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LECTURE 21 : LIE THEORY II ( Weyl group )

Rgf:[ Humphreys, Reflection groups

A root system R - V comes with
+ coxe¥up}

reflections s
,

for each a ER
, preserving

R
. R③

Degas : The Weyl group WCR) is the subgroup
of GLCV ) generated by the reflections

Sy : 2 i-s T - ( 2
,
I > x

for X E R
.

Fixing a set of simple roots I
,
we write

si e sa
;

for the simple reflections
,

S - { si, -→ Sn }
.

In fact
,

W is generated by S .
More precisely ,

recall the possible angles Gij between ai , g- , are

G =

'

E
, ,

IT
,
It (for i# j ) . Gig. are wet. I , I ,

chosen to be W - invariant !

Write Mci
, j ) = denominator of Gij ( = 2,3, 4, or 6) .
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Prey. : (W
,
S ) is a Coxeter

group
:

W = ( s , , . . . , Sn / ( sis;
)N" J ) = si = I )

[ Bourbaki § I ]
,

[ Humphreys § ! 9 ]

The exponent mlisj) is determined by the Dynkin diagram :

# edges i - j ml i
, j )

O z ← si , Sj commute

, | 3 ← s ..gs, .gs, sj
Z 4

3 6

So in fact
,

W -
- W CRI depends only on the underlying

graph , not the arrows
.

So W(Bn ) - Wkn ) .

( clear from olefin : reflection gp only depends on
directions of x 's

,
not their lengths .

)
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sisj-sg.si/i-jls1
Ix : W ( Am

,
) = ( Si , . . . , Sn - , I si =L

,
Sisi, Si ' sit , Sisi, )

§n 2 3 - - - n - l
l id- o - ee - - - - O

by Si 1-3 ( i ←site ) .

The representation on V is induced from the usual

permutation representation of In on IR
"

.

⇐ " wlBn ) - Wkn ) - ( so , . . . .sn. . I so, sj.si"sisii°)
sisj-sj.si/i-jl > I1=0'

- I-3 to
'

z Wn ( signed permutations ) = YAS'm
by Si 1-3 is itl for i > O

S 1-3 I ← T
.

(Acts on V by Soleil = - e , .)
O

Sisi Sisi, s; = Sins .- sit, ( i >01JEg : W (Dn ) = ( so , so , Si , .- , Sn - z / Sos,So=s, Sos ,
, Sj S , so

-

- S
, Sos ,

-
F
-

.
.. -no

- Z
Si Sj = sjsi otherwise

→ wn first: .by S ; t) (it 1) a Litz ) i - O
, .
.

>
n - Z basis co

,
e
, , - → en - i .

So 1-3 120 IT . -

Image is win =3 we Wn f w has an even # of signs }
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By the Prep.
. every w c- W is w = Si

,

-
- -

sie ,

for some minimal l
.

Deets : Such a minimal b-Awl is the length of w .

An expression of minimal length is reduced
.

I 2 3

EI : In Wz
,

w = 25 I =
2 ' 3

" lool -- 5
. 123

,

'

= '
' szsisos ,

3 2 I

check this
agrees with our J l l

earlier description of Kw ) ! 2 I

Pgs : Ecw ) = # ( w- ' ( R' ) n Rt ) = # ( positive roots made
= # ( w ( Rt ) n R- ) negative by w )

[ Humphreys 51.7]
a
case

of

se : For a c- I
,

s
, (Rt , gag ) = Rt , gag .

← the PM
" !

←
Use previous

Exegeses show §
,

@i = I ?q+d -

exercise !
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Preys : W - W (R) acts simply transitively on

the set of Weyl chambers .

[Bourbaki § I ]
,

[Humphreys § 1.8]

s
. if← dominant chamber 8

-

.

.
. ? 1¥ . '

EN s
,
sa

t -

'

-

,

I

µ
> 52

,

'
n

,
I

5,525 , I Szs ,
= Szs , Sz I

= : Wo l

Eor : There's a unique longest element Wo ,

taking the dominant chamber or to the

antidominant chamber -T
.

WARNING : usually Wo is not just multiplication by - l !

Cer : Up to re- labelling , everything so far is independent
of chore of A ( Dynkin diag , Garton matrix, etc. )


