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Alternative to Morse-Novikov Theory for a closed 1-form (II)

Dan Burghelea *

Abstract

This paper is a continuation of [1] and establishes:

a) a refinement of Poincaré duality to an equality between the configurations M §“ and §* resp.
BM~w and 4% in complementary dimensions,

b) the stability property for the configurations §%,

¢) a collection of additional results needed for the proof of Theorems 1.2 and 1.3 in [1] .
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1 Introduction

This paper is a continuation of [1] and establishes:

a) a refinement of Poincaré duality to an equality between the configurations #* § and §* resp. BM~«
and 7% in complementary dimensions

b) the stability property for the configurations 6%,

¢) a collection of additional results needed for the proof of Theorems 1.2 and 1.3 announced in [1] . The
reader is supposed to be familiar with the notations and the main definitions in [1].
Since we are interested in Poincaré duality which has to be considered for non compact manifolds, it is
necessary to involve the functor M H,.. the Borel-Moore homology, with coefficients in a fixed field &,
abbreviated BM-homology and the natural transformation 6, : H, —BM H,.. We refer to [7] chapter 5
for reference to Borel-Moore homology. Recall that Borel-Moore homology with coefficients in a field
% is a collection BM H,. of k—vector space valued functors defined on the category of pairs (X,Y), X
and Y locally compact spaces, with Y C X closed subset of X, and proper continuous maps of pairs,
which are homotopic functors (i.e. proper homotopic maps induce equal linear maps) and have excision
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and the long exact sequence property for any such pair (X,Y). When restricted to the subcategory of
pairs of compact spaces they coincide with the standard homology. The reader unfamiliar with Borel-Moore
homology should be aware that for (M, N) a pair of f.d. manifolds with IV a closed subset, M H,.(M, N) =
H,(M,N) and BMH,.(M) = H,(M, ) where X denotes the one point compactification of the locally
compact space X. This explains the natural maps H,.(---) =5 H,(---) from the standard homology (=
singular homology) to the Borel- Moore homology as well as the contravariant behavior of Borel-Moore
homology when restricted to open sets of a locally compact space.

The Borel-Moore homology is not a priory defined for a pair (X,Y") when both are locally compact but
Y is not closed, however a vector space ZM Hf (X,Y) can be introduced in the case Y is open in X and
appears as an open sub-level of a continuous real-valued map f, as described in section 3.

Note that all definitions and concepts derived using standard homology in [1] can be “word by word”
repeated for Borel-Moore homology. In particular one can produce the Borel-Moore version of the vector
spaces Hg(r) ]II}(T), Ff(a, b), Tf(a, b), Sf(m b), ’yf(a, b) and ultimately of the numbers 57f(a, b), %f(a, b),
0¥ (r),v¥(t), denoted by the same symbols with the addition of the left-side exponent { BM }. In general
these spaces / numbers are different from the ones defined using standard homology. This is reviewed in
section 3. The natural transformations 6, : H,(---) ~5M H,(.-.) induce the natural linear maps 6,(a) :
Hy(Xo, Xca) =PM 1 (Xa, Xca), 05(a,b) : 6L (a,b) =BM §l(a,b) and 6)(a,b) : 4 (a,b) —BM
4 (a,b).

Recall that Z}(X;¢) C Z1(X;¢) denotes the space of tame topological closed one forms with the
topology induced from the compact open topology on Z'(X; &), as defined in Section 2 of [1]. The topology
on Con fgn( X:E)(]R), the set of configurations of points with multiplicity located in R of total cardinality
BN(X, €)1, is the collision topology cf. [1]. Precisely, the space of configurations of points in Y of total
cardinality IV can be identified to the quotient space YV /3y, where ¥ denotes the group of permutations
of N elements acting on YV by permutations.

The main results verified in this paper are the following:

Theorem 1.1
Suppose M is a closed topological manifold and w € Z}(X;€). Then the following holds true.

1. BMJ‘:(t) = 607;—1"(_15)7
2 BV (t) = 7%, (2).

Theorem 1.2
The assignments w ~ 0% from Z}(X;€) to Con fan (x:e)(R) is continuous when the source ZHX;¢)
is equipped with the compact-open topology and the target C'on fﬁl\’( X:€) (R) with the collision topology.

We will also establish the following results essential for the proofs in Theorems 1.2 and 1.3 in [1].
If f: X — Ris alift of a tame TC1-form w on a closed compact ANR then for both the standard and
the Borel-Moore homology one has the following equalities.

Proposition 1.3
1. dim(H, (X0, X<a)) = Sier 6 (a,1) + o0 2 (1) + 327) 1 (2 0).
2. dim(PMH, (X, X)) = Lier P00 (0,0) + Loy P (0,6) + Xy, PV (1 0).

Formula 1. was established in [1]

'the Novikov-Betti number of (X, €), € € H'(X : k)



Proposition 1.4 [f f : )Ng — Ris a lift of a tame TC1-form w on a closed topological manifold X then the
linear maps 0,(a) : H.(X,, X<oq) =M H, (X4, X <o) are isomorphisms.

One expects that both 6%(a,b) : 5f(a,b) —BM Sf(a,b) and 6} (a,b) : ‘yf(a,b) —BM %f(a,b) are iso-
morphisms (see Corollary (6.2) in section 6). This is indeed the case when w is of degree of irrationality
1.

Theorem 1.2 verifies Theorem 3 item 1 in [1] . Item 2 will be treated in part 3 of this work.

Theorem 1.1 verifies Theorem T2 announced in [1] provided Gﬁ and 0, are isomorphisms, not yet estab-
lished in full generality and possibly not true.

The paper requires some basic linear algebra, most likely familiar to most of the readers but for conve-
nience of the reader reviewed in Section 2. The reader can skip this section at the first reading and return to
it when necessary.

2 Linear algebra preliminary

2.1 Linear algebra

In this section ”="" designates equality or canonical isomorphism and ~~ indicates the existence of an iso-
morphism.

Let x be a fixed field and Vect,, the category of k—vector spaces; the objects are k— vector spaces and
the morphisms are linear maps. Recall that for a linear map o : A — B the canonical exact sequence
associated to o 1s

0 ——ker o o _p_2.B " coker a —=0 .

By passing to “duals” one obtains the exact sequence

ik * *

0<— (kera)* <— A* <“— B* <™ (coker a)* <0,

canonically isomorphic to the canonical exact sequence of o,

0 — ker(a*) L Syt 7ra*(cokeroz*) ——0 ()
A
0 —— (cokera)* CINE ;A L g— (ker at)x ——= 0.

For a diagram
D= A-—"%B

‘XZl lﬂl
B2

BQ—>C

let « : A — a9 Uy ag be the push-forward of as and «;, and B : By x¢ P1 be the pullback of 5 and 1,
with
ag Uy aq :=By @ B /{az(a) — ai(a) | a € A},
afa) =(az(a) ® ai(a)),
B1 X P2 :={(b1,b2) € By x By | B1(b1) = B2(b2)},

B(b1,b2) =B1((b1) = B2(b2)).

with (by @ b1) denoting the image of by @ by in e Uy .



Leta: A— ayUy ag and 5 : By X¢ B — C be given by
a(a) =(az(a), a1 (a))
B((ba ® b1)) =Pa2(b1) + Ba(ba).

Define
ker(D) :=kera

coker(D) := cokerf.
Observation 2.1 The canonical isomorphisms 0 extend to the canonical isomorphisms
0(D) : (cokerD)* — ker(D*)

and
6(D) : (ker D)* — coker(D").

Proof:: To check the statements observe that the diagram D can be completed to the diagrams D and D

a1

D= A - B D= A B,
1
as o9 Ug o B1 az B2 xc B B
D2
B2 o C BQ e C

and notice that (D)*identifies to (D*) and (D)*identifies to (D*) which imply the statements.
g.e.d.

Leta: A — B, f: B — C,v:C — D be linear maps. To these three maps we associate the
diagrams, D and D:

ker(vBa) L ker(v5) coker(yBa) I coker(y53)
ﬁ(aaﬂ77) = Til / iQT Q(Oéaﬁaf}/) = Tlll K lIQT
ker(Ba) B, ker(3) coker(fa) I coker(f)

In the diagram D
(a) 71 and 29 are injective,
(b) 41 : ker j; — ker j2 is an isomorphism,
(c) img k =img jo Nimg io
and in the diagram D
(a) j1 and j4 are surjective,
(b) cokeri| — cokeril, is an isomorphism,

(c) ker(jh -4} =i - j'1) = keri} + ker j1.



