
2021
. 3 . 12 Rest :[ Humphreys , LAG ]

Springer , LAG

LECTURE 22 : LIE THEORY II ( sanedm.si?ehafg%7ass)
A linear algebraic group

(
"

LAG
"

) is a Zariski - closed

subgroup G E GL (V )
,
for some V .

Equivalently l ! ) G is an affine algebraic group ,
i. e.

,
an affine variety with a group structure .

A torus is Tx I = Spec QLXF , . . - , xnt ] .

(Gm )
"

A maximal torus T E G is what it seems .

Every LAG G has a Lie algebra og
-
- Lie (G)

.

This can be defined intrinsically , but a quick
way is this : for G s GL (V )

,

Te G E Te GLN ) = End (V)

!! H
"
CX
,
Y] - XY -YX

og E jeHl ,

with bracket E
,
-3 on og induced by commutator on glH ) .
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G acts on

og by the adjoint representation .

Again , this may
be defined intrinsically , but

using of Sagen )
= End (V)

,
its

Adlg ) . X = gxg
' '

for ge G and Xs of .

In particular, a (maximal ) torus Ts G

acts on

og by the adjoint action .

So one has a weight decomposition

of =④ of x ← of y s og is where T acts

XEM by character x

Dein : The roots of G with respect to T
are the nonzero weights for the adjoint action
of T on

y
'

-

R (GT) { xc.nl/xf0adoyxf0 }
.
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So og
=

go
to ⑦ Ya as T- modules

.

LERCGT)

( ( Zz, ] → e) ← "

1
"

Ex: G - Sh
,

T-
- fl ! %. ] } - E't

,
MEE

.

"aye
-

ZEE matrices

sea has basis H=l : :]
,

E - En -- f : : )
,

Eskil : :]
.

z .E= ( Zz . . )f
'

1ft
"

, } .- (
Z
'

] .. E. E ⇒ weight 2

z - F = - -
-
-

= (EZ ]=z" F ⇒ weight - Z

z. . H -

- H ⇒ weight 0

So RCG,T)={ 2 , -2}
, she -

go ④ ofztoofz
" H l'

④ H E. E E - F
(A

,
) ios ,

I
e Io "

I
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Ex : G - Gln
,

T- diagonal torus = (E'T .

I in poslisjl
Basis for ogln = fnxn matrices ) is Eij o elsewhere

M- Tt
'

,
basis t

. . .
. .tn .

till :" - ' In ] ) - zi

2- a Eij = 2- Eijz
"
= ¥
, Eij

⇒ weight ti - tj

⇒ R(Gln
,

T ) - { ti - tj I i # j } ( An - i )
The roots dog't span
MOIR IR

" !

Eg : G =D = upper - triangular s Glen .

T
'
= diagonal - (05 .

So be ogln is upper- A matrices
,
basis Eij tag

.

Then RCB
,

T ) = { ti - tj I iaj } .

Not a root system ! But = Tht ERI Ani ) !
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Ex : G = Span C- Glen , preserving our Std form w .

Need some basic facts about !¥]
representations of Lie groups t algebras .

A representation of a LAG is a homomorphismof ab - gas )

G- → GL (V )
,

some " s ' V
'

(of Lie algs )
A representation of og is a homomorphism

og
-s of IV )

.

① If G AV
, fixing a vector ✓ ⇐ V

,

Think :

then the corresponding resin of of
kills r

.

"ve

,

of

( g - v
-

- v V get ⇒ X. v = O V-XC.org . )

② V
,

W resins of G- ⇒ g
- (raw ) = (gov ) Gl g. w )

SEE

X. ( van ) = ( X - v law t v ① (X.w )
XEL

"Leibniz rule "

③ V 't = dual
neg ⇒ (g. g) Cut

= cel g-
'

v1
,
(X. g)hi = - 9(X.v ) .

Refs [ Fulton-Harris , § 8 ]



22
.

6

✓
*
④ Htt

c.

Now take V- Em
,

we All
't

.
So

Spurs Glen is the stabilizer of w
.

⇒ span s glam is subalgebra that kills w :

= { X I w (X. v , w ) t w ( v , X.w/ so I
= HI xtl

. It ↳ " Ix - ol .

x.facts )
Exercise . Work out the egns in block matrices !

⇐

mail :;÷÷!
* " It

"

t.es;÷÷ .

R( Span
,

T ) = { ti - tj / i # j ) Uf ± tilt; I is j }
(Cn )
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I T I 2

¥ ÷.. Ei
e. ""

÷÷÷÷i÷
z Zi Zita tf

,

I work out some n > 2 ! )

Weyl guy

Now G is a unneeded LAG ad Ts G max't torus
.

Ng ( T) =/ g c. G I gag
"

E T H z et } (normalizer )
T

(
•
(T ) = { ge G / gag

- '

= z tf Ze Tf ( centralizer)

W =WIG
,
T ) : = Natty

Colt )
.

