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Abstract

This paper extends the Alternative to Morse-Novikov theory we have proposed in
Burghelea (New topological invariants for real- and angle-valued maps, Word Scien-
tific, Hackensack, 2018) from real- and angle-valued maps to closed 1-forms. For a
topological closed 1-form w on a compact ANR (= absolute neighborhood retract) X,
a concept generalizing closed differential 1-form on a compact manifold, under the
mild hypothesis of tameness, a field x and a non-negative integer r, we propose two
configurations §”: R — Zx>0 and y¥: R.9— Zx( which recover Novikov—Betti
numbers and the Novikov complex associated with a Morse closed 1-form with non-
degenerated zeros. Precisely, the sum of the multiplicities of the points in the support
of 8 equals the rth Novikov—Betti number and that of the points in the support of y&
equals the rank of the boundary map in the Novikov complex. We formulate the basic
properties of these configurations, the stability and the Poincaré duality when X is a
k-orientable closed topological manifold, which in full generality will be proven in
the second part of this work.

Keywords Morse—Novikov theory - Closed one form - Configurations of points on
real line - Novikov—Betti numbers

Mathematics Subject Classification 55N35 - 46M20 - 57R19

1 Introduction

In this paper we extend the configurations 8rf and yrf , previously defined in [5] for a
tame real- or angle-valued map f, to a tame topological closed 1-form w (cf. Sect. 2
for definition). As a consequence we extend our Alternative to Morse—Novikov theory
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714 D. Burghelea

(cf. [3]) to topological closed 1-forms on a compact ANR (abbreviation of absolute
neighborhood retract). The concept ropological closed 1-form, abbreviated TC1-form,
is a substantial generalization of closed differential 1-form on a smooth manifold. As
in the case of real- or angle-valued maps (which corresponds to the case of closed
I-forms of degree of irrationality zero or one) we will analyze the real-valued map
fe: X > R, alift of w, defined on the total space of the associated principal I' = Zk-
covering w: X — X associated to the cohomology class [w] € H!(X; R) with k the
degree of irrationality of w.

It might appear that this should be a routine extension of the case k = 1 but this is
not quite so because:

1. the map f is never proper when degree of irrationality k is greater than 1, so the
homology vector spaces of the levels sets are not of finite dimension in general,

2. the set of critical values of f¢ is not discrete when k > 1 but the opposite,
always dense if not empty; the approach of Zig-Zag persistence based on graph
representations, cf. [4], is apparently not applicable.

The tameness of w, which means the tameness of the lift f“ of omega, as described
in Sect. 2, and the fact that the group I' defined by the form w appears as a subgroup
of R make the approach described in [3, Sections 6 and 7] applicable. Ultimately this
leads to the finite configurations §” and y& of points in R and R := R. ( rather than
C and C\ 0. These configurations refine and implicitly recover the Novikov complex
(associated to a Morse closed differential 1-form) up to isomorphism. To prove our
result we consider in Sect. 4 an apparently new definition of Novikov—Betti numbers
based on the lifts of @ and verify in Sect. 5.2 that this definition is equivalent to the
standard ones (cf. [6] for definitions). We are unaware if it already exists in literature.

For the configurations §;” and y¢ one can prove a stability property and a Poincaré
duality property similar to [5, Theorems 1.3 and 1.5] and, in view of the stability
property of the assignment w ~~ y¢ (cf. Theorem 1.3), show that the configurations
§” can be actually defined for any TCI-form, not necessary tame. It also can be
refined in the spirit of [1,2] to an assignment with values «[I"]-modules but we are not
interested in this aspect nor in its implications at this time.

The main results about the configurations é;” and y ¢ are stated in Theorems 1.1, 1.2,
and 1.3. In this paper (part I) only Theorem 1.1 is proven entirely, the other two will
be established in part II of this work.

To formulate them, for a fixed field x, X a compact ANR, § € H 1 (X; R), denote
by ,BFN (X; &) the rth Novikov—-Betti number, r =0, 1, 2, ..., and by ye (X; &) the set
of topological closed 1-forms on X in the cohomology class & (cf. definition Sect. 2)
equipped with the compact open topology. For a space Y and closed subset K C Y
one denotes by Conf y (Y) the space of configurations of total cardinality N equipped
with the collision topology and by Conf (Y \ K) the space of configurations of points
in Y \ K equipped with the bottleneck topology, all these topologies are described in
Sect. 3.1. In this paper Y = R and K = (—o0, 0].

! initiated in [5]
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Theorem 1.1 (i) If w is a tame topological closed 1-form on X (cf. Sect. 2 for defini-
tion) then

Y80 = B (X: ()

teR

where &(w) = [w] denotes the cohomology class determined by w.
The supports of 8% and y? are real numbers of the form ¢’ — ¢” with ¢’ and ¢”
critical values of any lift f of the TCI-form w (cf. Sect. 2 for definitions).
(i1) If X = M" is a closed smooth manifold of dimension n, w is a closed differential
1-form with all zeros of Morse type, and c,(w) denotes the number of zeros of
Morse index r, then

AOEDIEHORD B HORS S FRI(

teR teRy teRy

Item (i) explains in what sense & refines the Novikov—Betti numbers.

Since a chain complex of finite dimensional vector spaces is, up to a non-canonical
isomorphism, completely determined by the dimensions of its homology vector spaces
and the dimensions of its components, Item (ii) explains to what extent the config-
urations 8 and y¢ provide together a refinement of the Novikov complex when
considered over the Novikov field. Note that the formula in Item (ii) implicitly gives
the rank of d, : C, — C,_1, the boundary map in the Novikov complex. Precisely,

rank d, = Z yo(t).

teR.

The tameness of a TCI1-form should be regarded as a considerable weakening of
the hypothesis “all zeros of w are of Morse type” in order to still make possible the
construction of a Novikov complex.

Theorem 1.2 Suppose M is a closed topological manifold and o € Ztl (X; &), then
(i) 82(1) = 82_,(—1),

(i) yP(@) =p,% ().

Let Z} (X; &) C Z(X; &) denote the space of tame topological closed 1-forms with the

topology induced from the compact open topology on Z! (X; £), defined in Sect. 2. The

topology on Conf g (x.¢) (R) is the collision topology and the topology on Conf (R_.),

with Ry viewed as Y\ K for Y = R and K = (—o0, 0], is the bottleneck topology
described in Sect. 3.1.

Theorem 1.3 (i) Theassignmentd, : Ztl (X; &) ~ Confﬁrzv(X;s)(R) is continuous and

extends to a continuous assignment on the entire 2N (X; £).
(11) The assignment y,.: Ztl (X; &) ~» Conf (R.) is continuous.

To understand the relations between this paper and the previous works [3-5] the
following observations are useful:
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716 D. Burghelea

1. When X is connected, a topological closed 1-form w can be represented by a real-
valued map f: X — R, called lift of w, X the total space of the principal covering
associated to w. This lift is determined up to an additive constant, cf. Sect. 2 (i.e.,
J1 and f> are lifts of the form w implies f; = f» +t,t € R). The configurations
§? and y¢ are derived from the integer-valued maps S,f , Tespectively yrf , which
have as supports points (a, b) € R2 respectively Ri ={(x,y):x <y}, witha, b
critical values of f. Since the support of 8/, respectively y /1, is the t-diagonal
translate of the support 87, respectively y/, in order to get “independence on
the representative f” one passes to the quotient spaces R?/R = R, respectively
Rﬁ_ /R = R4, where the quotient is taken w.r. to the action (¢, (a, b)) = (a +
t, b+1). The supports of §” and y are the images by p: R?> — R, p(a, b) = b—a,
of the supports of 8'rf and yrf with 87(1) = ) g (S'rf(s, s+ 1) and yP(1) =

Y seR yrf(s, s+1).
2. Inthis paper the notation yrf refers to the restriction to Ri ={(x,y) eR*y—x >

0} of the map denoted by the same letter yrf in [3]. Note that such restriction to
R%L collects information on the so-called closed-open bar codes of f, the ones of
relevance in the Morse—Novikov theory, while the restriction to RZ = {(x,y) €
R%:y — x < 0} collects information on the open-closed bar codes of f. Note also
that the open-closed bar codes of f correspond to the closed-open bar codes of
— f via the correspondence (a, b) — (—b, —a).

3. An interesting example of a tame closed topological 1-form is provided by a
simplicial 1-cocycle on a finite simplicial complex. An algorithm to derive the bar
codes (i.e., points in the supports of § and y*) with their multiplicity is desirable.
This is possible and will be the topic of a subsequent work.

In this paper we write “=" for equality or canonical isomorphism and “~" for
isomorphism, not necessary canonical.

An alternative treatment via persistent homology of Floer—Novikov theory was
proposed by Usher and Zhang, cf. [8]. Their work has challenged us to extend the
results presented in [3] from angle-valued maps to topological closed 1-forms.

