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The invariants

are defined for

(X , f : X → R)

(X , f : X → S1)

X a compact ANR, f a tame map.
and are motivated by Data analysis and Dynamics.

are numerical
use homology Hr (· · · ;κ)

are computer friendly
related to Morse-Novikov theory
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Real-valued map f : X → R

X is a locally compact ANR, f : X → R a tame proper map

Critical values CR(f ) = {c ∈ R,H∗(f−1(t);κ) changes}
Barcodes = four multi-sets

closed barcodes− Bc
r (f), [a, b], a, b ∈ CR(f)⇒ z = a + ib(a ≤ b)

open barcodes− Bc
r (f), (a, b), a, b ∈ CR(f) ⇒ z = b + ia(a < b)

closed− open barcodes− Bc,o
r (f), [a, b), a, b ∈ CR(f)⇒ z = a + ib(a ≤ b)

open− closed barcodes− Bo,c
r (f), (a, b], a, b ∈ CR(f)⇒ z = b + ia(a < b)

Bc
r (f ) t Bo

r−1(f ) ⇒ δf
r : R2 = C→ Z≥0

Bc,o
r (f ) t Bo,c

r−1(f )⇒ γf
r : R2 \∆ = C \∆C → Z≥0

If X compact then δf
r and γ f

r have finite support.
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Configurations δf
r and γf

r
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"death" and "observability".

For a ≤ b consider

u ∈ Hr (f−1(a);κ)
Ia,b
ar // Hr (f−1([a,b]);κ) Hr (f−1(b);κ) 3 v}

Ia,b
b roo
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One says that :
u ∈ Hr (f−1(a);κ) is
dead at b if ia,ba r (u) = 0
observable at b if ia,ba r (u) 6= 0 and ia,ba r (u) ∈ img(ia,bb r )

v ∈ Hr (f−1(b);κ) is
dead at a if i r ba,b(v) = 0
observable at a if ia,bb r (v) 6= 0 and ia,bb r (v) ⊂ img(i r aa,b).
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Intuitive definition

1 The interval


[a, b],

(a, b),

[a, b),

(a, b),

is


closed barcode
open barcode
closed − open barcode
open − closed barcode

if for any

t ∈ (a, b) there exists u in Hr (f−1(t);κ) observable at any

t ′ ∈


[a, b]

(a, b)

[a, b)

(a, b]

and


not observable at t ′ < a and t ′ > b,
dead at t ′ ≤ a and t ′ ≥ b,
not observable at t ′ < a and dead at any t ′ ≥ b,
dead at t ′ ≤ a and not observable at any t ′ > b.

.

2 A barcode I with the ends a, b has multiplicity m iff for any t ∈ (a, b)
there exists exactly m linearly independent homology classes
u1, u2, · · · um ∈ Hr (f−1(t);κ) which are observable as linearly
independent classes for any t ′ in (a, b) and all satisfy the conditions
above .
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EXAMPLE

x2

x3 x4

x1

c4c1 c2 c3 c5 c6 c7 c8

f f


Bc

0(f ) = {[c1, c8]}
B0

0(f ) = {(c2, c3)(c5, c7)}
Bc,o

0 (f ) = ∅
Bo,c

0 (f ) = {(c4, c6]}


Bc

1(f ) = {[c2, c3], [c5, c7]}
B0

1(f ) = {(c1, c8)}
Bo,c

1 (f ) = ∅
Bc,o

1 (f ) = {[c4, c6)}.
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Relevance

1 βr (X ;κ) := dim Hr (X ;κ) = ](Bc
r t Bo

r−1),

2 For any t ∈ R dim Hr (f−1(t);κ) = ]{I ∈ Br (f )), t ∈ I},
3 When X a smooth compact manifold and f : M → R Morse

function the Morse complex (Cr (f ), ∂r (f ) : Cr (f )→ Cr−1(f ))
has

dim Cr (f ) = ]Critr (f ) = ]Bc
r (f )+]Bo

r−1(f )+]Bc,o
r (f )+]Bc,o

r−1(f )

rank(∂r ) = ]Bc,o
r−1(f ).

