A weight 2 c- Mint is dominant if it's in the closure

or -I = { on , 730 }
.
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The fundamental weights at
. .

. . .

, on c- Mwt

are the dual basis to NY ,
. .
.

, In (EV
't

)

I.e.
,
Sati

, dj > = Sij .

→ These are the generators for cone T in Mwt
.

Ex : (Az ) 1123
,
with std basis e

, , ez , ez ,

std pairing ( ei
, Ej ) =8ij .

V C 1123 subspace { Ksa, e , tazezt eye, I enter ta, = O } .

↳ = { x. , a } = { e, - ez
,

ez - e, } .

Cr
op •

using ii. so avi . iii. ai .

"

ere. . .Not O

B f

⇒ at
,
= e

,
- f- ( eetezte, )

..

Oz =

eitez - Zz ( e, tezte, )

(Etc . . .. ) see Mwt = hexagonal lattice generated by
WT

, Oz .
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cfi¥on [Bourbaki §4
, Humphreys 511 ]

Defy : Fix simple roots D= {4 . . -in } .

The matrix ( ( Li ,dj ) ) , si , jen is the

Cartan matrix of R ( wrt D ) .

Preys : the Cartan matrix determines R .

Precisely , let A CR ,
I
'
CR

'

be

root systems with simple roots .
Assume

the Cartan matrices are the same : (xi.LI/=Lxi,djv ) .

Then the isomorphism 4 : V→ V
'

,
di ↳ di

'

,

sends R to R
'
.

RIK. From olefin
, xj = §n

,
Gj , hi > Ti .

So to express fundamental arts in terms of roots
,

invert the Cartan mtx .

Cgr : lmutlm.io/=detKdiidj > ) .

[
Mwtfyr, is the fwnda-mml.at group of R

.
.
.
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The Dynkin diagram of R (wrt A ) is a

decorated graph on nodes { I
,
--

,
n } ← { 4 . - -san )

with i connected to j by King Kaja! ) edges
= 4w5fij

Draw arrow from i to j if Haik > Haj D land )

( long → short ,

Ex : 4£, a. I } g ) : i Caixa , )

,
(II ) i- o

' 'Ari
'

.

'

index I Mwtlmn. 1=30

§= .

III ) ¥ 1137

index IMWYM, I = ②

← if Hxillsllxjll then Hi , 7=4 or O
.

The Dynkin diagram and Cartan mtx encode equivalent info .

RTL : R is inedible if its Dynkin diagram is conceded
Curt somefury DCR )
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Thm_(
"
carton - killing

" ) : The irreducible rent systems
one i

( An )
i
-
F- is
- .

. . -
can

i ÷÷. : }"cassini. "
( Dn ) !!).' -E- . . . - con

-2

( Eee
, as

) o

'

-3-I
,

-

g- ;
-

T 's

Ranch Warden, ]
( Fy ) ⇒ I- i

'

qq.ba
: classify possible

ar matrices
, by

( Gz )
'

a # a

' " cheeky subgraphs. .

E. g . I
← Ie- o-

o
X

Exs
-

:

C, , . - , en

(An - , ) Take IR
"

with orthonormal basis
.

"

PGLN
"

Two common choices : V C IR
"

subspace { Eaieil Eai
- O }

er : V - RYR.ee
,+ . .- ten ) -

"

Sun
"

These two are related by Va V
't
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This time we'll the the second one
,
the quotient .

D= { 4 , -- > an- ,
}

,
Xi = Ei - Eiti .

Rt = { e-
i
- Ej / is j } R

-

= { Ei - Ej / i > j } .

Ti = e ft - e¥ ,
c- Htt E IR

"

( coordinates sum to O )

WT. = E
,
t - -- te

;
E V

sa
,
= Si reflects Ei ←sEj+ ,

,

fixes other Ej 's .

-

(Cn ) 11=112
"

,

same basis e
, ,
-

, en .

Rink : B~= Cz

R- { ±ei±ej I iaj } u { ±2e ; } # #o

- -

short song
&

O L
, Az Ln - I

D= { - 2e ,
,
e

,
-

ez
,
ez - ez ,

. . .

,
Cn- i

- en }
Logie Bnl -
y air

sub -system of type An - ,

argots : - elf
,
et - et

,
-
- - sent

.

- hi
out

weights : et
.

=

-

Ile , t
. - - + en )

others !!

Also write out Rt
,

R
-

fi sent . - -ten" - i ti "
'
-

'
n - t ) /

°

for TY?!µ wcqzny
.Compare


