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Last time

Argz vs. argz

argzw = argz + arg w

computing Arg z

computing z" using exponential form
computing z/" using exponential form

nth roots of unity

No g ks~ b=

the principal nth root of unity w, = e2mi/n
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Roots of unity

Roots of unity

What are all of the mth roots of 17

Again we will use exponential form: 1 = 1e
Suppose (re’?)™ = 1€/ then r = {/1 =1 and

mf = 0+ 2nm
o 2 2mn
m
List all such values of § € [0,2r): 0,2Z, 4 ... ,M.

and the mth roots of unity are the elements of the set:

{1’ ei27r/m’ ei47r/m7 . 7ei(2m—2)71-/m}

Notice that if we set w,, = e’27/m (called the principal mth root of
unity) Then the set of all mth roots of unity is:

2 . ’wm—l}

{17wm7wm7 :
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Roots and roots of unity

» Suppose z; and z, are both mth roots of the complex number c.
> Then z{" = zJ" = c so (2)" = 1. Hence £ is an mth root of unity
so there is k € {0,1,---,m — 1} such that 2 = wy.

» Thus z = zjwX for some k € {0,1,--- ,m —1}.

» Conversely suppose z is an mth roots of the complex number ¢ and
ke{0,1,--- ., m—1}

» Then (zwk)™ = z"wkm = ¢c. 1 = c.

» Hence if z is an mth root of ¢ then set of all mth roots of ¢ is

{z, 20, zw?2, - -+, zw™ 1)
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Proposition 1 (Quadratic equation)

If a,b,c € C and b> — 4ac # 0 and a # 0 then there are exactly two
complex roots to the equation az?> + bz + ¢ = 0 given by the quadratic

equation
—b+ v b? —4ac
Y4
2a
Proof.

» Suppose a,b,c € C, b> —4ac #0 and a # 0 and az> + bz + c = 0.
> Then22+§-z—|—§:0

2 . b b? b? c _
> Thenz"+ 2 -2+ 5 - +5=0
2 . b, b* _ b ¢
> Then z +a Z+4a2_432 a
b\2 _ b’—4ac
| Then (Z + 2_8) = 2
b b*>—4ac
» Thus z + 5% is a square root of -
» S : fb2 _ Th s \2 _ b’—4ac
uppose s is a square root o 4ac. en (23) = 0
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Proof of Proposition 1 (continued).

» The other square root of "’24_—;“ must be 2iaw2 = iei” = —Qia.

» Thus if z satisfies az?> + bz + ¢ = 0 then either z + 2—‘; = 5> or
c+h=-%

» Hence if z = _é’:s or z = _’2’3_5.

» Thatis z = —_b+\/2@ or z = —‘”W.

» Conversely if z = =bEvbi=dac \,21;2—436 then z satisfies az> + bz + ¢ = 0 by
direct computation (do this yourself).

O
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Regions in the complex plane

Definition 2 (e-neighborhood)

For € > 0 an e-neighborhood of the point z; is the set
B.(z0) = {z € C||z — z| < €}.
The deleted c-neighborhood of the point zj is the set

B:(z0) —{z0} ={z € C|0< |z — z| < e}.

Definition 3
Let S C C.
1. zp is an interior point of S if there is ¢ > 0 such that B.(z) C S.

2. zg is an exterior point of S if there is ¢ > 0 such that
B{_:(Zo) NS =a.

3. Zzy is an boundary point of S if it is neither an interior nor exterior
point of S.
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Definition 4 (Open and closed sets)

1. S € Cis open if it does not contain any of its boundary points.

2. S C Cis closed if it contains all of its boundary points.

Definition 5

1. The boundary of a set S C C is the set
bnd S = {z € C|z is a boundary point of S}
2. The interior of a set S C C is the set
intS=S5—bndS
3. The closure of a set S C C is the set

clsS=SUbndS
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Example 6 (Exterior point)

Show that 2 + i is an exterior point of the set S = {z € C| Rez < 1}

We must find a neighborhood of 2 4 i/ which is disjoint from S.
Suppose z € Bi(2 + i).

ThenRe(2+i—z)<|2+i—2z| < 1.

Thus 2 — Re(z) < 1.

Thus —2 + Re(z) > —1.

Thus Re(z) > 1.

Hence z ¢ S.

Therefore SN B1(2+ i) = @.

Hence 2 + i is an exterior point of S.

vV V.V V. VvV V.V Vv Y%
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Example 7 (Interior point)

Roots of unity Regions in the complex plane

Show that 3 is an interior point of the set B3(1 — /)

» We must find a neighborhood of 3 which is contained in B3(1 — /).

> Suppose z € B;(3).

v

Then|l—i—z|=]1-i—-3+3—-2z|<|1-i-3|+|3—-2|=

|—2—i|+[3-2z| <v5+1 <3

Hence z € B3(1 — i).
Therefore By (3) C Bs(1 — ).

v

v

Hence 2 + i is an exterior point of S.
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Example 8 (Open set)

Show that the set B3(1 — i) is open.

» Suppose z € B3(1 — /).
Then |1 —/—z| < 3.
lete=3—-|1—/—Z|

| 2

| 2

| 2

Complex Analysis

Roots of unity Regions in the complex plane

Thenif we B.(z)wehave |1 —i—w|=[]1—-i—z4+z—w|<

1—i—z|+|z—w|<|l1—-i—2z|+3—-|1-i—2z|=3.

v

Therefore B.(z) C B3(1 —i).

Hence z is an interior point of B3(1 — i) and not a boundary point.
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