Critr (f ) denotes the set of critical points of index r.
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Poincaré duality property:

If Mn is a closed topological manifold which is κ−orientable
then

1 δf
r (a,b) = δf

n−r (b,a), equivalently δf
r (z) = δf

n−r (−iz)

2 γf
r (a,b) = γf

n−r−1(b,a), equivalently γf
r (z) = γf

n−r−1(−iz).
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Notations

U topological space, K ⊂ U closed subset, X compact
topological space

1 ConfN(U), configurations of N points of U with collision
topology

2 Conf (U \ K ), configurations of points on U \ K with
bottleneck topology

3 C(X ;R), the space of continuous real-valued tame maps
with the compact-open topology

4 Ct (X ;R), the subspace of continuous real-valued tame
maps with the induced (compact-open) topology.
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Properties

Stability property:
1 The assignment

Ct (X ;R) 3 f  δf
r ∈ Confβr (X :κ)(R2 = C)

is continuous. It extends to a continuous map on C(X ;R).

2 The assignment
Ct (X ;R) 3 f  γf

r ∈ Conf (R2 = C \∆C)
is continuous.
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Angle valued maps f : X → S1

X a compact ANR, f : X → S1 tame,
X̃ π // X the infinite cyclic cover of X .
f̃ : X̃ → R the infinite cyclic cover of f
µ : Z× X̃ → X̃ the induced action,

∴

X = X̃/Z, f̃ (µ(n, x)) = f̃ (x) + 2πn, f̃−1(t) = f−1(θ = eit )

c ∈ CR(f̃ )⇒ (c + 2π) ∈ CR(f̃ ),

CR(f ) = CR(f̃ )/2πZ,
{a,b} ∈ Br (f̃ )⇒ {a + 2π,b + 2π} ∈ Br (f̃ ).

Possibly infinite barcodes (−∞,∞)
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The invariants

Barcodes


closed := Bc

r (f ) := Bc
r (f̃ )/2πZ,

open := Bo
r (f ) := Bo

r (f̃ )/2πZ,
closed − open := Bc,o

r (f ) := Bc,o
r (f̃ )/2πZ,

open − closed : = Bo,c
r (f ) := Bo,c

r (f̃ )/2πZ,

Bc
r (f ) t Bo

r−1(f )⇒ δf
r : R2/2πZ = C \ 0→ Z≥0

Bc,o
r (f ) t Bo,c

r (f )⇒ γf
r : (R2 \∆)/2πZ = (C \ 0) \ S1 → Z≥0

Jordan blocs = Jr (f ) a multi-set set of conjugacy classes of
indecomposable invertible matrices (described below).
When κ is algebraically closed an indecomposable matrix is conjugated with the Jordan matrix T (λ, k),

λ ∈ κ \ 0, k ∈ Z>0.
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Configurations δf
r and γf

r
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Example of angle valued map

.

f

f

θ1

θ2


Bc

0(f ) = ∅,
Bo

0(f ) = {(θ1, θ2)},
Bc,o

0 (f ) = ∅,
Bo,c

0 (f ) = ∅


Bc

1(f ) = ∅,
Bo

1(f ) = {(θ1, θ2)},
Bc,o

1 (f ) = ∅,
Bo,c

1 (f ) = ∅

{
J0(f ){1.1)},
J1(f ){1.1)}
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Jordan blocks

The θ−cut.

For θ = eit consider
Xθ = f−1(θ) = f̃−1(t) = f̃−1(t + 2π), Y = f̃−1([t , t + 2π])
and the inclusions
f−1(θ) = f̃−1(t) ⊂ f̃−1([t , t + 2π]) ⊃ f̃−1(t + 2π) = f−1(θ)
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Passing to homology one obtains

Vr := Hr (Xθ)
il //Wr := Hr (Y ) Vr := Hr (Xθ)

iroo .

a linear relation.

A linear relation is invertible if α and β are isomorphisms. Any linear relation

V α // W V
βoo contains invertible sub relations partially ordered by

inclusion. All maximal invertible sub relations are isomorphic and the
composition T := β−1 · α for a maximal invertible sub relation is unique up to
a conjugation

Up to composition T decomposes as T ∼ ⊕TJ ; the conjugacy
class of TJ defines the Jordan block J ∈ Jr (f ).
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One more example

The space X is obtained from Y described in the picture below by identifying the right end Y1 (a union of three
circles) to the left end Y0 (a union of three circles) following the map φ : Y1 → Y0 given by the matrix3 3 0

2 3 −1
1 2 3

 .