2 Topological closed 1-forms and tameness

2.1 Topological closed 1-form

A topological closed 1-form, abbreviated TC1-form, extends the concept of closed
differential 1-form on a smooth manifold M to an arbitrary topological space X. One
way to obtain this is to view it as an equivalence class of multi-valued maps (first

definition), another way is to view it as an equivalence class of equivariant maps on
the associated principal Z¥-covering (second definition).

First definition

1. A multi-valued map is a system {Uy, fo: Uy — R, a € A} such that

@ Springer



Alternative to Morse-Novikov theory for a closed 1-form. | 717

(a) U, are open sets with X = | J Uy,
(b) fy are continuous maps such that f, — fg: Uy, NUpg — Rislocally constant.

2. Two multi-valued maps are equivalent if put together remain a multi-valued map.
Definition 2.1 A TCI-form is an equivalence class of multi-valued maps.

A TCl-form o determines a cohomology class £(w) € H L(X:R). It suffices to
show that a representative {Uy, fo: Uy, — R} of w defines for any continuous path
y: la,b] — X the number | , @€ R, independent of the homotopy class rel. bound-
ary of y and additive w.r. to juxtaposition of paths. Indeed, if y[a, b] C U, for
some «, then f , 0 = fa(b) — fu(a); if not, one chooses a subdivision of [a, b],
a =1 <t < --- < tp = b,such that y; = y|; 4., lie in some open
set Uy, and defines [ @ = } [ . This assignment defines a homomorphism
&(w): H1(X;Z) — R, equivalently a cohomology class [w] = & (w).

One denotes by Z!(X) the set of all TCl-forms and by Z!(X; &) = {0 €
21 (X): E(w) = £}. Clearly 2! (X) is an R-vector space and

2l = | ] 2'xe.

geH(X;R)

In view of this definition, for any X compact ANR one can find open covers of X,
{Uy, a € A} with the properties that A is a finite set and Uy is compact, connected
and simply-connected. Such cover is called a good cover. A choice x,, € U, makes @
uniquely represented by a multi-valued map { f;’: Uy — R} with f(x4) = 0. One
calls the system U := {Uy, x4, @ € A} with {Uy, @ € A} good cover a base-pointed
good cover of X.

The choice of a base pointed good cover U defines for the vector space Z!(X) a
complete norm

ol = sup sup [ £2(x)].
aeA erO[

and then a distance in Z'(X) and implicitly in Z' (X; &),
D(w1, )y = llor — o2flu.-

Different base-pointed good covers lead to equivalent norms. The induced topology
on Z!(X) is referred to as the compact open topology. The subsets Z!(X; &) are the
connected components of Z!(X).

Examples 1. A closed differential 1-form, w € Ql(M ), dw = 0, defines a TC1-
form.
Indeed, in view of the Poincaré Lemma, for any x € M one chooses an open
neighborhood U, > x and fy: U, — R a smooth map such that w, |y, = df,.
The system {Uy, fy: U, — R} provides a representative of a TC1-form.
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718 D. Burghelea

2. A simplicial 1-cocycle on the simplicial complex X defines a TC1-form.

If X is a simplicial complex, X the collection of vertices, and S C Xy x Xg
the collection of pairs (x, y), x,y € Xo, such that x, y are boundaries of a 1-
simplex, then a simplicial 1-cocycle is a map 6: § — R with the properties
8(x,y) = —4&(y, x) and for any three vertices x, y, z with (x, y), (v, 2), (x,2) € §
one has §(x, y) + §(y, z) + 8(z, x) = 0. The collection of open sets Uy, U, the
open star of the vertex x € X, and the maps f,: U, — R, the linear extensions
to open simplexes of U, of the map given on the vertices in Uy by fy(y) := §(x, y)
and fy(x) = 0, provides a representative of a TC1-form.

Second definition

Leté € HY(X;R) = Hom(H(X;Z),R) and " = I'(¢) := img(§) C R. If X is a
compact ANR then I ~ Z* with k called the degree of irrationality of &.

The surjective homomorphism §: H;(X;Z) — T defines the associated I'-
principal covering, 7 : X — X,i.e.,afree action w: I'x X — X with 7 the quotient
map X > X / I' = X. This principal covering is unique up to isomorphism. When X
is connected so is X.

A continuous map f : X — Ris ["-equivariant if f(u(g, x)) = f(x) + g.

Definition 2.2 A TCI-form w of cohomology class & is an equivalence class of con-
tinuous I"-equivariant real-valued maps f: X — R where f is equivalent to f> iff
f1 — f2 1s locally constant.

One refers to any representative f in this class as a lift of w. Clearly any I'-
equivariant map on a ['-principal covering X — X defines a cohomology class in
H'(X;R) = Hom(H,(X;Z), R), the same for equivalent equivariant maps. This
because for any continuous path y: [0,1] — X and x € X there is a unique
y: [0,1] > X withy(0) =X,y =x -y and, bytakingfy w:= f(y(l))— f(x),one
obtains a homomorphism H;(X; Z) — R. Denote by 2! (X; &) the set of TC1-forms
in the cohomology class &. In view of this definition the choice of the base point x in
X (actually one in each connected component if X is not connected) provides a unique
lift f2: X — R of w with f(x) = 0. When X is compact one defines the distance
D(wy, w2)z by

D(wi, 2); = sup | [z (v) = 3 (0]
yveX

which, in view of the compacity of X and of the I'-equivariance of the lifts, is a
complete metric. It is not hard to see that different choices of the base point x lead
to equivalent distances and therefore to the same induced topology with the same
collection of Cauchy sequences.

It is not hard to show that the two definitions of Z!(X) viewed as vector spaces

equipped with complete metrics are equivalent. To see this one chooses a good cover
{Uy,a € A} of X. Indeed, a multi-valued map { f,,: U, — R} representing w (cf. the
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first definition) can be modified to an equivalent multi-valued map {f,: U, — R}
by adding appropriate constants on each open set Uy so that f;, - 7y : 77N (Uy) - R
defines a ["-equivariant map on X, hencea representative of a TC1-form (cf. the second
definition) in the same cohomology class.

Conversely, a I'-equivariant map representing @ (in the second definition) and a
collection of continuous section s,: U, — 7} (Uy) (.e., m-sq = idy,) give a
multi-valued map {f-s,: U, — R} representing a TC1-form (first definition) in the
same cohomology class.

It is not hard to check that the identifications above make the distances defined by
different choices of base points in U, and X equivalent and consequently with the
same Cauchy sequences.

2.2 Weakly tame and tame real-valued maps and topological closed 1-forms

Fix a field k. The homology considered is always with coefficients in the fixed field «
(for simplicity in writing omitted from the notation), hence a «-vector space.
For a continuous map f: X — R denote

X} = f(~00.a). XL,=f""(~00.a)).
X{ = fla,00),  X7*=f"((a,00)).

Fora € R let

R{ (r) = dim H, (X4, X<q) € Z0 U 00,
R (r) == dim H,(X“, X™) € Z U 00.

The value a € R is called regular (w.r. to k) if Raf(r) + Rji‘(r) = 0 for any r and
critical if not regular.

Denote by CR,(f) C R the set of critical values of f with the property RJ (r)+
Rj?(r) # 0 and CR(f) := |, CR,(f).

Definition 2.3 A continuous map f: X — R is called weakly tame if:

1. For any closed interval I € R the subspace f~!(I) is an ANR, in particular X is
an ANR.

2. For any a € R and any r, Rdf(r) + RJ?(r) < 0.

3. The set CR( f) is at most countable.

Let w be a TC1-form on a connected space X and let f : X — Rbealift of w. The sets
CR,(f) and CR(f) are I"-invariant with respect to the action of I" on R by translation
(recall I' C R) and this action is free. The set of orbits CR,.(f)/T" or CR(f)/ " will
be denoted by O,(f) or O(f). If f; and f> are two lifts of w then fo = f] + t.
The translation by ¢ provides a canonical bijective map 7;: O(f1) — O(f2) which
preserves the r-component O, ( f). Denote then O(w) := Ufew O(f)/~withoy ~ 0>
(0; € O(f;))iff T;(01) = o03. This definition frees the concept of orbit of critical values
from the lift f. Suppose X is a compact ANR.
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720 D. Burghelea

Definition 2.4 e A TCl-form w is weakly tame if one lift f and then any other is
weakly tame.
e A TCl-form w is tame if is weakly tame and the set O(w) is finite.

When X is not connected w is weakly tame, respectively tame, if its restriction to each
component is weakly tame, respectively tame.

Examples of tame TC1-forms

1. A locally polynomial® closed differential 1-form on a closed smooth manifold
with all zeros isolated is tame.

2. A generic simplicial 1-cocycle on a finite simplicial complex defines a TC1-form
which is tame. Here generic means that the 1-cocycle takes non-zero values on all
1-simplexes.>

Let us check the first example for closed manifolds. The arguments provided remain
true when the manifold is compact and the restriction of w to the boundary has no
Zeros.

