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Math 152.02

Trig integrals

More basic

integrals

/tanxdx:—ln|cosx|+C
/cotxdx:ln|sinx|+C
/secxdx: In|secx + tan x| + C
/cscxdx: —In|cscx + cotx| + C

1
/arctanxdx = xarctan x — 5 In|1+x% 4+ C
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Trig integrals
Trig integrals Trlg integra Is

For integrals of the following form
/ sin™ x cos” x dx

CASE I: n> 0 odd
Substitute u = sin x

CASE Il: m > 0 odd
Substitute u = cos x

CASE Ill: n> 0 and m > 0 both even
Use half angle formulas

cin? x — 1 — cos2x
2

5 1+ cos2x

COS“ X = ———

2
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Example 92

5

Compute [ sin® x cos'? x dx

Trig integrals

/ sin® x cos’? x dx = (apply CASE 1)

2 2

u=-cosx, du=—sinxdx, sin“x=1—u

= /—sin4xcoslzx~(— sin x) dx
= /—(sin2 x)? cos™? x - (— sin x) dx
= /—(1 —uv?)?ut? du

= /—u16 + 20t — u?du

17

_ _u 2u15_u13
=-TTt+t7T 1_3+C

17 15 13
cos ' x 2cos> x cos > x
—~w7 t 5 — "1t ¢
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Example 93

Tiig integrals Compute ['sin” x cos® x dx

/sin7 x cos® xdx = (apply CASE I or Il)

=sinx, du=cosxdx, cos’x=1— u?

<

2

sin” x cos® x - (cos x) dx
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Example 94
Tig ntegrals Compute [ sin’ 8x cos™2 8x dx
/sin7 8x cos 2 8xdx = (apply CASE 1)
u=cos8x, du= —8sin8xdx, sin’8x=1—u°

= —% /sin6 8x cos™28x - (—8sin x) dx

—% /(sin2 8x)3 cos™28x - (—8'sin 8x) dx

/(1 2)3 —2du
:—g/ 2_343u®— u*du

3u® u®
—3gtsstC

3
_sec88x + %COS8X— c0588>< + cos 8x +C
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Example 95

Compute [ sin® x cos* x dx

Trig integrals

/sin2 xcos* xdx = /‘sin2 x(cos® x)2dx (apply CASE IlI)

/l—cos2>< (1-{—c052><)2
. dx
2 2

= %/1+cos2x7cos22x7cos3 2x dx

1 I _1 2 _1 3
= 8x-i—165|n2x 8/cos 2x dx 8/cos 2x dx

1+ cos4x

_ 1 1 1 1 3

_§x+ﬁsm2x _§/fdx — §/cos 2x dx
u =sin2x, du = 2cos2xdx

_1 1 1,1 _ s 2
= gX + 15 SiN2x — 16X — 7776 SiN4x ic | 1—u“du

Lo Lgindx— Lyt
X sindx — qeu+ 3755 + C

_1 I _ 1
= gX T fgsin2x — g5 64

|1 DI | SR [ g 1 sin® 2x
= 8X—i—165|n2x 76X 64S|n4x 16sm2x—|—748 +C
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Trig integrals

Trig integrals

For integrals of the following form

/tan’" x sec” x dx

CASE I: n> 2 even
Substitute v = tan x

CASE Il: m>0o0dd and n>0
Substitute v = secx

CASE Ill: n > 0 odd and m > 0 even

Convert all tan? x to (sec?x — 1) and

(m—1)cos™1x m-—1

/sec"’xdx: sin x +m_2/sec"’_2xdx
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Polynomials

Polynomials

Definition 96 (Polynomials and rational functions)

A polynomial is a function of the form
p(x) = anx" 4+ a3, 1x" 1+ +aix+ a

A rational function is a function of the form

Where p and g are polynomials.

Example 97

p(x) = 6x® — mx® + ex® + 1

is a polynomial.
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Polynomials

Example 98

. 25+ Tx* +2x3 +6x2 +2
B x34+3x2+5x+1

f(x)

is a rational function.