φ

2πθ4θ2θ10

circle 1

circle 3

circle 2

1

2

3

Y0 Y1Y

θ6θ5θ3

map φ r-invariants

circle 1: 3 times around circle 1
circle 2: 1 time around 2 and 3 times around 3
circle 3: the identity

dimension bar codes Jordan cells
0 (1, 1)

(θ6, θ1 + 2π] (3, 1)
1 [θ2, θ3] (1, 2)

(θ4, θ5)

Figure 2: Example of r-invariants for a circle valued map

4 Representation theory and r-invariants
The invariants for the circle valued map are derived from the representation theory of quivers. The quivers
are directed graphs. The representation theory of simple quivers such as paths with directed edges was
described by Gabriel [8] and is at the heart of the derivation of the invariants for zigzag and then level
persistence in [4]. For circle valued maps, one needs representation theory for circle graphs with directed
edges. This theory appears in the work of Nazarova [14], and Donovan and Ruth-Freislich [10]. The reader
can find a refined treatment in Kac [15].
Let G2m be a directed graph with 2m vertices, x1, x1, · · · x2m. Its underlying undirected graph is a

simple cycle. The directed edges in G2m are of two types: forward ai : x2i−1 → x2i, 1 ≤ i ≤ m, and
backward bi : x2i+1 → x2i, 1 ≤ i ≤ m − 1, bm : x1 → x2m.

x2

b1
a2

b2

x3

x2m−1

x2m−2

x4

a1

bm

am

x2m

x1

We think of this graph as being residing on the unit circle cen-
tered at the origin o in the plane.
A representation ρ on G2m is an assignment of a vector space

Vx to each vertex x and a linear map Ve : Vx → Vy for each oriented
edge e = {x, y}. Two representations ρ and ρ′ are isomorphic if for
each vertex x there exists an isomorphism from the vector space Vx

of ρ to the vector space V ′
x of ρ′, and these isomorphisms intertwine

the linear maps Vx → Vy and V ′
x → V ′

y . A non-trivial representa-
tion assigns at least one vector space which is not zero-dimensional.
A representation is indecomposable if it is not isomorphic to the
sum of two nontrivial representations. It is not hard to observe that
each representation has a decomposition as a sum of indecompos-

able representations unique up to isomorphisms.

6

In this example the critical angles are {θ0 = 0 = 2π, θ1, · · · , θ6} B0(f ) = B2(f ) = ∅
Bc

1 = {[θ2, θ3]}
Bo

1 = {(θ4, θ5)}
Bo,c

1 = {(θ6, θ1 + 2π]}
Bo,c

1 = ∅

{
J0(f ) = {(1, 1)}
J1(f ) = {(λ = 2, k = 2)}.
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LECTURE 2
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Recall from Lecture 1

X compact ANR,

f : X → S1 continuous tame map

⇒
• Bc

r (f ),Bo
r (f ),Bc,o

r (f ),Bo,c
r (f ) barcodes,

equivalently:
δf

r configuration on R2/2πZ = C \ 0,
γ f

r configuration on (R2 \∆)/2πZ = (C \ 0) \ (S1)

• Jr (f ) Jordan blocks.
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Algebraic and Differential Topology

f : X → S1 ⇒ ξf ∈ H1(X ;Z),

f : X → S1 ⇒, µ : Z× X̃ → X̃ .

µ⇒ Hr (X̃ ;κ) is a f.g. κ[t−1, t ]−module with κ[t−1, t ] a PID.

Novikov-Betti numbers: βN
r (X , ξf ;κ) := rank Hr (X̃ ;κ)

Monodromy: Tr (f ) : Vr (f )→ Vr (f )
1 Vr (f ) := Tor Hr (X̃ ;κ) f.g submodule and f.d κ−vector

space.

2 Tr (f ) the multiplication by t

Novikov complex (Cr (f ), ∂r (f ) : Cr (f )→ Cr−1(f ))
of κ[t−1, t ]]−vector spaces, for X = M a smooth compact
manifold, f : M → S1 a Morse map
κ[t−1, t]] the field of Laurent power series.
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Relevance

1 βN
r (X , ξf ;κ) = ]Bc

r (f ) + ]Bo
r−1(f ).

2 Tr (f ) ∼ ⊕J∈Jr (f )TJ , for TJ ∈ J

3 βf
r (X ;κ) = ]Bc

r (f ) + ]Bo
r−1(f ) + ]Jr ,1(f ) + ]Jr−1,1(f )

Jr,1 the collection of Jordan cells J = (λJ , nJ ) with λJ = 1.