Let 7: M — M be the associated I'-principal covering, f: M — R a lift of
w, X the set of zeros of w, and X = 7~ 1(X) the set of critical points of f. Let
f)C(t) =Xn F~1(t). Observe that " acts freely on the set X and the set of orbits of
this action is in bijective correspondence to the set X, hence is finite. Observe also that
the restriction of 7 to X(¢) is injective.

If r € R is a regular value then f~!(¢) is a codimension one smooth sub-manifold
and if 7 is a critical value then f~!(¢) is a codimension one sub-manifold with finitely
many conic singularities, as many as the cardinality of X(¢). In both cases, ¢ regular
or critical value, £~ 1(¢) is a closed subset which is an ANR and then so is f~! (1) for
any closed interval /. This verifies requirement 1. in Definition 2.3.

Note that if 7 is a regular value, then M; is a manifold with boundary with interior
M<,, hence H, (Mt, M_;) = 0. If t is a critical Value then M,\DC(I) 1S a mani-
fold with boundary with 1nter10r M<t, hence H, (Mt, <,) = H, (M,, M,\DC(I)) =
H, (D, D,\DC(I)) w1th D; = M, N D, where D is a disjoint union of closed small
discs embedded in M, whose interior is a neighborhood of X (7). The hypothesis “local
polynomial” permits to choose such small discs that make D; and S; = (3D) N M,
compact ANRs and D, \ X(7) retractible by deformation to S;. Since (D, S;) is a pair of
compact ANRs, H,(D;, D;\ X(t)) = H,(Dy, S;) is a vector space of finite dimension.
This verifies the finite dimensionality of H, (Mt, M <¢). The same arguments verify
the finite dimensionality of Hr(lq ! M>1 ), hence requirement 2. in Definition 2.3 is
verified for ¢ a critical value. Requirement 3. is obvious in view of the compacity of
M.

In the second example the arguments are similar. Note that if ¢ is a simplicial
regular value for the lift £ then f~!(z) has a collar neighborhood inside the simplicial

2 Locally polynomial means that locally there exist coordinates such that the coefficients of the form are
polynomial functions.

3 The tameness remains true without the hypothesis all zeros are isolated in Case 1 and generic in Case 2 but
via more elaborated arguments. The restriction of a differential closed 1-form on a manifold M considered
in Case 1 to a compact Thom—Mather stratified subset X C M is a tame TC1-form on X.
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complex X in which case ()A(’ ts X <) can be treated homologically as (]\71 . M ~¢) above.
If ¢ is a simplicial critical value, in view of the genericity, except for a finite set of
points V; = {x1,...,xt} C f~Y(f), f~1(#)\'V; has a collar neighborhood inside
X \ V;. With these observations the homological arguments in the smooth case can be
repeated.

3 Topology
3.1 Configurations of points, collision topology, bottleneck topology

Consider a pair (Y, K), Y alocally compact space, and K C Y aclosed subset. A con-
figurationof pointsinY isamapé: Y — Z>( with finite support. The fotal cardinality
of the support is the non-negative integer Zer 3(y). Denote by Conf (Y) the set of
all configurations of points in ¥ and by Conf y (¥) the subset of configurations whose
supports have total cardinality N. For a configuration § € Conf (Y \ K) with support
supp $§ = {y1, ¥2, ..., Yk} and a collection of disjoint open sets Uy, Us, ..., Ui, V
with x; € U;, K C V denote by

supp 8’ C (U104 Ui) UV

UG, Uy, ..., U, V)= {8 e Conf(¥Y\K): ,
> yer; ') =8(n)

and for § € Conf (Y), and K = @ write
U, Uy, ..., Uy =UG6, Uy, ..., U, 9).

On the set Conf y(Y) consider the topology generated by the collections of neigh-
borhoods {U(S, Uy, ..., Ui)} of each § € Confy (Y) and refer to it as the collision
topology. As a topological space Conf y (Y) identifies to Y/ X, the quotient of the
N-fold cartesian product of Y by the group of permutations of N elements.

On the set Conf (Y \ K) consider the topology generated by the collections of
neighborhoods {U(§, Uy, ..., U, V)} of each § € Conf (Y \ K) and refer to it as
the bottleneck topology. Note that if K = & the bottleneck topology and collision
topology are the same.

In this paper we will consider only the case Y = R and K = (—o0, 0] hence
Y\K =Ry.

3.2 Some algebraic topology of a pair (X, ®)

Let « be a field, X a compact ANR, w a TC1-form in the cohomology class § = [w]
of degree of irrationality k, and I' = I'(§) C R the group defined by &. Note that if
k > 2 then I is dense in R.
Let )N( — X be the associated principal I'-covering with the free action
: Tx X — X and f: X — R be a lift of w. For any g € I' the homeomorphism
,u(g, ) X — X induces the isomorphism (g): H, (X) — H, (X)
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722 D. Burghelea

The map f provides two filtrations of X indexed by 7 € R, for 7 < 1’ < ",

~ /I

.cX,cXycXpc-, DX OX'DX"o...
which induce in homology the filtrations
 CL() Sy ST () Sy 2T 217 () 2T () 2 -
with
I)(r) = img (H, (X;) - Hy(X)) and I}(r) = img(H,(X') — H.(X)).

Clearly, (g)(I;(r)) = I;4,(r) and (g)(I"(r)) = I"T8(r). Note that:

1. The k-vector space H, (}? ) is actually a f.g. x[I"]-module (since X is a compact
ANR) actually a Noetherian module,

2. [ooo(r) = Mg Le(r) and I (r) := (),cg I’ (r) are [I"]-submodules,

H.(X) =, L0 =, I'(r),

4, HrN (X, [®]) == H,(X)/Tor, H.(X) is a f.g. torsion free k[G]-module of rank
,ng, (X [w]) (i.e., the rank of a maximal free submodule), number referred to as
the algebraic Novikov—Betti number or simply Novikov—Betti number.

Note that when ¥ = R or C then ﬁrN (X; [€]) equals the L,-Betti number ,BrL 2 ()Af )
of X (cf. [7, Lemma 1.34]).

hat

Proposition 3.1 (i) Tor H,(X) = I_oo(r).
(ii) Tor H,(X) = I°°(r).

Proof The k[I"]-module structure of Hr()? ) is given by
k k
(Z%,&) X = Z ag (8i)(x)
i=1 i=1
with ag, € k, ag; # 0 and then if x € I,(r), respectively I'(r), one has

k k
(Z Clgigi) ‘X € [t ymaxg (r), respectively (Z agigi) x € TITming ().

To check the inclusion Tor H, ()? ) C [_(7r) in (i) one starts with x € Tor H, ()? )
which has to belong by 3. above to some [;(r). Suppose that

(aogo +aig1+ -+ +argr) - x =0
with go < g1 < -+ < gk, ag; # 0. Then x € I,(r) implies
arx = — (ao(go — gk) +ai(g1 — &) + -+ - + ar—1(8k—1 — &k)) - X,
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hence x € I;_(g,—g,_,)(r). By repeating the argument, x € I;_(g,—g,_,)(r) for any
n, one derives x € I_,o(r). Similarly, to check the inclusion Tor H,(X) C I°°(r),
one starts with x € I’(r), suppose that go > g1 > -+ > g, ag # 0, one derives
x € ["+(=8&+8-1) () hence x € H’+”( 8k+8k-1) () for any n, hence x € I°°(r).

To check that /oo (r) < Tor H, (X) and I°°(r) C Tor H, (X) one uses the fact that
H, (X )is af.g. k[I"]-module. If x € I_,,(r) then there exists an infinite collection of
negative g’sin[',say --- < g, < g,—1 < --- < g2 < g1,suchthat (g,)(x) € [_(7)
and, in view of the fact that [_,(r) is f.g., a finite collection of elements P,, € «[G],
i=1,2,..., K, such that

K K
0= " P ((g,)x) = (Z Pr,.gr,.) X
i=1 i=1

Hence one obtains x € Tor H, (X ). By a similar argument one concludes that x €
I°°(r) implies x € Tor H,(X). O

As an immediate consequence one has

I,(r) NI®(r) = I°(r) = Tor H, (X),
I_oo(r) NI2(r) = I_oo(r) = Tor H,(X).

Denote by iy (r) H, (X ) — H, (X g), @ < B, the inclusion induced linear map and
for a € R consider the diagram

lim H, (X)) — H,(X,) — lim H,(X,)

a>t——00 a<t—00
\L l \L (3.1)
I :ﬂzeRHI(r) Lq(r) UzeRHt(r) = I (7)

where the direct and inverse limits are taken w.r. to iy (r) Clearly,

1<i£1 Hr()?t) = 1<1r_n Hl’(it)v

t——00 a>t——00
li_r)n H (X;) = 11_I>II H,(X;),
t—00 a<t—>00
li_n)lHr(Xt) = H,(X).
— o0

Theorem 3.2 The left and right vertical arrows in the diagram (3.1) are isomorphisms.
More precisely, for each | € T' C R there exist the subspaces V,W C H,(X,)
depending on | and the injective linear map o: V — V such that H, (Xa) =VeWw
and the diagram (3.1) is isomorphic to the diagram
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Niez @X (V) 1% v

where V := lim{---V Lv... }, the bottom horizontal arrows are inclusions and
the middle vertical arrow is the first component projection.