Definition 99 (Degree of a polynomial)

If
p(x) = anx" 4+ a3, 1x" 1+ +ax+ a

and a, # 0 then the degree of p is

degp = n.

Example 100

deg(mx® —6x® +ex®* +1) =8
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Polynomial Division

Relbyramiels Example 101
Divide
x4+ 3x+2
x2 -1
X4 + 3x —+ 2 5 3x— 3
KA SRS 1
x2—1 x“+1+ 21
Example 102
Divide

25 & Tx* + 2x3 + 6x2 + 2
x3+3x2+5x+1

2P+ 23 +6x°+2 32x2 + 54x + 9
=2x"+x—11+
x3+3x2+5x+1 x3+3x2+5x+1
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Completing the square

Completing the

square
Completing the square

Given a quadratic polynomial
ax® + bx + ¢
it can be rewritten in the form
a(x+p)’>+aq

This process is called completing the square
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Steps for completing the square

Given a degree 2 polynomial e.g.

5x2 — 30x + 10

Completing the
square

@ Factor out coefficient of x2
5 (x* —6x +2)

® Divide coefficient of x by 2 square that number and add and
subtract it.
5(x*—6x+ 9-9 +2)

© First terms are a perfect square

5((x=3)? —9+2) =5(x-3-35




Math 152.02 EXampIe 103
Complete the square for x2 + 3x + 10.

quol;z?e\et'mgthe o2 +3x+10= X2 +3x + % _ % +10

[+ 9P+ ¥

Example 104

Complete the square for 2x> — 7x + 8.

2x° —Tx+8=2(x2— Ix+4)

=2(x®-Ix+2-% 14
=2((x- 9"+ %)

2
21+ ¥
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Factoring Polynomials

The quadratic equation

Factoring

Polynomials If p(x) = ax? + bx + c then the roots of p are

—b++/b? —4ac
2a

b%> — 4ac is called the discriminant of p.

If the discriminant of p is negative then p does not factor. Otherwise,
p factors as

B —b+ Vb? — 4ac —b — Vb? — 4ac
p(x) = a X | (X~
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Steps for integrating rational functions

Given an integral of a rational function e.g.

dx

/x3+7x2+6x—42
x2 +2x — 8

Factoring
Polynomials

@ If the degree of the numerator is > the degree of the
denominator
X3+7X2+6X—42_ 4x — 2

x24+2x—8 _X+5+x2—|—2x—8

® Factor the denominator

eg X*+2x—8=(x—2)(x+4)

® Rewrite the fractional part as a sum of partial fractions

4x — 2 A B 1 3

& x2+2x—8:x—2+x—|—4:x—2+x~|—4
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Steps for integrating rational functions (continued)

Factoring
Polynomials

O Integrate
x3 4+ 7x2 + 6x — 42 4x — 2
= 5 d
/ x242x—8 dx = /X+ R x24+2x—8 x
1 3
:/ dx
x—2 x+4

2
= %+5X—|—In|x—2|+3|n|x—4\+c
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Trig substitutions

Trig substitutions

Trig

i ap— For integrals involving v/a2 — x2 it may help to substitute
x = asinf

For integrals involving v/x2 + a2 it may help to substitute
x = atand

For integrals involving v/x2 — a2 it may help to substitute

X = asecl
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Example 105
1
Compute fﬁdx

1 1
——dx = [ ——=dx
/ Va4 + x2 / Va4 + x2

Trig x =2tan6, dx = 2sec?6d6,

substitutions

- 2sec? 0. do

1

:/ V4 + (2tan6)?
1

:/ V4(1 + tan20)

sec? 0.d6

- 2sec? 6. do

1
_/\/1+tan29

1 2
= sec” 6d6
/\/sec20

:/sechG

5
N[ X

=In|tanf +secl| + C =

VA4 + x2 n
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