In view of Observation 2.1 one has
Observation 2.2 (D(a, 8,7))* = D(v*, B*,o*) and (D(«a, 8,7))* = D(v*, B*, o).
One defines the vector space

a}(ay B, 7) = CO]C@’I“T)(O[, B, ’Y) = COker(jl Uker(Ba) i — ker(’)/ﬁ))
= [ker(18)/ (o (ker(v50)) + ia(ker )

(@)

U

a quotient space of ker(v[3), and the vector space

Q(avﬂav) = kerQ(a,ﬂ,'y) = ker(coker(ﬁa) - Z/2 X coker(vB) ]é) s

a subspace of coker(Ba).

Note that the assignments (v, 3,7) ~ @W(a, 8,7) and (o, 8,7) ~ w(a, B,7) are functorial and in view
of the definitions above if « is surjective or if +y is injective then &(a, 8,) = 0.

Theorem 2.3
1. For «, B, linear maps the isomorphisms 0 extend to the canonical isomorphisms

0:0(a, B,7)" = w(y*, B*,a*)

0:w(a,B,7)" = @(y", 5 aF).

2. For o, B,y and o', B',~' linear maps consider the diagram

M-—=sM-=>M-==M 3)
Aa AB Ac d
A—2.pP.c 2.p
a b c d
g P
04 05 Oc Op
N-=-N-=-N-=-N

If the columns are exact sequences then the linear maps
B, B9) = B(a, B,7)

and
w(a, B,7) = w(a, B,7)

are isomorphisms.
3. For «, B, linear maps the following holds true.

(i) A factorization o = - o, with oy : A — A’ and oo : A’ — B linear maps, induces the short exact
sequences

0 — W(aq, Baz,y) = W(a, B,7) = W(az,B,7) — 0, @
w

O%Q(alaﬁa%’y)_) (a7ﬁ77)_>£(a2aﬁa7)_>0'

W



(ii) A factorization B = By - B1, with 81 : B — B’ and 35 : B’ — B linear maps, induces the short exact
sequences
0— "A‘}(avﬂla 62) - @(O‘7B17762) — @(O[,ﬁ7’y) - 07

5
O%Q(a7ﬂ1762) %g(a,ﬁla,‘yBQ) _>Q(OQB77) — 0. ( )

(iii) A factorization v = vo - y1, withy1 : C — C' and o : C' — D maps, induces the short exact
sequences
0— @(aaﬂa'}/l) - &\}(aaﬁa/}/) - @(aﬁlﬂ,%) - 07

6
0— &(04757’71) — Q(OQB,’Y) — ﬂ(aaf}/lﬁ?’)@) — 0. ( )

Proof: Ttem 1. follows from (2.1) and (2.2).
To prove Item 2. notice the following.

i. If N =0, then

hence D(o/, B9 = lj(a,ﬂ,’y) and then (o, B',7') = &(a, B,7).
ii. If M = 0 then the obvious induced maps

ker(f'a’) — ker(Ba)
ker(v'8'a’) — ker(yBa)
ker(y'8") — ker(y53)
ker(B") — ker(B)

are surjective and then in view of the definition of @ the induced linear map

ker(8',+")/(iz(ker (83, &) + ker(8)) — ker 8,/ (ia(ker (78, @) + ker(8))

is surjective.

To show that this induced map is equally injective one has to verify that any 2’/ € ker(+'’) with
b(z') = a(z) +y, 2 € ker(yBa) and y € ker(S3), can be written as 2/ = a(z') + ¢ with 2’ €
ker(v'B'a’) and y € ker(8’). In view of the above mentioned surjectivity one chooses 2z’ € ker(7'8'«)
and i’ € ker(/3'), with a(z’) = z and b(y') = y, and one considers 2’ —a/(z') —y’ € ker(y/’) which
by b is sent to zero, hence is of the form 0p(u),u € N. Clearly v/’ (0p(u)) = 0, therefore one can
correct 2’ into 2’ = 2z’ + 64(u), and one obtains 2’ = o' (2’) + v/ with 2’ € ker(y/5'a/).

Consequently, the induced map w(c/, 8'y') — @(«, 3,7) is an isomorphism.

iii. To prove the result for M and N arbitrary consider the diagram

A .p P o 7" .p

PR

ker a —%> ker b ——> ker ¢ —— ker d

b

A2 . p c—2 . p

ﬁ,




and the linear maps
B, 8,7) = &(a”", 8",7") = &(e, B, 7).

The first arrow is an isomorphism by (ii) above and the second by (i) above. This establishes Item 2.

To prove Item 3 consider the diagram

A2 —> BQ —> CQ (7)

WM Je

A1 —>Bl —>Cl

and make the following observation.

Observation 2.4 Suppose that each of the three diagrams By, Bo, B, associated with (7),
B1 with vertices A1, Ay, By, Bo,
By with vertices By, By, C1,Co and
B with vertices A1, As, C1,Cy

satisfy the properties (a) (b) (c) of the diagram D. Then (7) induces the exact sequence

By/(i'(As2) + jp(B1))

|

0 Cy/(iz(A2) + JC(Q T
Cs/(i8(B2) + jc(Ch))

with i induced by iZB , well defined because img(i2 jB) C imgjc, and p the projection induced by the
inclusion (iz(A2) + jo(Ch)) C (i¥(Ba) + jc(Ch)).

Clearly p is surjective and p - ¢ = 0. Property (c) implies that ¢ is injective. Properties (a), (b) (c) imply that
the sequence is exact.
A similar observation holds for the diagram

Az — > By )

B

A1—>31

Observation 2.5 Suppose that each of the three diagrams B, Bo, B, associated with (8),
B1 with vertices As, As, By, Bs,
By with vertices A1, Ay, B1, By and
B with vertices A1, Az, B1, By



satisfy the properties (a) (b) (c) of the diagram D Then (8) induces the exact sequence

By/(ia(A2) + j{ (B1))

Bg/(i3(As3) + j5' (Bz))
Observation 2.4 applied to diagram (7) with

Ay =ker(Ba), Ay =ker(yBa),

B = ker(Bas), Bz =ker(vBas),

Cy = ker(8), Cy =ker(v3)

verifies Item 3. (i).
Observation 2.5 applied to diagram (8) with

Al = ker(Bla), Bl :kel‘<61),
Ag = ker far), By =ker(f),
As = ker(yBa), By =ker(v5)

verifies Item 3. (ii) and applied to diagram (8) with

Ay =ker(Ba), By =ker(f),
Ag = ker(mfa), By =ker(v18),
Az = ker(yBa), Bz =ker(yp)

verifies Item 3. (iii).
|

The above considerations/proofs were already contained in [2] but under the additional hypothesis that
all the linear maps were Fredholm.

As in [8] for a direct system of vector spaces

[Ajui} = Ay =S Ay M2 Ay M ML g Mg
consider X : @;A; — ®A; defined by
Y(a1, ag, ---ai,---) = (a1, ag —ui(ar), - a; — wi—1(ai—1), - ).

Recall the definition of the direct limit
@{Ai,ui} := cokerX..
i
For an inverse system of vector spaces

{Ai,pi} — Al b2 A2 p3 Ag Di Ai Pi+1 Ai+1

p3



consider IT : ®;A; — ®A; defined by
H((Ih az, - Qj, - ) = ((11, az — Ul(a1), Ay — 'Uzifl(aifl)a )
Recall the definitions of the inverse limit and the derived inverse limit

@{Ai,pi} = ker IT, @/{Ai,pi} := cokerll.

7 (3

For the proof of Theorem 1.1 one needs some additional definitions.

Definition 2.6 A sub-surjection 7@ : A ~~ A'is apair 7 := {m : A — P, P 2 A’} consisting of a surjective
linear map 7 and a subspace A’ of P.