Proof Consider the isomorphism u;(r): H,(X,—;) — H,(X,) induced by the home-
omorphism p;: X,—; — X, and the inclusion induced linear map ig_l(r): H.(X,-1)
— H,(X,). Take V = img(iJ_,(r)) and W a complement of V C Hr()?a), hence
H,.(X,) = V& W. One can decompose H,(X,_;) as H.(X,_;) = V'® W/, in order
to have ij ,(r) = (“ 0) with u: V' — V an isomorphism. With respect to this
decomposmons the isomorphism

po(r=wr)vew > vVew
is given by the matrix (,| o3 ) and the composition v = i?_,(r) - u—;(r) is given by
(g /3) with a: V — V injective. This is our claimed injective linear map «. In view
of the commutative diagram

i) i+ (r)

(1)
= H (Xq-21)) — Hy(X4- z)—>H(X ) e Hy (X 1) — -

m—2(r) pu—i(r) = i (r)
e — Hr(Xa) Hr(Xa) Hr(Xa) Hr(Xa)
Vew Vew Vew Vew

whose vertical arrows are isomorphisms and in view of the description of v one obtains:

lim H, (Xq-1) = | (V) C V,
k— 00 k

o

lim H (Xo ) =lim{--- >V 5V 5V 5.

k' —o00
Since
l(ir_nH,(ga_kl) = L&n Hr(gl)’
k— 00 I—>—00
im Hy (Xg1x) = lim Hy (X)),
k—> 00 a<t—>00
the statement follows. O
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3.3 Novikov-Betti numbers (a topological definition)

Recall that for f: X — R, alift of a tame TC1-form w, the vector space 1/ (r)/ 1/ ()
is zero when 7 is a regular value and of finite dimension when ¢ is a critical value, and
the isomorphism (g): H,(X) — H,(X) induces an isomorphism

(g)it T /IL,(r) = T1 4 (/T () (7).

Consider the k-vector space

NH, (f) = @ T/(r)/1L,(r)

teR

and note that this sum

e involves only components corresponding to ¢ critical values, hence at most count-
ably many,

e is a k[I"]-module whose multiplication by g is provided by the component-wise
isomorphism (g);,

e is independent of the lift f up to an isomorphism since

1/(r) /1L, (r) = LS /I3 (),

e is a free k[I']-module canonically isomorphic to V x, k[I"'] where V is the finite
dimensional vector space

P /1)

0€O(f)/T

for any choice a’ € 0 € O, (f). Different choices of a° lead to isomorphic vector
spaces V.

One defines
BN, (X: w) = dim, V = rank (NH, (/)
which will be shown in Sect. 5.2 to be the same as

,Bé\{g’r(X; &(w)) := sup{rank L: L a free submodule of H, ()’Z)}.

One can provide a similar definition using ]I]ﬁ instead of ]If Clearly ]If = I’ ¥ and

17, = o= ]I>’f with — f being a lift of the TC1-form —w. From the algebraic perspective
the first is based on the group I, the second on the group I'” canonically 1som0rphlc

to I' by the isomorphism g — g’ = —g. This leads to the same numbers ﬂalg . and
Biop.r-
Both numbers ,Bt](\)’p,r(X ;w) and ﬂé\{gJ(X ; E(w)) whose equality is verified in

Sect. 5.2 are referred to as the Novikov—Betti numbers.
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4 The maps &8 and yf
In this section f: X — R will be a weakly tame map, i.e., the requirements 1.-3. in

Definition 2.3 are satisfied.
Recall from the previous section the notations:

XJ = (=00.al),  XL,= (00, a)),

XL =X, X{ = f~'(la, 00)),
X74=f"a,00), X=X,

I, (r) = img(H,(XJ) — Hy (X)),
IL,(r) = img(H,(XLy) — Hy(X)) = | J T, ().

a<a

If (r) = img (H, (X}) — H (X)),

I79(r) = img(H,(X7) — H(X)) = | J I (),
B>a

()= (T, I = I

aeR aeR

For any a, b € R define Ff(a, b) = Hé(r) N ]I;’(r), and when a < b define
T!(a, b) == ker (H.(X]) — H,(X]
v(a,b) er (Hy(Xz) — Hy( b))

Extend the definitions T} to T/ (< a, b), T (a, < b), T/ (=00, b), T (a, 00) as fol-

lows: ‘
Tr(a, OO) = h_n;l Tr(a, b)’

a<b—o00

T.(<a,b) = 1£>n T,(a’,b) for a < b < o0,
a>a'—a

Tr(a, < b) = lim T} (a, b)) for a <b < b,
a<b'—b

Tr(_OO,b) = l(iEIT}’(aab)'

b>a——o0
Note that:

e fora < b < ¢ < oo the obvious linear map
ker (T/(a, ) > T/(b, ¢)) - T(a, b)

is an isomorphism,
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e for a, b the homology exact sequence of the pair (X }{ , X 6{ ) implies the short exact
sequence

0 — coker(H,(X]) = H (X)) —>H,(X], x]) > T/_,(a,b) > 0, (4.1)

e the commutative diagram

0 0
0 ————— T(a, b) — T, (a, b) 0
0———=T)(a, ) H-(X,) Ia(r)
00— Ty (b, o) Hy (Xp) 1y (r)
0 —> coker (T/(a. 00) = T/ (b, 00)) —> coker (H, (X} ) — Hy (X)) = 1,(r)/Ta(r)

0 0 0

implies the exactness of the sequence

coker (T (a, 00) — T/ (b, 00)) —= coker (H, (X} ) — Hy (X} )) —=T4(r) /Th(r)

| e

0 0

e the short exact sequences (4.1) and (4.2) imply the isomorphism

H,(X], XLo)
~ T/(r) /IL 4 (r) @ coker (T (< a, 00) = T (a, o) &T!_, (< a, a).

4.1 The assignments (ASi and O{

Call a box a subset B C R? of the form B = (a/, a]x [b, ) for —co < d’ < a,
b < b’ < 00, and define

I,(r)NI2(r)
Iy(r) NIy +1,(r) NI ()"

F,(B) =
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b// A E E B EEEE ... ...
E Biy Bio
v E
; : Bgl B22
a’ a a

Fig. 1 Box B divided in four disjoint boxes

Let
B ==B (r): Fr(a,b) — F,(B)
(a.b) = Ta,py 1)+ Erld, r

be the canonical projection.*

For B = B’ U B” with B'= (a/,a"]x[b,b"), B” = (a”,a]lx [b, b)), —o00 < d’ <
a’ <a, b < b <b"< oo, orwith B = (a/,a]lx[b", b)), B" = (a’,a]lx[b,]"),
—o00o <a <a,b<b’<b < oo,the inclusion B’ C B induces the injective linear
map

i =il (r): F,.(B") — F.(B)
and the inclusion B” C B induces the surjective linear map
T[gﬁz ﬂg//(r): F,(B) — F,.(B").

For —oo < a”’<a’' < a,b < b’ < b” < oo one denotes by

By = (a",a'1x [b,b"), Biz:=(d’,alx[b, "),
By = (a",a'1x[b,b"), By :=(d,alx[b,b),
and by
B).:= B11 UB2, B.:= BjjUBy,
By = By U By, B = By U By,
B = B;. U By., B .= B UB.,.

In view of the definitions and the notations above one has

4 When implicit in the context, r will be dropped off the notation.
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Proposition 4.1 (i) The sequence

B//

O—>IF(B)——>IF(B)———>E(B”)—>O

is exact.
(i1) For Bjj as in Fig. 1, the diagram

is commutative with all rows and columns exact sequences.
By By __Bo By
One denotes by JTB * the composition 75> := 7 B, Tp =Tpg, o 5, and by i3 Bii

B ._:B :Bi. _ B :Bji
the ComposmonzBH._zB g, =lip,- zBH and in general

78 =xB(r): F.(B) > F,(B")

when the box B” is located in the lower-right corner of the box B, for example
B” = B>, and

i8, =il (r): F.(B) - F(B)

when the box B’ is located in the upper-left corner of the box B, for example B’ = By.
The map g/ is always surjective and i g, is always injective.