For most of our examples , Colt) = T, so W=
NG

.
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⇒ G=f.-¥. if I
has cacti -- f:#*) ⇒ T - fit:c:X: a:?)
Prey. : Colt) = NGHI ( identity component ) ,
and I Natt) : Celt) ] s no

,
so W ( G. T) is finite

.

[ Humphreys § 22]

Rusk : All maximal tori TCG are conjugate,
so the choice of T doesn't matter :

as an abstract group ,
W depends only on G .

The Weyl group acts on Ms Mlt) : -_ Hom (T
,
Gt )

.

Given we W
,
choose a lift nwt NIT ) .

For J E M
,

2- ET
,

( w . 2)(z ) = d ( nj 2- nw )
.

Check indeed't of choice of nw ! (And that this age action . )
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Prey : This W action preserves the roots

R=R( G, T) s M .

If : Take LER
,

XEOfa nonzero
,

2- ET
,

so

Adt) . X = x (e)X
.

Let n=nw be
a htt of we W

.

The claim is that Aden ) . X E ofwk, .

compute : Adlai Aden , . × =zfnxn.ge#YtYofM7--nfn-'znXn-'E' n ) ri'
=
n ( a ( n

- '

zn ) - X ) n
' '

= WHICH - (Aden ) . X ) .

④
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Solvable + Unipol-art groups-

Deeds : An element see G of a LAG is :

. semisimple if I a faithful resin p : Goblin

so that pen is diagonal 1%-7*1
• uni potent if . -

-
- -

s
-
t
. pcx) is strictly upper-D

' ¥
, ]

Thin ( Jordan decomposition ) "

(1) For any x E G,
I ! semisimple Rs =×u×s

Uni potent x. u
s 't

.

X = Xsxu .

121 For
any

woman
.

G- IH
,

have

( x )
,

= cplxs ) and 9( x) u = 4( Xu ) .

[ H
, §
15.3 ] (Use familiar Jorden normal farm far Gln )

Defy . G is wnipoteut if all its elements are,
i. e.

,
x - ku for all x E G

.
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Defy : G is solvable if the series

Ga ( G
,
G) = ( (GG) , CGG ) ) = . - -

terminates in { e }
,

where ( G
,
G ) is

the commutator subgroup .

Ngtc. Any subgp of a solvable ( resp .

. unipoteut ) group
is again

solvable (resp , unipotent ) ,

Maines : { f ¥ ) } -- B s Gln solvable

(B
,B) = U

turn If { (
'

o

' :*
,
] } = Usain unieotent

Thin : G is unipotent iff any representation
p

: G → GLCV ) can be
"strictly up triangulated

ire
,

there's a basis of V so that

PCG) s a =L 'o¥ ] .

[ H
,
§ 17.5 ]
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Thm(e-Kol chin
" ) : A (connected ) LAG G is solvable iff

any representation p
: G-s GL (V) can be

upper - triangulated : there's a stasis of V so that

p ( G1 c. If ¥11 . [ H , § 176 ]

Sg : unipotent groups ← closed subgroups of U =L ¥ ]
""sniluasle

groups
←

"iiised sub
gps of B ' f 't * ] .

DEI : A Bored subgroup BC G is maximal (closed )

connected solvable subgroup -

° A torus is connected + solvable
,
so contained in some Borel

← Likewise
, any connected ) unipotent gp is contained in a Bonet .

Thin : All Borel subgroups are conjugate : if B. B's G

are Berets
,
then B' = xBx' ' for some xe G .

[ Humphreys § 21,3 ] ( For G -- Glen : Fl Cen ) is homogeneous ! ]

Coy : All maximal tori we conjugate (as one man 't unipotents) .
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Cyr : Let IT
'
C G be maximal tori

. There

are isomorphisms MIT) I MLT ' )

and WIG
,

T) I WCG
,

T
' )

inducing an isomorphism R(GT ) TRIG, T
'

)
,

compatible with W - actions .

( All induced by T
'
-3T

,
2-
'

↳ get
'

g
- I
,

where T=gT'g- I
.
)
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Semisimple tR¥e groups

Now : G is connected t nontrivial

Dots : the radical of G is

RLG) = max 't connected normal solvable subgg
unique ! [ H

, § 19.53

The unipotent radical is

Ru (G) = max 't connected normal unipatent sings
( also unique !

Ex :
. R ( Glen ) = scalar matrices =

Ru ( Glen ) = let Ctrivials'

. For B Btn =L :#* ]
,

RCB) = B
.

And RuelB) = 21 = (
'
'

o# I
. c- Btu 7-④

*Y
.

DB
B - T. LL

torus "
unipotent

(nque) (unique)
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E : P=[÷¥
.
) c Gly .

⇒ Rules .- µ÷*g ) t.lt#*jRulML=GLzxGLzzlsLnl--Mn?T.Ye
;

Det : G is semisimple if R (G) = { e } ( ex : Shh )

G is reductive if Ralf ) = le } ( ex : Glen )

Any semisimple group is reductive (since Ras Rahway s ) .