To a directed system of sub-surjections

i T 7i: Th—1 Tk Tht1
A~ Ay~ Az~ s A P Ay s

one provides a unique maximal directed system of surjections

Aq Ao A Ay, Agq1
oo oo oo e e T
[e’s) 1 00 2 00 3 k—1 [e'e) k [e’s) k+1
A3 A3 A8 N A7 Ak+1

The construction of this sequence is rather straightforward and it goes as follows:

Starting with the right side of the diagram (10) (i.e. the collections of linear maps {7;, O}, one induc-
tively, from right to left and from up to down (i.e from the lower index ¢ to lower index (¢ — 1) and from the
upper index k to the upper index (k + 1)) one produces the subspace Af“ - Af and the surjective linear
maps 7F : A¥ — AF | defined by:

AT = () N (A,

APt = (7%) 7 (Aj41) and

7P = restriction of 7¥.

Take A° = N>, A¥ and 72° the restriction of ;" and define

hﬂfri::h_ngwfo. )

i—00 i—00



A — s p (10)

A2 As Py

V)
—_—
19)
[
9]
- >

19]
_—
>
1V]
- s
>
9] .
—_—
>
9]
- >
1V]
_ s

k k k k
Ak Ak Ak Ak Ay P,
QT QT QT QT DT 2
k41 k41
k1 k+1 "2 k+1 k+1 k1 Thtl
Ak Ak Ak Ak Ak Apt P

19}

R
19}

R
19} .

—_—
19}

_—
19}

R
19}

_—

AP AS® A AL e APe AR

3 Notations and definitions

Most of the definitions and notations below are the same as in [1] where they were considered for the stan-
dard (=singular) homology only. However, they can be considered for any homology theory with coefficients
in a fixed field &, in particular for Borel-Moore homology of interest in this paper. In this paper a homology
theory is a collections of k—vector space valued covariant homotopy functors denoted by H,(- - - ) defined
on the category of pairs of locally compact Hausdorff spaces (X,Y"), Y closed subset of X, and of proper
continuous maps which satisfy the Eilenberg-Steenrod axioms and Milnor continuity axiom. Recall that the
continuity axiom as used here states that if X (0) C --- C X (i) € X(i+1) C --- C X is a filtration of a
locally compact ANR X by the ANRs X (i), with X = U; X (¢) then

H,(X) = lim H, (X,).

In this section any homology theory, without additional specification, in particular the standard or the Borel-
Moore homology, will be denoted by H,.. In the next sections the notation H, will be reserved exclusively
for the standard homology and the Borel-Moore will acquire the left-side exponent (BM) (e.g. BM H,.).

As in [1] for X a compact ANR, a cohomology class [w] € H'(X;R) determines the group I' :=
img([w] : Hi(X;Z) — R) and the principal T—covering X — X with X a locally compact ANR. As
indicated in [1] the TC1-form w representing [w] determines and is determined by an I'— equivariant map
f:X >R, unique up to an additive constant, referred to as a lift of w.

In consistency with the notation in [1], for a continuous map f : ¥ — R, one denotes by Y; :=
f~1((—o0,t]) and by Y4 := f~1((—o00,t)), which are closed resp. open subsets of Y.

Since X <q 1S an open set, H,. (f(a, X .) is not a priory defined, but we introduce

%T(Xaa X,a) = h_H)l Hr(Xav Xa—e)-

e—0

10



By passing to direct limit when e — 0 the long exact sequence for the pair (Xa, )N(a,e) leads to the long
exact sequence

e HT(X<(1> I Hr(Xa) —>HT(XG7X<Q) I rfl(X<a) — . (1D

Given f : Y — R a continuous map

(@) t € R is a regular value iff for any r > 0 and any open set U C Y one has h, (U, Ucy) =
h,(U',U>%) = 0 with h, denoting the singular homology. If Y is a smooth manifold, possibly
with boundary 9Y, and f is a smooth map with ¢ a regular value in the sense of differential calculus
for both Y and 9Y, then ¢ is a regular value in the sense mentioned above.

(b) t € Ris a critical value if not regular. Denote by CR(f) C R the set of all critical values.

(c) x € X is a critical point if for some small enough neighborhood U of x, f(z) is a critical value for
the restriction of f to U. Denote by Cr(f) C X the set of critical points.

The continuous map f : Y — R is tame if the following holds true:
(i) Y is alocally compact ANR and f~1(I) is an ANR for any closed interval I C R,
(ii) CR(f) is countable, hence the set of regular values is dense in R,
(iii) for any t € CR(f)) the set Cr(f) = f~(t) N Cr(f) is a compact ANR.

A TC1-form w on the compact ANR X is tame if one lift f : X — R, and then any other lift, is a tame map
and in addition the set of orbits of the free action of I on C'R(f) is finite.

A smooth closed one form on a closed smooth manifold with the property that for any zero one can find
coordinates s.t. its components in these coordinates are polynomials, in particular a Morse closed one form,
1S tame.

Asin [1], for f : X — R alift of w one denotes by
X/ .= fY((~o0, a]) sublevel at a, XL, :=f~((—00,a)) open — sublevel at a,
X"fl := f!([a,0)) overlevel at a, X7 :=f"*((a,00)) open — overlevel at a,
X(a) := f(a) level.
and one defines

° ]L]zc(r> = img(Hr(Xa) - HT<X))7
Héa(r) = img(Hr(X<a) - HT<X)) = @EHO img(Hr(XafJ - HT(X)>7
H(JIC(T) = img(Hr(Xa) - HT(X))7

I7%(r) := img(H,(X>*) — H,(X)) = lim img(H,(X"¢) — H.(X)),

I/ (d,a) == ]I{i(r)/]lf; (r)ford <a, I(<d, a):=Tr)/1L (r)ford <a,

<a'

« Ff(a,b) =T (r) N15(r), Fl(<a,b) :=1L,(r)NI5(r), Ff(a,> b) =T (r) NT;°(r),

11



* Gf(a,b) == H(X)/(Th(r) + To(r), Gl(< a,b) = H(X)/(IL,(r) + T3(r)), Gl (a,> b) =
H,(X)/(T4(r) + I7(r)).
In order to lighten the notation, when implicit from the context, f might be dropped off the notation.
Forabox B C R?, B = (da’,a] x [b,1), a’ < a,b < b/, consider the diagrams F,.(B) and G,.(B)

F,(d, V) —=>TF,(a, ) G(d', V') —= Gy (a, V)
Fo(B) = lg lg . Gu(B) = i i
F,(a’,b) —= > TF,(a,b) G (a',0) — G, (a,)

whose arrows are the obviously induced linear maps. In the diagram F,.(B) all these maps are injec-
tive and in the diagram G, (B) all are surjective.

As in [1] one defines
d ]FT-<B) = COkeT(F(B)) = %,

* G(B) := ker G,(B) = ker(G,(c, B) = Gy, 8') X, (1) Gr(, B).
The inclusion I, () N 1°(r) C (Iy () 4+ 1°(r)) N (I () + L, (7)) induces a canonical isomorphism

0,(B) : F,(B) = G, (B) | (12)

Fora” < o' < aand b < b < b” consider the boxes By, B2, B with B = (a”,a] x [b,b") and either
By = (a",d'] x [b,V"), By = (d’;a] x [b,4") or By = (a”,a] x [V/,b"), Bo = (a”,a] x [b,1). In both cases
B = B; U By. Asin [1] or [2] one has the following.

Proposition 3.1 (c¢f. [1]) The boxes B, By, B described above induce the commutative diagram whose
rows are exact sequences and vertical arrows are isomorphisms.

Ba By

0——=TF,(B)) —2=F,(B) —=F,(B,) 0
lOT(BQBQ lGT(B) 5y l&«(Bz)
0—— G, (By) —

L G (B) — G,(By) — 0.

Observation 3.2 As a consequence if By C B are boxes, with By located in the upper-left corner of B.
then the induced linear map igl : F.(B1) — F.(B) is injective and, if By is located in the down-right
corner of B, then the induced linear map Tl'§2 :F.(B) — F.(Bs) is surjective.

In Figure 1 below B is located in the upper-left corner of B and Bas in the lower-right corner of B.

12



b’ ol Rl
; By Bis
Z i Bay Bao
a” a a
Figure 1

Define

F5,(a,b) := lim F,((a—e€ a] x [b,b+¢))|and |95, (a,b) := lim Gr((a—e,a] x [b,b+€)) |

€,e/—0 €,e/—0

In view of (12) one has R X
6] (a,b) = 6/ (a,b).