For € > 0 one denotes B(a, b; €) := (a — €] x [b, b + €). Suppose —oc0 < @’ < a,
b<b <00

e Define

5r(a, b) == lim F,(B(a, b; €))

e—0
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B(a,b:€")
w.r. to the surjective linear maps F, (B (a, b; €)) Bab F,(B(a, b;€)), e > €,
and denote by
ng = mg P (r): Fr(B) = §:(a.b)
o
the composition I, (B) L, F.(B(a,b;e)) — or(a, b) for e <

inf {(a’ — a), (b’ — b)} and by

nl)) =i (r): Fr(a.b) — 8.(a. b)

T(a,b)
B(a,b;e) (a,b)
(a.b) T B(a,bie)

the composition [, (a, b) F,.(B(a,b;€)) ——— Sr (a, b). Both com-

positions are surjective maps independent of €. One has

I,(r)NI2)
Io(r)NIP(r) +L,(r) NI=P(r)

8,(a,b) =

with 715 ’If the canonical projection.
Define

F((a’ a]x b) = lim Fr((@’, alx [b, b + €)),

e—>0

w.r. to the surjective maps JT((S,:;Z]]z[[;’gI;)(I’)Z F,((d,a]lx [b, b+€)) — F,((a, a]

x [b, b+ €')), € > €, and denote by
g alxb — g @al<b iy R (B) - F,((d) alx b)
and

g @D =7 @D () =F,((d, alx b) > b.(a. b)

(a’,a]xb (a alx

the canonical surjective maps induced by passing to limit when € — 0. One has

I,(r)NIE(r)

Fr((a', alx b) = Ty (r) NT(r) +1,(r) NT>0(r)

Define

Fy(ax[b,0") = lim F,((a — €, a] x [b, b))

e—0
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w.r. to the surjective maps ”((Z :ac]l]xﬁlgbb? \(r): F,((a—e, alx [b, b)) — F,((a—

€, alx[b,b)), € > €, and denote by

7Tgx[b,b/) _ ﬂgx[b,b’)(r): F,(B) — F,(a x[b, b))

and
”gf[b,b/) = n;%b[b,b’)(’”): Fy(ax[b, b)) — §.(a, b)
the canonical surjective maps induced by passing to limit when € — 0. One has

I.(r)NIE(r)
Ieq(r)NIP(r) +1,(r) NP ()

Fy(ax[b, b)) =

e Define
Fr(Rxb) =1°(r)/T""(r) = | ] Fr((—00.al xb) (4.3)
acR
and
Fr(axR) :=1,(r)/I<a(r) = U Fy(ax[b, 00)) 4.4)
beR

with T, ((—o00, '] x b) => F,((—00,a] xb), a’ < a, and F, (a x [I, 00)) —=>
F.(a x [b, %)), b’ > b, induced by the linear injective maps i’¥ in Proposi-
tion 4.1 (i).

Note that:

e 5,.(a, b) # 0implies a, b € CR,(f),

e [F.(ax-) # 0implies a € CR,(f),

o IF,(-xb) # 0 implies b € CR,(f),

° li_r%IF,((a —€,a]lxb) =6,(a,b),
€—

o n_)rnolwx [b, b+ €) = b,(a, b),
€E—>

o lim F,((a—ealx[bb+e) = 8,(a, b).
€,e/'—0

The above definitions combined with Proposition 4.1 lead to the following proposition.

Proposition 4.2 (i) For —oo < a’' < a”’ < a, b € R the sequence
0 — F,((d.a"]xb) > F,((d\.a] xb) Z> F,((a". a] x b) — 0
is exact, and fora € R, b < b" < b’ < 00 the sequence
0 — F(ax[b", b)) - Frlax[b, b)) Z> F(ax[b,b") — 0

is exact. In both sequences i and w are the lmear maps induced by the injective
linear maps i 8 » and the surjective linear maps wj .
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(ii) (a) Foranya € Randb < b’ < 00

dimF, (a x [b, b)) < dim (T, (r) N TP(r) /T (r) N T°(r))

<d
< 1m(Ha(r)/H<a(r)) dim H, (X4, X <4),

and when a is a regular value dim F, (a x [b, ")) = dim F, (a x R) = 0.
(b) Foranyb € R and —o0 < d’ < a,

F, (@, alx b) < dim (I,(r) NI (r) /T (r) NT72(r))
< dim (I°(r)/17?(r)) < dim H, (X%, X7b),

and when b is a regular value dim I, ((a, a]l x b) = dim F,(Rx b) = 0.
The inequalities above hold (in view of (4.3) and (4.4)) for [b, b'), respectively
(a', a), replaced by [b, 00) or R, respectively (—oo, a] or R.
(iii) (a) If either a or b are regular values then Sr (a,b) =0.
(b) For any a € R the set supp Srf N (a x R) is finite and if a regular value is
empty.
(c) For any b € R the set supp 8,f N (R x b) is finite and if b regular value is
empty.

The relation between the surjective linear maps 7" is summarized by the following
commutative diagram with B = (a/, a] x [b, b'):

(a.b)
(a.b)

o F,((da]xb) D
(a ! alxb (a b)
(a b) B
F,(a, by ——TF,(B) 8, (a,b).

[b.b))
x[b, b’\ %
x[b,b")

a b)
F.(a x[b,b"))
Definition 4.3 For (a, b) € CR,(f) x CR,(f) a splitting
i@p(r): 8:(a,b) — F,(a,b) C Hy(X)

is a right inverse of the canonical projection ﬂ((g’g))(r): F.(a,b) — Srf (a, b), i.e.,
@by, _ ’

n(a,b) (r) 'l(a,b)(r) =

For —oo < a’'<a, b < b < o0, let K be either one of the following sets:

1. a bounded or unbounded box B = (d/, a] x [b, b’),
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2. a bounded or unbounded horizontal open-closed interval I = (a’, a] x b,
3. a bounded or unbounded closed-open vertical interval J = a x [b, b’),
4. a xR,

5. Rxb,

6. R>

Call (a, b) € R? the relevant corner in Case 1 and the relevant end in Case 2 or 3.
The interval (@, a”’] x b, when viewed as a subinterval of (a/, a] x b, is called the left
(open-closed) subinterval and a x [b”, b"), when viewed as a subinterval of a x [b, b’),
is called the upper (closed-open) subinterval.

For (a, b) € K a splitting i, p)(r) provides the injective linear map

i& () 8 @ b) - F(K)

defined as follows:

e If (a, b) is the relevant corner or the relevant end then i (IZ b) (r) is the composition

i(li,b) = 77(12,1))(”) 'i(a,b)(r)

with n( b) (r): F.(a,b) — F,(K) the canonical projection.
e If (a, b) is not the relevant corner or end then:

(a) In Cases 1-3, one defines
il () =g ()i, ()

with K’ C K, the only upper-left box, respectively left subinterval, respectively
upper subinterval, having (a, b) as the relevant corner, respectlvely end.

(b) In Cases 4-6, one defines z(K b) (r) as the direct limit of i z( b (r) where K’ runs
among the subsets of K of the same type and located as upper left box, respec-
tively left interval, respectively upper interval, which make iy, K (r) injective.

Choose a collection of splittings & := {i(4,5)(r): (a, b) € CR(f) x CR(f),r € Z>o}.
Let K be a set as in Cases 1-4, 6 above and A € CR(f) x CR(f). Denote

Ta(r) = @ iwp(): @ 5@ p) - H(X),

o, feEA (a,p)eA
SIk k= @ ik @ b p) - F(K).
(a,B)eANK (,B)eA

Proposition 4.4 For any choice of S the following hold:

(1) The maps SI(r) and 81K Ank (1) are injective.
(i) If A = CR(f)xCR(f) and K is in either Case 2, 3, 4, or 5, then SIllg(r) =
8I Ank (1) is an isomorphism.
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Proof (i) It suffices to verify the statement for A a finite set. This is done by induction
on cardinality of A as follows. When # A = 1 this follows from the fact that
ir(a, B) is a splitting. When #(K N A) > 2 one can write K = K U K7 with
#(K; NA) <#(K NA).In view of the definition of SI the following diagram is
commutative:

0 ————=F: (K1) Fr(K) Fr(K2) ———>0

TIAﬂKl (r Tl/mk (r) TIANQ (r)

0 —>= Dq peank, 5@ B) —= By peank 8@, B) —= By peank, S f) —= 0.

Since both rows are short exact sequences with the left and right vertical arrows
injective, the mid vertical arrow is injective too.