If G is semisimple, its center 2- (G1 is finite
.

(Otherwise the conquest 2-(G)
°

would be conn , norm .
sow . )

If G is reductive
,
then 2- (G)

°

is a torus
,

2-(GT = RCG)
,

and ( G
,
G) c G is semisimple .

[ H
,
819.5 ]

sin :( Glen ,GLnK Glen
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For
any connected G

,
ERK ) is semisimple ,

42161 is reductive
.

Ex : Glen - reductive .

Shen = ( Glen
,
Glen ) semisimple .

PGLN = Gheen , . ,qµ , is semisimple .

Pug : Let G be semisimple with max 't torus T.

Fei: Then R
- RLG

,
T ) is

a root system
weigh on#
d. in V - tf = M¥112 ,%

with Weyl group W = WCG,T ) .

[ H ,
§ 27

.

I ]

Ryuk : main difference between semisimple + reductive
is the requirement that V be spanned by R .

For reductive G
, replacing V by V ' = span ( R ( GT) )

produces a root system .
(Corey. to SS quotient 47140 .

)

( Think of Glen
,

with M In
,

V IR! but R span an in- it - dim't sudsy .)
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Defy : G is simple if it has no nontrivial closed

connected normal subgroup , and is non - commutative
.

• non- comm .

rules out trivial cases Gm = It
, Ga = Cl .

• Sten is simple as an LAG
, though not as an abstract group .

Preys : Suppose G is semisimple .
Then G

is simple iff RCG
,
T) is an irreducible root system .

ranks of semisimple group : = dim (max't torus ) .

thots

connected
For semisimple G with maximal torus T

,

XE RI G
,
T ) is a character x : T-s

.

sub - torus of T
-

Thy : ↳ is Cockerki ) is a connected reductive gp ,
and ( Ga

, Ga ) is semisimple of my b
.

[ SGA 3 ] or [ Springer, § 6.4.7 ]

Ex: x -- t- tz , CE
't)4=T-set

,

look) = (
*

"

a

* ) , Ga " (
*

'

* ¥
* )
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semisimple rank t groups a root sys
of type

⇒ G = SL
,
or PGL

z (A
,
)

There's a corresponding map

Slz→ ( Ga
,
Ga ) → G → G

.

We 'll sometimes write the composition as

She Is G [ ? I ] → of
U U n n

E
't
- Ta → T she → of

a. . [ to :D
s - psg

The concert x" is this one - parameter subgroup ,
I : GA = Ta TT .

[Springer, § 7. I ]

These play an important role .

Later we'll see

how they determine T- invariant curves in 413
.
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classification
-

In addition to root data
,
some topological

information is needed to classify simple LAG 's .

Prog : For semisimple G and max 't torusT
,

let R = RIG
,

T ) be the root system ,

with

weight and root lattices Mnt 3 Mrt ,

and Ms MLT )
.

Then Mut - mo Mrt
,

and
S

'

n

MVIMI , IT,
( G

,
e ) I- psg 9 : →Tag

p
( generates a based loop )

SH
for GIG

MWYM ( Fulton -Harris 823 -

I ]
→ (other ref? ] (Helgason ? )
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Thin ① ( isom .
) G

,

G
'

= simple LAG 's
,
with

max't tori T
,
T
'

.

If RLG
,
T) = Rcd

,
T' ) and IT

, (G) I it, (G
'

)
,

then there's an isom GI G
'

taking T to T' .

* oneexjeptione.RCG.TT of type (Dn ) , n36 even
,

and it
,
(G) = 74274 .

There are

[why ?? ] two possible (G.T ) .

② ( existence ) For R sired
.

root system with

fundamental
group Mwtlmrt , and

any
Mwt > Ms Mrt

,

there's a simple LAG G

with max 't torus T such that

RCG
,
T) = R and IT

,
(G) I Mwt/m .
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Ey (most of them ! ) :

( Am , ) Sten la
,
- Sel ) PGLN ( it

,
-74ms )

n > 2 (Bn ) S0zn+ , ( it
,
= 7427 ) Spinzn, ( IT

,
Hel )

n > 2 ( Cn ) Sqn ( IT
,
- let ) PS

pan lit
,

-

- 7th, )

n > 4 ( Dn ) Sqn (T.sk/zz/SpinznhT,=3eI )

tilth)=4%) or T
odd n

even n

.
. . and 5 exceptional types .

There are some coincidences
.

Exercise : show slz - Syrie as Sh- modules .

Show PGLZEGL Isla ) fixes a symmetric nondeg .

bilinear

form, and conclude PGLZ 503 .

M = Mwt Ms Mrt

The extreme cases IT,/G) - le } and it
,
(G) = Mathur,

are called the simply connected and adjoint
Sun PGLN

groups , respectively .