Denote by

61 (a,b) :=F" 67 (a,b) =% 61 (a,b), 6/ (a,b) := dimé (a,b) |

Note also that
I Fr (aa b)

Or(a,b) = F.(< a,b) +F.(a,> b)

and in view of (13) one has the obvious surjective linear map

13)

7r27b(7") :Fr(a,b) — 65 (a,b) |

Asin [1], for f : X — R atame map and a,b € R with a < b, denote by i’(r) : H,(X,) — H,(X3)
the inclusion induced linear map.
Define by

e T,(a,b) := ker(H,(X,) — Hy (X)),
e Cr(a,b) = coker(Hr(Xa) — Hr(Xb))>

and for a’ < b < b < b denote by iZ;g, (r): Ty(a’,b') — T,(a,b) the induced linear map.
For a box above diagonal B = (a/,a] x (V/,b] with @’ < a < b < b observe that T,.(a,b’) C T,(a,b)

and define i
T, (B) = — r(a,b) | .
i (r) (T (a’,0)) + Tr(a, )

In view of formula (2) (in subsection 2.1)

T,(B) = &(ig(r), i (r), ip (1) (15)

’%a
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with #/2(r), ¥ (r), 4% (r) the linear maps in the sequence

. iy ib
la Zlb be,

Hy(Xo) —2= Ho(X,) 2> H,(Xy) —2> H (X,) -

Fora” < o’ < aand b > V' > b’ consider boxes above diagonal By, Bs, B with B = (a”,a] x (b", 0]
and either By = (a”,a’] x (", b], Bs = (a’,a] x (V",b] or By = (a”,a] x (", V'], By = (a”,a] x (V/,b]. IN
both cases B = B; U By. As in [1] or [2] one has the following proposition.

Proposition 3.3 (c¢f. [1]) The boxes By, B, B as above induce the linear maps igl (r) and ﬂ'gQ (r) which
make the following sequence exact.

igl (r) Tl'gz (r)

0——T,(B)) —=T,(B) —=T,(Bs) —=0

Observation 3.4 As a consequence, if By C B is located in the down-left corner of B then the induced
linear map igl (r) : T.(B)1 — T,(B) is injective and, if By C B is located in the upper-right corner of B
then the induced linear map Wgz (r) : T, (B) — T,(B3) is surjective.

In Figure 2 below B is located in the down-left corner of B and Bss in the upper-right corner of B.

b 1
E Bio Bas
¥ E
o ] By Bay
a// a/ a
Figure 2

2
Define

'AYZ(CL, b) = hﬂ TT((G -6 a‘} X (b - 6,’ bDa %f(a’ b) = dim&[(% b)

and observe that

T,(a,b) T, (a,b)

o f — T _
A (a,b) = lim = (16)
(a.5) cezoie? o (Tr(a =€) + Tpo(a,b—¢)  (i%0 Tr(< a.b) + Tp(a, < b)

In view of (16) there is the obvious surjective linear map

wgyb(r) : Tp(a,b) — &Z(a, b) |

2For reasons of space Figure 2 is misleading. All boxes are supposed to be above diagonal and not necessary in the first quadrant
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Suppose that f : X — Ris a lift of a tame TC1-form w. Suppose H,.(---) is a homology theory s.t.
H (Xa, X <q) 18 finite dimensional for any a € R.

As shown in section 5 of [1] for the standard homology one has the following result, valid for any
homology theory.

Proposition 3.5
The supports of 5! and ’yf are subsets of CR(f) x CR(f) with the following properties:

1. If (a,b) € supp & resp. (a,b) € supp ~{ then for any g € T one has (a+g,b+g) € supp & resp.
(a+g,b+g) € suppi.

2. Foranya € R supp&’f NR X a, suppéf Na x R, supp’y,{I NR x a, suppyf N a x R are finite sets,
empty ifa € R\ Cr(f).

3. There exists a finite set of lines A?i (r) resp. AJ.(r), in the plane R? given by the equations y = x +1!
resp. Yy = x + t;’, 1 =1,2,--- N,‘? resp. i = 1,2,--- N, s.t. supp 5#6 C Uz‘:l,-»-,N;EAfé resp.
supp Yl C Uit N7 A

As a consequence define the maps 6% : R — Z>p and v~ : Rug = Z>¢

0, (a,b) ¢ suppd}

{%f(a,b),t =b—a,(a,b) € supp i

5$(t) — {(57‘ (Cl,b),t =b— a, (a’ b) € supp 6»{

7 (t) =
0, (a,b) ¢ supp ~i

which are configurations (i.e. maps with finite support) with supp §% := {t‘{, tg, e t?vé} resp.
supp 7 = {t],13, - 1}, } with —oo < t§ < 13, - ~-t‘]5\,5(r) < ooresp. 0 < t] <t3,--- ), < 0.

Proof:(sketch)
Item (a) follows from the I'—equivariance of the lift f.
Asin [1] for @’ < o < a < b one defines:

T,((d’,a] x b) := li_rr}TT(a',a] x (b—¢d]), e<b—a

e—0

and then
T,((d’,a) x b) := li_rrgT,q(a’,a —€|xb), e<a-—d.

e—0
By passing to limit when € — 0 the exact sequence
0 —="T,((d’,a] x (b —€,b]) —=T,((a’,a]) x (b—€b]) —=T,((e,a] x (b—¢€,b]) —=0
(cf.Proposition 3.3) one obtains the short exact sequence
0——=T,((d,a] x b) ——=T,((d’,a]) x b) —= T, ((a,a] x b) ——=0 (17)

and by passing to limit when ¢ — 0, for a replaced by a — €', the sequence (17) gives the short exact
sequence

0——T,((d/,a] x b) —=T,((d/,a) x b) —=T,((a,a) x b)) —=0. (18)
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By passing to limit when € — 0, the surjective maps T, (b — 2¢,b) — T,((a’,b — 2¢] x (b — €,b]) and
C,(a —€,b) = I,(r)/T,—c(r) give the surjective maps

T (< b,b) — T,((a',b) x b) and C,(< a,b) — Ly(r)/Ica(r) (19)

In view of in view of (17), (18) and (19) the finite dimensionality of ’HTH(Xb, X <p) implies the finite
dimensionality of T,(< b,b) := ker H.(X_3) — H,(X;) and then of T,((a’,b) x b) and T,((a,a] x b)
and of T,(r) /T, (r) for any a’ < a < bresp. any a. In the case b resp. a is a regular value these spaces are
trivial. This verifies item (b).

This implies that the assignments ¢t — T,.((—00,t] X b) t € (—00,b), resp. t ~ L,(r) NTH(r) /I, (r) N
I(r) are integer-valued step functions with finitely many jumps located at —co < t] < to < -+ -t < b,
resp. —00 < t; < tg < ---tx < b. The jump at ¢ = ¢; for the first assignment at is given by

lim T, (a, ] % b)/ T, ((a',t; =  x b) = 4(t:,b)

—o00 < a < t; — € and for the second by 5f(a, t;) hence
Tr((ala CL] X b) = @a’<t§a;7r(ta b)and Ha(r)/ﬂ<a(r) = @—oo<too(§r(av t)-

By the same arguments as in [1] Theorem 3.2 one verifies that the subspace C ﬂ_oo<T<aiaT’f;(Tr(T, b)) of
C T,(a,b) is trivial and then
lim Lln T,((a’;a] x b) = lim lim T,.((a’,a] x b) = T,((—00,b) X b) = B (t, )

— —
a—ba’——o0 a’ ——o00 a—

o

which finalizes the proof of item (c).
q.e.d.

We also have

Proposition 3.6
For any a,b € R,a < b (in both cases for standard and Borel-Moore homology)

T, ((—o0,a] x b) = T,(a,b)/T,(a, < b)
T, ((—o0,b) x b) = T, (< b,b)

Proof: As pointed out above ﬁ_oo<T<aiaT’g(’]Tr(T, b)) is trivial. Note that fora <o < b
T, ((—o0,a] x (b',b]) = Ty(a, b)/(ﬂ_oo<T<ai;’l;(Tr(T, b))+ T, (a,b')) = T,(a,b)/T,(a,b") and therefore

T,(—o0,a] x b) = Ty(a,b)/Ty(a, < b)

and therefore
T,(—o00,b) x b) =T, (< b,b)/T (< b, < b) =T, (< b,b).