(i1) Inview of the weakly tame property of f,ifa ¢ CR(f)thenF,(a xR) = 0.Ifa €
CR(f)thenF,(a xR) =1,(r)/I.,(r)inview of (4.4) and by Proposition 4.2 (ii)
is of finite dimension. Denote by S(a, b) = I,(r) N1°(r)/I_,(r) N 1°(r) and
observe that

F,(a xR) = S(a, —00) 2 S(a, b) 2 S(a, b’) 2 S(a, 00) =0

for b < b'. The finite dimensionality of F(a x R) implies the existence of a finite
collection of critical values by < by < --- < by such that S(a, —o0) = S(a, b;) D
S(a,b1) D -+ D S(a,by_1) D S(a, by) D 0and in view of the definition of S(a, b),
S(a, b') = S(a, b;)ifb' € (b;_1, b;]. This impliesthatgr(a, b;) = S(a, b;)/S(a, bj+1)
and therefore

N
dimF,(a x R) = Z dim$, (a, b;) < Z dim$, (a, 1).
i=1 teR

By (i) one has ), dim Sy (a,t) < dimF,(a xR). These two inequalities and (i)

imply 81 fﬂ x () is an isomorphism and

supp 8, Na xR = {(a, by), (a, b2), ..., (a,by))}.
If b ¢ CR(f), then F(Rxb) = 0. If b € CR(f) then by (4.3), F,(Rxb) =

I°(r)/T>%(r) and by Proposition 4.2 (ii) is of finite dimension. Denote by U(a, b)
I.(r) NI2(r)/I,(r) NT>?(r) and observe that

F,(R x b) = U(oo, b) 2 U(d’, b) 2 U(a, b) 2 S(—00,b) =0

for a’ > a. The finite dimensionality of FF,(R x b) implies the existence of a finite
collection of critical values a; > a» > --- > ay such that U(co, b) = U(ay, b) D
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U(az,b) D --- D Ulany-1,b) D U(any,b) D 0 and in view of the definition of
U(a, b), U(d’, b) = U(a;, b) if a’ € [a;+1, a;). Therefore

N
dimF,(Rxb) = Y dim§,(a;.b) < Y _ dim§, (. b).
i=1 teR

By (i) one has ), p dim Sy (t,b) < dimF,(R xb). These two inequalities and (i)

imply 81 fﬂ x () is an isomorphism and

supp 8- Na xR = {(a1, b), (a2, b), ..., (ay,b)}. O
Define
8/(a, b) = dim §/(a. b).

As a consequence of Proposition 4.4 for any a € R the set supp S,f N (a x R) is finite
and of total cardinality

diml,(r)/Ia(r) = Y 8@ (4.5)

(a,x)esupp 8',fﬂ(a xRR)

hence equal to zero when a is a regular value. Similarly, for any » € R the set
supp S;f N (R x b) is finite of total cardinality

dimI2(r) /72 (r) = Y slb)

(x,b)esupp Syfﬁ(Rxb)

hence equal to zero when b is a regular value.

4.2 The assignments )A/‘,r and y‘,r

Call a box above diagonal, abbreviated ad-box, a subset B C ]Ri ={(x,y):x <y}
of the form B = (d/,a]l x (', b], witha’ < a < b’ < b.Fora’ < a < b < b the
inclusions X, C X, € Xp C Xj induce in homology the following commutative
cartesian diagram:

i%,(r)

T, (d, b) —*— =T, (a, b)

1

T,(d, b) T,(a, b

with the property that img (u(r)) = img(iZ,(r))NT,(a, b").Here i, (r): T, (a,b) —
T, (a, b) is the restriction of ig,(r): H.(X,) — H,(Xp). In order to avoid heavy
notation, when implicit from the context we will simply write i (r) instead of i g, (r).
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Define

T,(B) := T, (a, b)/ig (r)(T, (@', b)) + Ty (a, b").

1

For —oo < a” <ad’' < a, b’ <b' < b, one considers the ad-boxes

Bll — (a//’ a/] % (b//, bl], B]2 — (a//’ a/] X (b/, b],
Byy = (d\,alx (b",b'], By = (a’,alx (b, b],

Bi. == Bjj U By, B.1 = Bj1 U By,
By. := B3 U By, B., := Bj1 U By,
By. := By U By, B:=B|.uB. = B.uUB,.

Suppose that By, B>, B are three ad-boxes with B} U B> = B in either one of the
two relative positions:

e B the left side ad-box and B the right side ad-box, for example B = B, =
812 U 322, Bl = BIZ, Bz = Bzz with B,‘j as in Fig. 2,

e Bj the down side ad-box and B; the upper side ad-box, for example B = B;. =
Bi1 U B2, By = By1, B, = By with B;; as in Fig. 2.

The inclusion By C B induces the injective linear map i gl (r): T,.(B;) — T,(B) and

the inclusion By C B the surjective linear map 7 gz(r): T, (B) — T,(B3). One still
calls an ad-box the set (— 00, a] x (b/, b], a < b/, and defines

T, ((— 00, al x (b, b]) = T, (a, b)/(Miar: ar<ay i (X)(Tr (@', b)) 4 Ty (a, b)).

By elementary but tedious arguments, for details see Appendix, one can show.

Proposition 4.5 (i) If By, By, B are ad-boxes such that B = By U Bj then the

sequence

i, () g (r)

00— T,(B)) —— T,(B) —— T,(By) > 0

s exact.

Fig.2 Ad-box B divided in four disjoint ad-boxes
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0

.By.
B

0

By

(i1) If B11, B12, B21, B2 are ad-boxes as in Fig. 2 then the diagram

0

0 ——T,(B11)) ———=T,(B1) ———=T,(By1) ———0

l'B B‘z
0———T,(Bj) ———>T,(B) ———=T,(By) ———0
l,Bz‘ ﬂgzz

0 ——=T,(Bio) ——=T,(B2) ————=T,(Bny) ——0

0 0 0

is commutative with all rows and columns exact sequences.

As a consequence, for any — oo < a’ < a < b’ < b and € > €' the inclusion induced
linear maps

a N (@, al x (b — € . b)) — T,((a’ al x (b — €, b]),

(a_e/va] X (b/vb]

Tiacaxpip] ) Tr((@a —e€ alx (b, b]) — T,((a — €, a] x (b, b))

and
ﬂg((ccll:lf;;:))(r): TV(B(a’ b’ 6)) — r]Tr(B(a, b, E/)),
where B(a, b; €) := (a — €] x (b — €, b], are surjective.

Define

e fora < b,

7/ (a, b) = lim T,(B(a, b; €)),
e—0

(a,bhf/)(r)

with respect to the maps 715( a.be)

o for —co<d' <a < b,

T, ((@’, al xb) = lim T,((a', a] x (b — €, b])

e—>0

(a’,a]x (b—€',b] (r), and

with respect to the maps T (4 a] x (b—e.b]

o fora < b' < b,

Tr(a x (b', b)) = lim T ((a — €, alx (b, b])

e—0
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with respect to the maps JT((Z:; aa]]; & ’bb]] (r).

These maps induce for — oo < a’ < a” < a < b’ < b” < b < oo the following exact
sequences:

A/ L§1 / 7'[111 1/
0— T,((a,a"lxb) — T,((a,a]l xb) —> T,((a",a]l xb) — 0,

I

41 Ty
0— T,(ax®,b"]) — T,(ax (b, b)) —> T,(ax " b]) = 0.

For — oo < a < b < oo define

T,((a, b) xb) = 11_1’1)1 T,((a,b —€]xb)

b—a>e—0

with respect to the injective maps induced by inclusions (a, b — €] x b into (a, b —
€'l xb fore > €,

T,(a x (a, b]) = h_r)n T,(a x (a + €, b])

b—a>e—0

with respect to the surjective maps induced by inclusions a x (a+e€, b]intoa x (a+
€ b]fore > € anda + € < b,

T, (a x(a,00)) == lim T (a x (a, b])

a<b— o0

with respect to the maps induced by inclusions a x (a, b1] into a x (a, by] for
a <by <by<b.

The reader can also check that

T, ((a, b)xb) = h_r)n T,((a,b —€]x(b—e€,b])

€e—0

. . B, B
with respect to the linear maps 7,° = L(;

(a,b—¢€e]x(b—¢€,bland € < €.

(a,b—e]x(b—€',b]

/
Jb—elx(b—€'b] " T'B. where B, =
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One can verify that

vr(a, b) =Ty(a,b)/i(r)(T;(< a, b)) + T (a, < b),
Tr(a x (b, b]) = Tr(a, b)/i(r)(T,(< a, b)) + Tr(a, b)),
T, (@’ al xb) = T, (a, b)/i(r)(T+(a’, b)) + Tr(a, < b),
T,(ax(a,b]) = T/(a, b)/i(r)(T,(< a, b)), (4.6)
Ty (a x (a,00)) =T, (a,00))/i(r)(T,(< a, 00)),
T (a,b) x b) = T, (< b, b)/i(r)(T,(a’, b)),
T)(—00,b)xb) =T (< b, b)/ (g arepy 1 (1) (T (@', b)),

and that ‘ A
lim T, ((a — €, al xb) = yr(a, b),
e—0
lim T, (a x (b — €, b]) = ,(a, b),
e—0
lim T, ((a — €] x (b — €',b]) = yr(a, b).
€,e/—0

The relations between the canonical projections 7", implicit in (4.6), can be summa-
rized by the following diagram:

(a,b)
T (a,b)

(a a)
(ab) T, ((a/, a] x b) N
m
a ! alxb (a b)

T, (a, b)%’]l‘ (B) 8,(a, b).

[b,b)
x1b. ”/\ %
h/

ab)
T,(a x[b,b"))

In view of the above definitions Proposition 4.5 leads to the following

Proposition 4.6 (i) (a) Fora < b’ < b one has
dim T, (a x (b, b]) < dim (coker (H,(X,) = H,(Xy))) < dim H, (X4, X<4)-
(b) Fora’ < a < b one has

im (coker (H,+1(X <p, Xq) = Hr41(Xp, Xa)))

dim T, ((a’,a]l x b) <
< dim Hy 1 (Xp, X <p).