4 M smooth compact manifold, f : M → S1 Morse map the
Novikov complex (Cr (f ), ∂r (f ) : Cr (f )→ Cr−1(f )) has:

dim Cr (f ) = ]Critr (f ) = ]Bc
r (f )+]Bo

r−1(f )+]Bc,o
r (f )+]Bc,o

r−1(f )

rank(∂r (f )) = ]Bc,o
r (f )

with Critr (f ) the set of critical points of Morse index r.
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Properties

Poincaré duality property
If Mn is a closed κ-orientable topological manifold and
f : M → S1 a tame continuous map, then:

1 δf
r (z) = δf

n−r (τ(z)) where τ(z) = 1/z, is the inversion
across the unit circle,

2 γf
r (z) = γf

n−1−r (τ(z)).

Stability Property
Suppose X is a compact ANR.

1 The assignment Cξ,t (X , S1) 3 f  δf
r ∈ ConfβN

r (X ,ξf ;κ)
(C \ 0)

is continuous and extends continuously to Cξ(X ,S1).

2 The assignment f  γf
r from Cξ,t (X ,S1) to the space of

configurations in Conf ((C \ 0) \ S1) is continuous.
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Measure theoretic approach; barcodes Bc
r (f ), Bo

r−1(f )

For a tame continuous proper map f : X → R denote
If
a(r) := img(Hr (f−1((−∞,a])→ Hr (X )),
Ia
f (r) := img(Hr (f−1([a,∞))→ Hr (X )).

For (a,b) ∈ R2 denote

F f
r (a,b) := dim(If

a(r) ∩ Ib
f (r)) <∞

Consider sets = boxes

B = (a′,a]× [b,b′) ⊂ R2, a′ < a, b′ > b

Define

F f
r (B) := F f

r (a,b) + F f
r (a′,b′)− F f

r (a,b′)− F f
r (a′,b) ≥ 0

For B,B1,B2 boxes with B = B1 t B2 one has

F f
r (B) = F f

r (B1) + F f
r (B2) (1)
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Denote B(a,b; ε) := (a− ε,a]× [b,b + ε), ε > 0 and note

ε′ > ε′′ ⇒ F f
r (B(a,b; ε′)) ≥ F f

r (B(a,b; ε′′)).

Define
δf

r (a,b) := lim
ε→0

F f
r (B(a,b; ε)).

Since f is tame δf
r (a,b) 6= 0⇒ a,b ∈ CR(f ).

• B  Fr (B) defines a Z−valued measure on the sigma-algebra generated
by boxes, with density δf

r .

•When X is compact δf
r is a configuration of points in C.
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Define
Bc

r (f ) = {[a,b] | (a,b) ∈ support δf
r ,a ≤ b}; multiplicity of

[a,b] = δf
r (a,b)

Bo
r−1(f ) = {(b,a) | (a,b) ∈ support δf

r ,a > b}; multiplicity
of (b,a) =δf

r (a,b)
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Measure theoretic approach; barcodes Bc,o
r (f ), Bo,c

r (f )

We treat only the case of real valued map.

For a < b define

T f
r (a,b) := dim ker(Hr (f−1((−∞a])→ Hr (f−1((−∞,b])

For a > b define

T f
r (a,b) := dim ker(Hr (f−1([a,∞)])→ Hr (f−1([b,∞)).

For sets = boxes above diagonal, B = (a′a]× (b′,b] i.e.
a′ < a < b′ < b define

T f
r (B) = T f

r (a,b) + T f
r (a′,b′)− T f

r (a′,b)− T f
r (a,b′) ≥ 0.

For set = boxes below diagonal, B = [a,a′′)× [b,b′′), i.e.
a < a′′ < b < b′′ define

T f
r (B) = T f

r (a,b) + T f
r (a′′,b′′)− T f

r (a′′,b)− T f
r (a,b′′) ≥ 0.
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For B = B′ t B′′ with B,B′,B′′ all boxes above diagonal or
boxes below diagonal one has

T f
r (B) = T f

r (B′) + T f
r (B′′) (2)

.
For a < b, ε < (b − a) let B(a,b; ε) = (a− ε,a]× (b − ε,b],

For a > b ε < (a− b)) let B(a,b; ε) = [a,a + ε)× [b,b + ε),

ε′ > ε′′ ⇒ T f
r (B(a,b; ε′)) ≥ T f

r (B(a,b; ε′′)).
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Define
γf

r (a,b) := lim
ε→0

T f
r (B(a,b; ε)) .