Some additional notations, not existing in [1], are be of help.
T,(a';a:t) ::ker(ig}ft),a' <a<t<oo,
C.(d,a;t) :zcoker(ii}ft), Jal <a<t< oo, (20)
I (a', a3 ) =1 (r) N 13(r))/ (I3, (r) N T5(r)) S L)/ (L(r) .0 <,
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With these notations one has the diagram (21) below whose rows and columns are exact sequences

0 20

Cr(a —€,a;00)

0 ——C.(a—e€,a) — Hy (X4, Xge) — Tp(a — ,a) —=0

I(a—e€,5a)

and the following filtrations:

. {I,(a —€,a)--- DL (a—€,a;t) DL.(a —€,a;t +€) D ---} indexed by ¢ € R with the property
rla—6a;t)/l(a—ea;t+e) =F((a—ea x[t,t+€)))

2. {Cra—€,a)--- D2Crla—¢€,a;t) DCr(a—e€,a;t —€) D ---}, t —e > aindexed by ¢ € (a,00),
which in view of (14) satisfies

‘(Cr(a —6,a;1)/Cr(a—e,a;t — €) = To(a —¢€,a] x (t —e,t]) ‘

Recall / observe that:

(i) H (Xa7X<a) gl ( X )
,a),
,a),

<aa):—1£>nHO'JI"(

< a,a):= = lim_ eo Cr(a—
I (< a,a) := 13 L (a e,a) =T.(a)(r)/Teqa(r).

() I.(< a,a5t) == =lim L.(a —€,a;t), and

/-\/—\

&Jf(a, t) := lim I (< a,a;t)/1.(< a,a;t + ¢€)

(iii) C.(< a,a;t) == h—“}eao Cr(a—¢€,a;t),a < tand

'?f(a,t) =lm Cr(<a,a;t)/Cr(< a,ast —€),a <t —e.
(iv) T,(< a,a;t) := lim T,(a —€,a;t),a < tand

}f(a,t) =lim_ K, (< a,a;t)/Kp (< a,a;t —€), e <t —a.

By passing to limit when e — 0 the diagram (21) becomes
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0 . 22)

C,(< a,a;00)

0

C(< a,a) —— Mo (Xo, Xog) —= To(< a,a) —= 0.

As already noticed, in view of the exactness of the row in (22), if dim HT(XG, X <a) 1s finite then so are
dimK,(< a,a,00),dimC,(< a,a;00),dim I, (r)/I<,(r) and then so are dimK,(< a,a;t),dim C, (<
a,a;t) and dimI,(< a,a). Then the functions dim T, (< a,a;t) and dim C, (< a,a;t) resp. dim I, (<
a, a;t) are integer valued with finitely many jumps located at ¢ where ~ (a,t) # 0 resp. st (t,a) # 0. They
are also continuous from the right. In view of (ii), (iii), (iv) above one has

@ L(< a,0) = Bicady(t, a),
(b) Cr(< a,a;00) = Srsar(t, a),
and in view of Proposition 3.6 one has
©) T,(< a,a) = BreaVr(t, a).
As a consequence one has

dim H,(Xa, X<a) = > 00 (ta) + > A (at) + Y 4] 1 (ta) |

t<a t>a t<a

which finalizes the proof of Proposition 1.3.

Note that in case H, is the standard homology this is Corollary 4 in [1]; in case of the BM-homology or
any other homology which satisfies HT(Xa, X <a) finite dimensional the statements continue to hold by the
same arguments.

3.1 Splittings

Recall from [1] section 4:

A splitting ig,b(r) . 6{ (a,b) — F,(a,b), for (a,b) € supps! C CR.(f) x Cr(f), is a right inverse of
the canonical projection 7r27b(r) :Fr(a,b) — 5f(a, b) i.e. wg’b(r) . igvb(r) = id.

A splitting izyb(r) : & (a,b) — T,(a,b), for (a,b) € supp ~1, is a right inverse of the canonical
projection 7, , (r) : T,-(a,b) — 3 (a,b).

Forabox B = (a/,a] x [b,b'), a’ < a,b <V, resp. for a box above diagonal B = (da’,a] x (b/,b], o’ <
a < b < bone writes igb(r) for the composition of ig’b(r) resp. ig’b(r) with the projection F,(a,b) —
F.(B) resp Ty(a,b) — T,(B). Clearly the linear maps ig , remain splittings of the canonical projections
F,(B) — b{(a,b), resp. T,(B) — 4 (a,b).
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One extends these splittings to any («, 3) € B as being the linear injective maps iﬁ (1) of (a,b) —
F,.(B) resp. ifﬁ(r) . 4{ (a,b) — T,(B) defined by the composition iB,(r) - igﬁ(r) where B’ = (d'a] x
[B,0), d <a<a,b<pB<bresp. B =(d,a] x(¥,0],d <a<a, t/ <f<b.

For f : X — R alift of a tame TC1-form w, a collection S° resp. S” of splittings S° = {iib(r)} resp.
S = {zzb(r)} is called [ —compatible if for any (a,b) € supps! resp. (a,b) € suppyi the diagrams

F (a,b) —@Frw +a,g+0b) resp. Ti(a,b) —@Tr (9+a,g+Db) (23)
ii,b(r)T ig+g,b+g(7°)T iz,b(T)T i3+g,b+g(T)T
57 (a,b) —@5{(a+97b+g) 3 (a,b) —@Af(aJrg,bJrg)

remain commutative. Note that collections of I'—compatible splittings S° resp. S7 exist.
Indeed, if one chooses one point (a;, b;) in each Afi (r)n suppé! resp. Al(r)n suppy! and a splitting
igi p, () TESP. z; p; (1) and one defines

B gmitg(T) = {g) iy 4, (r) - ()

then, since (a; + g,b; + g) exhaust all points in the support of 5f resp. oy , one obtains a collection of
I'—compatible splittings S° resp. S7.
Given a collection of splittings S° and a set A C supp 5f , as in [1] Proposition 4, one shows that the
linear map
5 . A ~
FIA(r) = (B(a,p)ea top(r) : ®8l (e, B) — Hi(X)

is injective, has the image contained in F,.(a,b) provided A C (—o0,a] x [b,00), and remains injective
when composed by ﬂ'fb :F,((a/,a] x [b,V)) provided that A C suppd, N B, B = (a’,a] x [b,b').

The same remains true for a collection of splittings S7, A C {a, 8 € suppfyf | @ < a} and the map

FTIA(r) = (B(apea ih5(r) - @3 (@, ) = Tr(a, 00).

4 Proof of Poincaré duality, Theorem 1.1

Suppose a, b regular values for f : M — R alift of a tame TC1-form w on a topological closed manifold M,
hence the levels M (a), M (b) are codimension one submanifolds of M. Poincaré duality for the topological
manifolds with boundary M, and M? combined with the excision property for standard cohomology provide
the canonical isomorphisms ” PD, ” from the Borel-Moore homology #* H,. to the standard cohomology
H™" and then the commutative diagrams below.

— ia(r) ~ ja () —~ —~
HBM(1,) > HBM(A]) ’ HBM (M, M,) 24)

1 2
lPDa lPD lPDa

s%(n—r) —  r%n-7))

anT(]/\;I{, Ma) ——> H" (M) ——— Hn—r(ﬁa)

l | |

—~ (3% (n=r))* — (1% (n—r)* —~
(Hp—r(M, Ma))* - (anr(M))* — (Hn—r(M*))*
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b b
— 7 (r) — 3°(r) —_ -
HEM(MY)  ——— HPM(M) ——— HPM (M, M?) (25)

b b
lpnl lPD lPDZ

e T T sp(n—r) T Ty (n—r) I
H="(M,My) ———>= H"""(M)) —>= H"""(M)

l b

— —  Gpln=r))* —  (ip(n=r)) —
(H7L—7‘(Ma Mp))*  ——= (Hn—'r'(]\/[))* - (Hn—'r'(]\/[b))*

In view of (24) and (25)one has

BMR (a,b) := imgia(r) N imgi®(r) = ker j,(r) Nker j°(r)
ker(i%(n — r))* Nker(iy(n — r))* ~ (coker(ip(n —r) @ i*(n —1)))* =: Gflﬂ,(b, a)*.