Q. o

The same inequalities hold for (b, b] replaced by (a, o0) and (a’, a] replaced by
(—o00, b).
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(i1) (a) If either a or b are regular values then y,(a, b) = 0.
(b) For any a, supp )/rf N (a x (a, 00)) is a finite set and when a regular value is
empty.
(c) For any b, supp )/,f N ((—o0, b) X b) is a finite set and when b regular value
is empty.

Proof (i) To check part (a) observe that from the commutative diagram (4.7) with all
rows and columns exact

Ty(a,b)/i(T/(< a, b)) —= Hr(Xa)/i(H (X <a))

“4.7)
0 ———=T,(a,b) H.(X,) H,(Xp)
0———T,(<a,b) Hy (X <q) H,(Xp)

one derives the injectivity of T, (a, b)/i(T,(< a, b)) — H.(X,)/i H-(X<a). In the
sequence

T, (a, b)/(r)(Tr(< a, b)) + Tr(a, b)) <—— Ty(a, b)/i(r)(T,(< a, b))

i

H.(X,)/iH (X -a) H, (X4, X<4)

the horizontal right to left arrow is surjective, and both the horizontal left to right
arrow and the oblique right to left arrow are injective. Then, in view of the finite
dimensionality of H,(X,, X -4), the statement follows.

To check part (b) one considers the commutative diagram (4.8) with all rows and
columns exact

Hy11(Xp, Xa) [iHr11(X <p, Xa) —— Tr(a. D)/i(r)(Ty(a, < b))

(4.8)

Hy11(Xp, Xa) Iy(a,b) —— =0

i i(r)

Hy1(X<p, Xa) Ty(a,<b) —— >0
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and one derives the surjectivity of
Hy 1 (Xp, Xa) /T Hy41(X<p, Xa) = Ty (a, D) /i(r)(T,(a, < b)).
From the long exact sequence of the triple (X, C X_; C Xj) one derives the

injectivity of H, 1 (Xp, X)) /i Hr41(X <p, Xq) — Hr+1(Xp, X<p). Then, in view of
the finite dimensionality of H,1(Xp, X <p), the diagram

Ty (a, b)/(i(r)(T:(a", b)) + Ty (a, < b)) <—— Ty(a, b)/i(r)(T;(a, < b))

i

Hr+1 (Xb’ Xa)/iHr+1 (X<b’ Xa) Hr+1 (Xb, X<b)

implies the statement (b). The extension to intervals (a, co), (—oo, b) follows in view
of the definitions of T, (a x (a, o0)) and T, ((—o0, b) x b). (ii) follows from (i). O

Suppose that K is one of the following type of sets:

1. a bounded or unbounded ad-box B = (d/,a]lx (b, b], —o0 < a’ < a < b,
b < b < oo,

a horizontal open-closed interval I = (a’,a] x b, —c0 < a’ < a,

a vertical open-closed interval J = a x (b, b],a < b’ < b,

(—o00, b) x b,

5. ax(a, o00),

Sl el

and observe that in view of Proposition 4.6, when K is of Type 2—4 or 5, the vector
space T, (K) has finite dimension.
Denote by (CR(f) xCR(f))+ :={(a,b):a,b € CR(f),a < b}.

Splittings
1. Forany (a, b) € (CR(f)x CR(f))4 a splitting
ip)(r): pr(a,b) = T,(a,b)

is a right inverse of the canonical projection 77((5’;;)) (r): Ty(a,b) — )Zf (a, b).
2. For any K in either one of the situations above and (a, b) € K one defines

i(lc(z,b)(r)5 Vr(a,b) - T,(K)

first for the case the point (a, b) is the relevant corner or vertex of K then for an
arbitrary point of K as in the previous subsection.

3. For a collection of splittings § = {i(,5)(r):(a,b) € (CR(f)xCR(f))+}, set
A C (CR(f)xCR(f))+,and K one of Types 1-5 above, one defines

Sk k) = @ik pm: @b p) - TK).

(a,B)eANK (@.p)eA
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Proposition 4.6 can be refined to Proposition 4.7.

Proposition 4.7 For any choice of S:

(1) The maps Vi f (r) are injective.
(i) If A = CR(f) xCR(f)4+ and K is either of Type 2, 3, 4 or 5, then Slf‘{m( is an
isomorphism. In particular for a’ < a < b’ < b,

T(ax (b, b)) ~ @D Pra. 0, (4.9)
b<t<b

T,((d"alxb) ~ €D (1. b). (4.10)
a'<t<a

The isomorphism (4.9) continues to hold for b’ = a and/or b = oo and the
isomorphism (4.10) continues to hold for a = b and/or a’ = —o0.

Proof (i) follows by similar arguments as in Proposition 4.4 (i).

(i1) The finite dimensionality of T, (a x (a, 00)), cf. Proposition 4.6 (ii), implies the
existence of a finite collection of critical valuesa = by < b1 < by < --- < by <
oo such that the only jumps of the integer-valued function in ¢, dim T, (a x (a, t]),
are {by,...,by} C (a, c0). Then, in view of the definition of this function one
has

e T,.(ax(a,b;]) C T,(ax(a,bjt1]) (strictinclusion) foralli =0,1,..., N,
e T.(ax(a,b;j]) =T,(ax(a,t]) forb; <t < bjy.

The second equality implies T, (a x (a, bj+11)/T,(a x (a, b;]) = y.(a, bi11). (1)
shows that there are no other (a, t) in the set supp 7, N (a X (a, 0c0)) but (a, b;),
i =1,2,...,N.This establishes (4.9).
Similarly, the finite dimensionality of T, ((—oo, b) x b), which follows from Propo-
sition 4.6 (i1), implies the existence of a finite collection of numbers —oco0 < ay <
< ay < ay < ag = b, the only jumps of the integer-valued function
dim T, ((¢, b) x b). Then in view of this function one has

o T,((d,aj+11xb) C T,((a’,a;]1xb) forall i witha' < a;1,
o T, ((a,t]xb) =T,((a’a;i+1]1xb) fora;11 <t < aq;.

The second equality implies T,((a;, a] xb)/T,((aj+1,a)l xb) = 9,(a;, b). This
implies (4.10). (i) of this theorem implies that there are no other (¢, b) but (a;, b)
withi = 1,2, ..., N, in the set supp 7, N ((—o0, b) x b). O

Corollary 4.8 (i) coker (H, (X <o) — Hy(Xa)) = (B,cp 6r(@, ))& (D, 7 (@, 1))-
(i) ker(Hy (X <p) = Hr(Xp)) 2 Tr (=00, b) X b) 2 @y (0.0 V7 (1. ).

Proof (i) In view of (4.2) one has
coker (Hy (X -y) = H.(Xy)) = 1,4(r)/1-4(r) & coker (T, (< a, o0) — T, (a, 00)).
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In view of the fifth equality (4.6) and of the equality (4.9) one has

coker (T, (< a, 00) — T, (a, 00)) =~ T,(a x (a, 00)) ~ @ ve(a, ).

te(a,o0)

In view of the equality (4.5),

La(r)/I<a(r) ~ @) 8l (a. ).

teR

In view of the exact sequence (4.2),
f I\ ~ f f f f
coker (Hy (X ) — Hy(X})) =~ coker (T} (a, 00) = T} (b, 00)) @ Iy (r) /Lo (r).

Combining these three isomorphisms (i) follows.

(i1) In view of the seventh equality (4.6) one has
T, ((—o00, b) xb) = T(< b, b)/i(r)T,(—o0, b).

In view of Proposition 4.7,

T, ((—00,b)xb) ~ P 7:(t.b).

te(—o0,b)

Putting together these isomorphisms one obtains (i1). O

Define y,f (a, b) == dim ﬁ,f (a, b). To summarize, the map yrf - R?2 > L satisfies:

e Forany a € R, supp yrf N (a x R) is a finite set of total cardinality

dim T, (ax (a,00) = Y ¥/(a.0),

te(—o0,a)

in particular for a regular value is zero.

e For any b € R the set supp yrf N (R x b) is finite and of total cardinality

dim T, ((—00,b) xb) = Y v/(x.b),

x€(—o00,b)

in particular for b regular value is zero.

As a consequence of Corollary 4.8 one obtains:

dim H,(X,, X<y) = Z dr(a,t) + Z vr(a,r) + Z Yr—1(t, a). 4.11)

teR te(a,00) te(—o0,a)
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4.3 The case of TC1-form

Suppose that f: X — R is the lift of a tame TC1-form w. Then f 1s a I'-equivariant
map, the sets CR,.(f) are I'-invariant w.r. to the translations by the elements of I', the
set O, (f) = CR,(f)/ I is finite and the maps (Srf and y,f are ["-invariant, i.e.,

5/(a.b) =8l(a+g.b+g). v/(a.b)=y/a+gb+g.

