
HOMEWORK #3

Due: September 29, 2021

1. Let PM≤r
n,p ⊆ Pnp−1 be the set of n × p matrices of rank at most r,

up to scalar multiple.

(a) Identify a homogeneous ideal Ir such that PM≤r
n,p = Z(Ir).

(b) Show that PM≤r
n,p is irreducible. (Think about multiplication by

GLn ×GLp, and exercise 3 from HW#2.)

2. The Veronese embedding vd : P
n →֒ PN , for N =

(

n+d

d

)

−1, is defined
by

vd([X0, . . . , Xn]) = [(all monomials of degree d in the Xi’s)].

Show that the image vd(P
n) ⊆ PN is not contained in any hyperplane.

3. Suppose X ⊆ P
2 is a plane conic. Show that P

2
r X is an affine

variety. (Use the Veronese embedding.)

4. LetX = Z(x−y2, yz−1) ⊆ A3. Find generators for the homogeneous
ideal of X ⊆ P

3. (View A
3 as the standard affine open set U0 ⊆ P

3.)

5. For any d ≥ 0, let Cd ⊆ P3 be the curve which is the image of the
map

P
1 → P

3

[s, t] 7→ [sd, sd−1t, std−1, td].

Note that Cd lies in the quadric surface {XW − Y Z = 0}, which is
identified with P1 × P1 by the Segre embedding.
(a) Find a single bi-homogeneous polynomial defining Cd ⊆ P1×P1.
(b) Find homogeneous polynomials defining Cd ⊆ P3.
(c) Show that Cd

∼= P1.

6. Gathmann, Exercise 2.6.13.