The first equality holds by exactness of the first row in these diagrams, the second by the equality of the top-
and bottom-right horizontal arrows, the third by the linear algebra duality and the fourth by the definition of
Gp—r-

This in turn implies that for a’ < a,b < V' regular values with the boxes B and B’ given by B =

(a';a] x [b,b), B = (b,b] x [a’,a) the diagram below is commutative with the horizontal arrows all
isomorphisms in particular

PD,(B) BMF{((d'a] x [b,1)) = (GL_.((b,V] x [a’,a))* (26)
BM[F,jf(a/7b/) PD,(a’,b") (G{L_r(b’,a’))* @7
BMF/ (q, b) et s 6l b0
B (un—r(B)*
PD,-(B)
//_\ —
BME/ () @yt (GL_ (B
(grl—r‘(Bl))*

PD, — f
(Hp—r(M))* (F_ (B)*

HEM(M)

Suppose a < b < ¢ < d with all a, b, ¢, d regular values and consider the box above diagonal B =
(a,b] x (e, d]. Poincaré duality and excision property provide the following commutative diagram
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(1) BM g (i1f) —2— BJ\/IHr(Mg) L BM g1, (311 v B]WHT(]\NJJ) 28)
PD PD PD PD

(2)  H"T(NL ) —= (M MY) —= BTN, N§) ——= HY (6, M)
(3) H ==Y (M§) —— H" "1 (MY) —— H" "1 (M§) ——= H" "~ (MF)

@) (Hoopoa (N9))* —> (Hpe 1 KI9))* —> (Hymp 1 (N$))* —> (Hoer 1 (M)

e L e o
(5)  (Homroa(MZ1))" > (Humra (V)" > (Hmr d (Z0))* > (Homrma (2))"

In view of Theorem 2.3 item 2 this diagram implies that w(a, 3,v) = w(y"*, 8", ') (cf subsection 2.1

for definitions) which by Theorem 2.3 item 1 is canonically isomorphic to w(v/, 5’, &’)*. In particular one

has the isomorphism

BMpD,.(B) PM TS (a,b] x (¢,d)) = (T, 7, ((=d,—c] x (=b, —a]))*. (29)

For a,b € R and €; > €5 one considers two sub-surjections
17:"_ . A :B]V[ FT(Bl) M\_)B]VI ]Frr(BQ) — Al
and
FiA= (Gn—r(B1))" ~ (Gn—r(By))" = A

defined based on the boxes

(@) Bi=(a—e€,a+e] X [b—e,b+e)
By =(a—€3,a+ €] X [b— €2,b+ €3)
C=(a—ea+e]x[b—e,b+e)
with C' as a lower-right corner of By, By as an upper-left corner of C

and on the boxes
(b) B, = (b*ﬁl,b+61} X [a7617a+61)
By =(b—e€3,b+ €3] X [a—€3,a+ €3)
C=(b-—€,bt+e]x[a—e,a+e)
with C' as a upper left corner of B, B, as an down right corner of C.

The boxes B, C, B, are the symmetric of the boxes By, C, Bs w.r. to the first diagonal A; := {(z,y) €
R? | 2 — y = 0}. See Figure 3 below.
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Figure 3

In view of Observation 3.2
ng BM R (By) —BM F,(C) is surjective and
i%, PM Fp(By) —BM F,(C) is injective and identifies M F,.(B3) to a subspace of #MF,.(C).
Define the sub-surjection '7 by: A :=BM F (By), P =BM F,.(C), A’ =BM F,(By) and 7 := wgl.
In view of Observation 3.2
(igl)* : (Gp—r(B1))* = (Gp—r(C))* is surjective and
(me?)* + (Guy(B2))* — (Gnr(C))* is injective >,
Define the second sub-surjection 27 by: A := (Gp_r(B;))*, P = (Gp_r(C))*, A’ = (Gp_p(B2))*
and 7 := (zg )*. In view of (26) Poincaré duality identifies the two sub-surjections.

Fora < b,a,b € R and €] > € with a < 2¢; < b one considers two sub-surjections 37 : A =BM

T/ (B1) ~PMT T/ (By) and 7 : (T,,),_(By))* ~ (T;,;/,_,(B,))* based on the boxes above diagonal.
(a) By = (a—el,a—l—q] X (b—el,b+61]
By = (a—€3,a+ €3] X (b—€2,b+ €]
C = (a—q,a—i—q] X [b—€27b+61]
with C' as a upper-right corner of B; and B» as the lower-left corner of C' and on the boxes above
diagonal
(b) B, = (=b—e1,—b+ 61} X (—a—€,—a+ 61]
By =(-b—e€3,—b+e) X (—a—e,—a+ €]
Q: (7b7 61,7b+62) X (7@7 61,70,4»62]

with C' as a lower left corner of B, B, as an upper-right corner of C'

Isince igl : G(C) — G(B,) is injective and ng : G(C) — G(B,) is surjective
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The boxes B, C, B, are the symmetric of the boxes B1C, By w.r. to the second diagonal Ay := {(z,y) €
R? | z +y = 0}. See Picture 4 below.

Figure 4

In view of Observation 3.4
C BM T{(Bl) —BM Tf(C’) is surjective and
zgz BM TI(B,) —BM Tf(C) is injective identifying BM T/ (By) to a subspace of BM T/ (C).

Define the first sub-surjection 37 with A :=BM Tf(B;), P =BM T/(C), A’ =BM T/(B,) and 7 :=
gl °
In view of Observation 34

(ig)" (T, L,y (B)) = (T, r 1(C)* s surjective *,
c *
(75" (T,0, 1 (By))* — (T, ., (C)* is injective.
Deﬁge the sub-surjection 47 with A := (']I‘T_Lfr_l(ﬁl)*, P = (T, 1_(C)* A = ('H‘;fr_l(EQ)* and
T =: (ﬂ'El)*.
In view of (29) Poincaré duality identifies the two quasi surjections.

s

Given a,b € CR(f) choose a sequence €; > €3 > €3 > --- €, > --- > 0 withlim; ,oc€6; = 0s.t. ate;
and b + ¢; are regular values for any i. This is possible since the set of regular values of f is everywhere
dense in R. In case a < b assume in addition that a < 2¢; < b.

First consider the collection of sub-surjections BMEz. . A; ~ A;q with A; =BM F.(B;), B; the box
B; := (a—¢€;,a+¢€;] X [b—¢€;, b+¢€;) which identifies by Poincaré duality to the collection of sub-surjections
G 7y 0 Ay~ Agyq with A; := (G,,_,(B,;))* with B, with the box B, = (b — €;,b + ] x [a — €;,a + ).
Since in view of (26) ligni_)oo 17, = hﬂi—mo 27;, Proposition 4.1 below implies

BM§T(a,b) = (98], (b, a))".

*since 7rC :T7(C) — T~/ (B,) is surjective and igl :T/(C — T~/(B,)) injective
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In view of the finite dimensionality of 5,{_T(b, a) =F 5,{_7,(17, a) =¢ Sg_r(b, a)
dim (96 (b, 0))" = dim “5]_,(b,)
hence BM§{ (a,b) = 6£_T(b, a) hence
PMG(1) = 53, (1)

This establishes Item 1 in Theorem (1.1).

Similarly, given a < b consider the collection of sub- surjectlons 2 A~ Ay with A;
T/ (B;), B; the box above diagonal B; := (a — €;,a + €] x (b — ¢, b + 61] which identifies by Poincaré
duality to the collection of sub-surjections *7; Iy 4y~ Aip1 with A; = (T, ! +—1(B;))* with B; the box
above diagonal B; = (—b —€;, —=b+ ¢;] X (—a — €;,a + ¢].