Since f is tame γf
r (a,b) 6= 0⇒ a,b ∈ CR(f ).

• B  Tr (B) defines a Z−valued measure on the sigma-algebra generated
by boxes above and below diagonal , with density γ f

r .

•When X is compact γ f
r is a configuration of points in R2 \∆.

Define
Bc,o

r (f ) = {[a,b) | (a,b) ∈ support γf
r ,a ≤ b}; multiplicity of

[a,b] = γf
r (a,b)

Bo,c
r (f ) = {(b,a] | (a,b) ∈ support γf

r ,a > b}; multiplicity of
(b,a) =γf

r (a,b)
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Quiver representations approach

Z : · · · x2i−1
bi−1oo ai // x2i x2i+1

bioo ai+1 // x2i+2 · · ·bi+1oo

G2m :
x2

x3

b1

::

a2

��

x1

a1

dd

bm

��
x4 x2m

x2m−3
��

OO

am−1

$$

x2m−1

am

OO

bm−1

zz
x2m−2.

Representation ρ


xi → Vi
ai → αi
bi → βi
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Representation ρr(f )

• for f : X → R consider the critical values c1 < c2 < · · · cr ,
• for f : X → S1 consider the critical values
0 ≤ c1 < c2 < · · · < cm < 2π,
• one chooses the regular values t0 < t1 · · · with ci < ti < ci+1
(for angle-valued map cm < tm < 2π)

Define ρr (f ) =
V2i := Hr (f−1([ti−1, ti ]))

V2i−1 := Hr (f−1(ti))

αi : V2i−1 → V2i induced by f−1(ti) ⊂ f−1([ti , ti+1])

βi : V2i+1 → V2i induced by f−1(ti+1) ⊂ f−1([ti , ti+1])
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Indecomposable Z−representations

The indecomposable Z−representations with finite support are
in indexed by intervals {a,b} a,b ∈ Z,a ≤ b 1.

1 the interval {2i ,2j} defines to the closed r−barcode [ci , cj ],
regarded as the complex number ci +

√
−1cj)

2 the interval {2i + 1,2j + 1} defines to the open r−barcode
(ci , cj+1) regarded as the complex number cj+1 +

√
−1ci

3 the interval {2i ,2j + 1} defines to the closed-open
r−barcode [ci , cj+1) regarded as the complex number
ci +
√
−1cj+1

4 the interval {2i + 1,2j} defines to the open-=closed
r−barcode (ci , cj ] regarded as the complex number
cj +
√
−1ci)

1
The indecomposable representation indexed by {a, b} has Vi = Vxi =

{
κ, if a ≤ i ≤ b
0, if i < a or i > b

and all linear

maps between isomorphic vector spaces the identity
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Indecomposable G2m−representations

The indecomposable G2m−representations are labelled by equivalence
classes up to translation by multiples of 2m of intervals {a, b},
a, b ∈ Z, a ≤ b and conjugacy classes of indecomposable invertible
matrices with entries in κ. 2.

1 the interval {2i ,2j} defines to the closed r−barcode [ci , cj ]

regarded as the complex number e
√
−1ci+(cj−ci )

2 the interval {2i + 1,2j + 1} defines to the open r−barcode
(ci , cj+1) regarded as the complex number
e
√
−1cj+1+(ci−cj+1)

3 the interval {2i ,2j + 1} defines to the closed-open
r−barcode [ci , cj+1) regarded as the complex number
e
√
−1ci+(cj+1−ci )

4 the interval {2i + 1,2j} defines to open-closed] r−the
barcode (ci , cj ] regarded as the complex number
e
√
−1cj+(ci−cj )

2
when κ is algebraically closed field such conjugacy class is determined by a pair (λ, n) λ ∈ κ \ 0, n ∈ Z≥1
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algorithms

Step 1. Pass from (X , f ) when X is simplicial complex and f a
simplicial map to the representation ρr (f )

Step 2 Pass from ρr (f ) to the indecomposable components (i.e.
bar codes and Jordan cells) see [2] [1]for details.
(Explanations if the time permits)
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relation with Data Analysis and Dynamics

Explanations if the time permits
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