3f_ 4==f

In view of (29) one has lim_ lim, 7

Proposition 4.1 below implies
BMyL(ab) = Bt oy (b, —a))"

and in view of the finite dimensionality of 4,/ | (—b, —a) one has
dim#4, 7,1 (~b,—a) = (dim4,7,_, (b, —a))* hence PM~{(a,b) = 4,7, _(~b, —a) hence

BMP)/(;)( ) ﬂYrZEJrfl(t)'

This establishes Item 2 in Theorem 1.1.
Proposition 4.1

Il 1w =PM 5l (a,b)

2 lim, 27 = (6, (b,0))*

3. lﬂ 3 f _BM 4 (a b)

4. lg% f_(’ynfr 1( b’_a))*
Proof:

Using the description of A (at the end of section 1) Observations 3.2 and Observation 3.4 one con-
cludes that for each directed system ', ?7;, 37;,7; the corresponding A% are given by
BME ((a —€;,a] x [b,b+€)
A — (Gp—r((=b — €;,b] X [a.a + €;)))*
‘ BMTL((a — ¢;,a] x (b— €;,b])
(Tol 1 (b = i, =B X (—a — e, —a]))".

In view of the Definitions 2.6 and of the definitions of M 3f, G&f., BM 7f one has

BM§I (a, b)
) - GSf *
tim (] £ 47 A%0) = (*0n f(fl b)”
(5! (—b, —a))+
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5 Proof of stability property, Theorem 1.2

In view of Proposition 3.5 Note that for each diagonal A; := {(z,y) € R?,y — z = t} the set A; N supp(;f
if not empty is T'—invariant w.r. to the diagonal action and the set (A; N supps! )/T consists of finitely many
orbits say o1, 09, - - - 0. Choose in any such orbit one point (a;, b;), and let ¢ (t) = Zi:w’mk (5!(%, b;).
Clearly 6% (t) does not depend on the choice of (a;, b;).
Denote by
Ff<{a b)) = Gperdla 9.+ 9)
( ) = G3{ ab)€§upp6 ,b—a= t}(s (CL b) Di=1,2, ({ai’bi})’
( ) EB{(a b)esupp 58 b— a<t} (a b) 5<t]F (S)’
( ) 6B{(a b)Esupp 5 b— a<t} (a b> @S<t]F ( )’
IFW = 69{ a,b)Esupp 5{:,1; a= t}5 (CL b> Dsesupp &:}FT (S)
Let (9)ap :of (a,b) — of (a + g,b + g) be the linear isomorphism derived from the linear isomorphism
(9) : Hy (X ) — H,(X) end equip F“ with a structure of x[I']— module given by

<g> = 69(a,b)<g>a,b(§7jj(aab) — 37)'0(& + g7b + g)

The k[I']—modules F{({a, b}), Fe(t), F¥(< t), F¥(< t) and F, are all free f.g. x[I')— modules and in
view of Proposition (3.5) of finite rank
51 (a,b),
67 (t) = Zi:l,Q,---k,bifaizt 5;(04‘, bi),
Zs€supp 0%,5<t 51&)(8)’
sesupp 0¥ ,s<t 57“'}(5)7
sesupp o¥ 514:)(5)
Denote by
=f
F, ({a,b}) = zgep<Ff<a+g,b+g>/TorH (X)) €
F!(a,b)/TorH, (X))
! (a,b)/TorH, (X)) C ]F
(

f(a,b)/TorH,(X)) C ]Ff

( ) Z{(CL b)Esupp (5f b—a= t}(
( ) Z (a,b)Esupp & b— a<t(
F, (<

) Z{(a b) Esupp 5 b— a<t}(
F, := H.(X)/TorH,(X),
Since «[I'] is Noetherian and H,.(X) is f.g.module all these x—vector spaces are f.g x[[']— modules. Con-
sequently there are finitely many ¢t € R, ¢] < to--- < tj s.t

1. F (t) =0fort < t,
2. F(t) = F¥(t;) for t; <t < tiy1,
3. F.(t) = H.(X)/TorH,(X) for t; <t.

r

Choose a collection of ' compatible splittings S° := {i,(r) : 1 (a,b) — F,(a,b) | (a,b) € supp 5t }
( like in subsection 2.4 ) and consider

SI(r): 7 — F! = H,(X)/TorH,(X).

The map °T (r) is k[T']—linear, in view of Proposition 4 in [1] is injective and sends ' into F, and restricts
to the maps
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STtapy (r) : FF ({a,b}) = FL ({a, b}),

SI(r); : | <> F:()
Sf(r)gt.Ff( t) =y (< 1),
SI(r)<t : Fl(<t) = F(< t)

all injective k[I']—linear maps.

Proposition 5.1 The above maps are all bijective, hence T, (t), Ty (< t), Fr (< t), Fy are all fg. free
modules of rank

1. 62(t),

2. 2 gsesupp sz1s<ty Or (5);
3. Z{sEsupp dw|s<t} 57 (s).
4. Y (sesupp ¢y 07 (5),

In view of the above it suffices to check the surjectivity of SI(r).
Indeed for = € H,(X) define:

e a(z) :=inf{a | z € I{(r)}, a(x) € [~00, 00)

with a(z) = —c0if x € Naerl] (r),

* Bx) == sup{b | x € [}(r)}, B(z) € (00, 0]
with f(z) = o if z € ﬁbe]R]Il}-(T),

s 9(z) = B(x) — a(z), t°(x) € (—o0, ).

In view of Proposition 3.1 in [1] € TorHy(X) iff t(x) = co. Observe that if z € H,(X) with
a(z) = a,B(z) = b, t = t(z) = b— a, hence = ¢ TorH,(X), then it can be written (in the presence of a
collection of splittings) as © = 4,5(&) + 2’ with & = 7, (x) € 57,((17 b) and 2’ € Hr(f( with ¢(2) < ¢. This
implies that in view of finite generation of H, T(X ) there exists a finite sequence tg > t1 > to -+ > t; and x;
with a(z;) = aj, B(x;) = by, t(z;) =t st & = Y gcjcp Gay b (£i), i # 0; otherwise H,o()?) contains an
infinite sequence of submodules - - - F,.(¢;) D F,.(t;4+1 O - - - which contradicts the f.g property of H,.(X).

g.e.d.

To finalize the proof of Theorem 1.2 one follows the arguments in [4] or in [2] se~ction 5 . Observe
that fgr any two TC 1-forms wq,ws in the same cohomology class and two lifts f; : X — R of w; and
f2: X = Rof wg with || f1 — fa]|coc < € and a,b € R one has:

' (r) CIf2(r) C T (1)

. (30)
I5¢(r) 21, (r) 2 15(r)
and therefore
Fii(a —e,b+¢€) CF2(a,b) CF(a+eb—e)
and therefore for any t € suppdy
F'(t—2¢) CF2(t) CF (t+ 2€) 1)
F,' (< (t—2€) C Fi”(< t) CF, (< (t+2€))



Clearly, if F,' (t —€) = F.' (t+€) resp. F. (< (t—€)) =F. (< (t+¢)) then F.> (1) = F. ' (t —€) =
F1(t) resp. F (< t) = le( (t—e)) =TF¥1(< t).

For a tame TC1-form w denote by o, (w) := inf |t; — ¢;],t; # t; with ¢;,t; € suppd¥. As an immediate
consequence of Proposition (5.1) one has Proposition (5.2) which, as in [4] or [2] section 5, implies the
continuity of the assignment w ~» 6%.

Proposition 5.2 For any € < of(w), w,w’ two tame TCI-forms in the same cohomology class with |w —
W'| < €/3 and t; € suppd? one has

Wty= Y., &(s) (32)

ti—e<s<t;+e

supp ;" C Ut esupp 6» (t; — e, t; +€). (33)
In fact

i)~ P ).

t;—e<s<t;+e

6 Standard homology versus Borel-Moore homology (Proposition 1.4)

In this section H, denotes the standard (singular) homology, M H,. the Borel-Moore homology and the
linear maps ;" : H.(X,Y) —5M H,.(X,Y) define the natural transformation from the standard to the
Borel-Moore homology. In general the linear maps 6, : H.(X,Y) —5M H,(X,Y) are not isomor-
phisms.

Consider pairs (U, V') of locally compact ANRs, V' closed subset of U. Recall that BMp (U V) =

H,(U,V), with U resp. V the one-point compactification of U resp. V and 65 : H,.(U,V) —BM

H,(U, V) identifies to the inclusion induced linear map H,.(U,V) — H,(U,V).

For an inclusion of such pairs pairs (U1, V1) C (Us, V2), s.t. U open subset set in Uy and V7 open set

of V5 consider the commutative diagram

(U1, V1) —= (U1, V1)

-

Uz, Va) — (Us, V&)

with p the map which restricts to thf: identity on on Uy resp. Vi and sends Uy \ Uy resp. V2 \ W to the
added point of the compactlﬁcation U, resp. Va. All other three arrows are inclusions of pairs. This diagram
induces the linear maps ZU “; : H.(Uy, V1) = H,(Uy, V3) and pg;é BM g (Uy, Vo) =BM H,.(U, )

which together with 0" and 622 make the diagram

651"/1
H,(Uy,Vi) —= BMH,(Uy, V1) (34)
] A
(U27V2) BMH (U, V)
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commutative. When V) and V5 are the empty sets one has the commutative diagram

U
0,1

Hr(Ul) - BMHT(Ul)
Y2

H,(Uy) —PMH,(U3).

By similar arguments as in [8], when regarded as a contravariant functor on the category whose objects
are open subsets U of a locally compact ANR X and morphisms are the inclusions, the assignment U ~~5M
H,(U) induces the exact sequence

0——=1lim', PMH,_(U@) —"MH(X) —>lm, PMH(U@) 0 (35)
for any open filtration of X by open sets U(4),
vUl)cu@)c---cU@)cUli+1)cC---CX,

X = U;U(i). Here lim and ]'&1’ denotes inverse limit and the derived inverse limit of the inverse system of
vector spaces given by the linear maps

BM . (UG)) = H (U (i), %) «PM H. (UG + 1)) = H (Ui + 1), %).
For a pair (X,Y") as above equipped with a filtration by open pairs,
U),v) cU@),vEe)yc---cU@),V@E) cU@E+1),V(i+1)) C(X,Y),

i.e. U(i) open subset of X, V(i) open subset of Y, X = U;(U(3),Y = U;V (i), the exact sequence (35)
implies the short exact sequence

0—=1im', _PMH,_(U(i), V(i) —="MH (X, Y) —=1lim,  _ PMH(U@), V(i) —=0
(36)
with the derived inverse limit and the inverse limit considered for of the inverse system defined by linear the
maps
BME (U(i), V(i) <M H.(U(i + 1), V(i + 1)).

Consider f : X — R alift of a tame TC1-form w and
Ul)cU@2)c---cU@G@) cUG+1)C - cU(x)=X

a filtration by open sets of X. By applying the exact sequence (36) to X = X,,Y = X,_. and the filtration
by the pairs (U (i), U(i)a—c) Of the pair (X, X,—¢) and by passing to direct limit when ¢ — 0 one obtains
the exact sequence

0 —tin' | PMH, 1 (U(0)a, Uli) <) —— PV U (R, Kea) — lim PV H (U (1), Uli)<a) —= 0 ()

For the proof of Proposition 1.4 we will also need the following Proposition (6.1).
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Proposition 6.1 Suppose M is a compact manifold with boundary OM and interior IntM = U, and
f: M — R a tame map with with Cr(f) C U. Suppose t is a regular value for fop; the restriction of f
to the boundary, but possibly critical value for f. Then for € > 0 small enough the inclusion induced linear

map i, (t) := z%té\ﬁj and the 0,.(t) := 0V~ in the sequence (38) below are isomorphisms.

in(t) 0, (t)
H, (My, My_) <= H, (U, Uy—.) —= BMH, (U, U,_.) (38)

Proof: We leave to the reader to check by himself that the inclusion (U, U;_.) C (Mg, My_) is a
homotopy equivalence of pairs which implies i,.(¢) is an isomorphism.

Since ¢ is regular value for fy,, there exists ¢ > 0 small enough s.t. the inclusion M (t—e) C OM, [t_@t]s
is a homotopy equivalence, hence the inclusion (Mg, M;—.) C (Mg, My—e U OM};_.4) is a homotopy
equivalence of compact pairs, hence

Hy(My, My_o) = Hp(My, My_c UM}y, g) ="M Hy(My, My_c UOMpy,;_g). (39)
Since My \ (M;—c UOMp_cy)) = (Ut \ Up—¢) one has

PMH, (M, My—c U 0Mjy— ) =" H,(Up, Ure). (40)
Combining the two isomorphisms one concludes that o "’Ut‘e(t) -i,(t)~! is an isomorphism, hence so is
07 ().
q.e.d.

Proof of Proposition (1.4)

For a fix t € R choose a filtration of X by open sets

vl)cvu@)c---cUk)cUk+1) cC---CX,
U,; U(i) = X, with the properties:
(a) U(i) ® compact submanifold with boundary s.t. U (i) C U(i + 1),
(b) the restrictions of f to U (i) are tame maps,
(c) t € CR(f) is a regular value for the restriction of f to d(U(i))

In view of tameness of f
(d): for any t € C'R(f) there exists N (t) € Z>q s.t. the compact set f~*(t) N Cr(f) is contained in U (4)
fori > N(t).
Clearly such filtrations exists. One can choose U(i) to be the closure of a finite union of translates of
a properly chosen fundamental domain of the free action of I' on X (i.e. whose interior is a manifold). It
satisfies (a) and (b). One can increase (arbitrary little U(z) inside U (i + 1)) to make (c) also satisfied.

Observe that diagram (34) implies the commutative diagram

SQM[t—s,t] = f&&[([t —&t]) -
T denotes the closure of U in X
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H (U (i), U (i) <) —— = BME (1), U (1) <) 7 @1)

9i+1€

i ( HAU G+ k), UG + k) <)~ SBM I (04 K)o, U + k) <t) )i

iﬁkl Tpiik

A 62 (1) N S
H, (X, X<y) BMH, (X, X<4)

Gkt _ gktr gtk j L j+k . Lo : :
s.t. 7 =54y -0 and pg+j+k = Djik * Pjik, Inspection of this diagram combined with Propo-

sitions 6.1 and the exact sequence (37) lead to the result as follows.

Fl. In view of Property (d) of the filtration, Proposition (6.1) implies that for ¢ > N(t) and e small
enough 0V V=< . 1 (U (i), U(i)s_c) —BM H,(U(3);,Ul(i);—c) is an isomorphism. Passing to limit
when € — 0 one obtains

0u(t) - Hy(U(i)e, U(i)<t) ="M Ho(U(i)e, U i) <t)

is an isomorphism. '
F2. For j > N(t) the linear map i§.+k is an isomorphism by excision property of the standard homology.

Combined with the commutativity of the diagram (41) and F1. one obtains pg 1 is an isomorphism for any
j>N(t)and k .
F.3 The isomorphisms ifrk stated in F2. imply ¢7° is isomorphism for j > N (t), and the isomorphisms

pg 4 forj > N(t) stated in F2., in view of the exact sequence (E25) imply ple is isomorphism for j > N (t).
Hence in view of diagram (41), 6,.(t) = 6°°(t) is an isomorphism. This finalizes the proof of Proposition
(1.4).

Corollary 6.2
The induced linear maps,

L 0,.(a) : To(r) /Teq(r) =BM T, (r) /BMI_ o (r)

2. 0.(a,b) : Fr(a,b)/F (< a,b) =BM F,(a,b)/PMF,(< a,b)

3. 0,(a,b) : To(a,0)/i%° ,To(< a,b) =BM Tp(a,0)/i% " Ty(< a,0)
are injective
Proof: Consider the diagram
BMH,(Xo) —lim_ PMH,(Xo, Xa-c) = Hr(Xay X<a) - (42)
95@] Gr(a)T
H(Xy) —— lim_ Ho (Ko, Xome) = (K, Xca)

A nonzero element z € I4(r)/I<,(r) is represented by an element z € H,(X,) s.t j(z) # 0, hence
0,(a)(j(x)) # 0. This implies 6;%* () which represents 6,.(a)(x) and whose image in PMH,.(X,, X_,) is

"recall lig BME(U@#)e, U()t—e) =P Ho(U(i)e, U(3)<t)
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0r(a)(j(z)) is nontrivial. This establishes items 1. and 2.. Similarly a nonzero element y € T(a,b)/T,(<

a,b) is represented by an element y € H,(X,) whose image in H,(Xj,)vanishes s.t j(z) # 0 hence

0,(a)(j(y)) # 0 which implies 6:Xa(y) represents 6,.(a,b))(y) which by the same arguments should be

nontrivial. This establishes items 3. [ |
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