Theorem 3.2 implies l(ln T,(a,b) = T,(—o0, b) = 0. Consequently, in view of

a——00

(4.5) and (4.11), one has

Corollary 4.9 For f a lift of a tame TCI-form w and for any choice a® € 0 € O,(f):

(1)
Bipr (X: 0) = Z Z 81’ 1).

0€O(f) teR

(ii)

Z dim H, (X g0, X —g0) = Z (Z 8,-(a’ 1) —|—Z vr(a® a’+t)

0eO(f) 0eO(f) “teR teR4

+Zwmtwﬂ.

IGR+

Incase wis a Morse closed differential 1-form on a closed manifold M and f: M —R
is a lift of w then ) _ 0cO(f) dim H, (X 40, X -40) 1s exactly the number of zeros of w

of Morse index r. Indeed, let X, be the set of critical points of index r gnd X, be
the finite set of zeros of w of Morse index r. The group I' acts freely on X, and the
orbits of this action identify to X,. Let 7 : f)C — X,_be the quotient map and let
DCr a = f)C N f~(a). Note that the restriction of 7 to f)Cr . 1s injective. ~

Choose for any 0o € O(f) a critical value ¢’ and observe that _J 0eO(f) Xr,a0
identifies by 7 to X,.

Classical Morse theory identifies the k -vector space generated by f)C, q With the vec-
tor space H, (Ma, M <a) and therefore the cardinality of set X, is the dimension of the
vector space P 0O (f) H, (Mao M <q0) calculated by Corollary 4.9 (i1), equivalently

the rank of the free «[I"]-module EBaeCR(f) H, (Ma, M<a).
. ® ®

5 The configurations §, and y,

5.1 The supports of 6$ and yi

In view of Propositions 4.2 and 4.6, the supports of 8rf and yrf are located on finitely

many diagonals Af and AY, for a finite collection of values of s (s > 0 in the case of
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y,f). Here we denote by A := {(x, y) € R2 : y —x = s}. One way to produce these

diagonals goes as follows. Since the procedure is the same for 5,f and yrf we describe

in details only the case of (Srf . Choose one a’ € 0 € O, (f) for each orbit 0. Each point
in the set

supp 8{ Nay xR = { (@, bL). (a° b2), ..., (@’ b"®))

defines a diagonal corresponding to s’ = bgo —a”, so ultimately one obtains a collection
of at most ) 0e0, (1) 1(0) such diagonals. The index s which appears is always a

difference of critical values of the lift f. In view of the equality 8rf (a,b) = 8rf (a +
g, b+ g) the integer n(0) is independent of the choice of a’. Note that different orbits
o' and 0” lead to the same diagonal once the equality b; y— a’ = bi o a®" holds,
so the same diagonal can appear multiple times, different choices of a” lead to the
same diagonals and different lifts of w also lead to the same diagonals with the same
number of occurrences. Similarly one can produce diagonals by choosing b, € o and
considering the diagonals corresponding to the points (bf”, by), 1 <i < m(o0),in the
set supp 8rf N R x b,, hence with s = b, — af". Again the integer m (o) depends only
on the orbit 0. The outcome of both procedures is expected to be the same as argued
below.

To calculate the number of diagonals and the “correct multiplicity” associated with

each diagonal, the following definitions are of help. Note that both cases 8f and yrf

are similar so one treats for convenience only the case of (Srf and one points out the
minor notational differences when the case.

Two points (x, y) € R?and (x, y') € R? are I"-equivalent, written (x, y) ~ (x/, '),
iff there exists g € ' suchthatx = g+ x", y =g+ '

Definition 5.1 A subset B/ C supp 5rf C CR(f)xCR(f) is called a base for
supp 8rf > if the following hold:

1. For any («, B) € supp 8rf there exist g € I" and (a, b) € B/ such that («, B) =
(g+a,g+b).
2. If (a, b) and (, ') are in B/ then (a, b) ~ (a, b') implies (a, b) = (d, V).

In view of 2. the pair (a, b) and g claimed by 1. are unique.

Observe that the following hold:

1. If B{ 'and B{z are two bases for the supports of S,f "and S,f 2. f1 and f> are lifts of
w, then there exists a canonical bijective correspondence 6: B| — B, with the
property that §/2(0(a, b)) = §/1(a, b).

2. If for any o € O,(f) one chooses a’ € o and let b!,, b> ") be all critical

af° Yaqlr v Yo

values® such that supp (Srf Na’x R = {(a%bl,), (@ b%), ..., @’ p"}, then

a®

5 For y7, supp 8/ © (CR(f) x CR(f))+.

6 Finitely many in view of Proposition 4.2.
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the finite collection of points

U {@ ko). @ b20). ... (@’ b))
0€0,(f)

provides a base for the support of 8rf . Denote this base by B/ ({a®}) with {a®} the
collection of elements a°.
3. If for any 0o € O, (f) one chooses b, € o and let ai’o, aé"’, ...,a" be all critical

> “m(o)
values such that supp 8*rf NRxb, = {(af", b,), (ag", bo), ..., (ab" b,)}, then

. , m(0)’
the collection of points

U {@. bo). (@5 o). ... (@), bo) }
0€0,(f)

provides a base for the support of 8rf . Denote this base by B/({b,}).

4. Each element (a, b) € B/ of a base provides a diagonal Ay with s = b — a and
each such diagonal A; appears as many times as the number of pairs {(a, b) €
B:b — a = s}. It is convenient to assign to Ay the number

57(s) = ) 8l(a.b)

(a,b)eB
b—a=s

which, by the first property above, is independent of the base B/.

The same definition can be made in case of ¥/ and one can provide base B/ for

supp yrf . The same observations remain valid when supp 8rf Na x R and supp (Srf NR x b

are replaced by supp y,f Na x (a, 0co) and supp )/,f N (—o0, b) x b, respectively.

The number assigned to A; in the case of yrf is

yo(s) = Y yla.b)

(a,b)eBS

b—a=s

which, by the first property, is independent of the base B/ and the lift f.

Given any lift f of a tame w, §;’(s) and y¢’(s) can be calculated using either a base
of type B({a®}) or of type B({b,}) and one obtains for any choice of a lift f and any
choice a’€ o or b, € 0,0 € O,(f) the following formulae:

8() = Y 8l@ia’+s) = Y 8 (bo—s5.by),

0€0,(f) 0€0,(f)
yos) = >y @ a+s) = 3yl 0o —s.b0).
0€0,(f) 0€0,(f)
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The items (i) and (ii) in Corollary 4.9 become

Biopr Xz @) =D 82(s), (5.1)
seR
D dim Hy (Xgo, Xcgo) = Y820+ p2O+Y_ ye (). (52)
0€O(f) teR teRy teRy

5.2 Derivation of the main results

Proof of Theorem 1.1 (i) follows from equality (5.1) combined with the equality of
Bile.r (X; §(@)) = By, - (X; w) established by Theorem 5.2 below.
(i1) follows from equality (5.2).

Theorem 5.2 If w is a tame TCI-form then By, ,(X; w) = B}, .(X; &(®)).

Observe that in view of Proposition 3.1 for x € H, ()? ) either there exists a = a(x) €
R such that x € [,(r)\I-,(r) or x € ﬂ,eR I,(r)y = Tor Hr(i). Clearly, x €
I,(r)\1.,(r) implies X, the image of x in I ,(r)/I-,(r), is not zero.

Observe that:

a(x) € CR(f)r,

a(g-x) =a((g)x)) =g+ alx),

a(x +y) = max{a(x), a(y)}if a(x) # a(y) orif a(x) = a(y) and x + y # 0,
a(x+y) <akx)=a(y)ifa(x) =a(y)andx +y = 0.

el S

Suppose that ey, ez, ..., ey is a base of & C H, ()?), a free «[I"]-submodule. Note
that the multiplication with elements in I' of any of ¢;’s does not change their status of
remaining together a base for £, but modifies «(e;) as indicated in 2. above. In view
of the above properties of «(x) one can modify this base into a base of € consisting
of

el,l, 31,2, AR ] el,nl,
€2,1,€22,--.,€2 s,
€r1,€r2,---,€rn,

with the following properties:

e N=ni+n+--+ny,

o a(e; j) =a; € CR,(f),

e a; > ay; > --- > a, with q; € o; different orbits of CR,.(f)/I" = O,(f), i.e.,
I'-independent.

First one observes that for any i = 1,2,...,r,€;1,¢;2,..., ¢ p are k-linearly
independent elements in I, /I, Indeed if for a fixed i one has 3 _;1;¢; ; = 0,
Ai € K, then Ot(Zj )»jeiyj) < a; by 4. above, and then Zj )\,jeivj = Zj Qje,-J +
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ijs#l- Ps jes j where Q; € k[I'] contains only negative elements in I" (i.e.,in I' N
(—00, 0)). Then one obtains Zj r(1—Qjeij— Zj’s#i Py jes j = 0,hence A;(1 —
Q;) =0, and because 1 — Q; #0,1; =0.

Second, in view of I'-independence of a; the entire collection {¢; ;} consists of
elements «[I"]-linearly independent in the «[I"]-module @, p I /Iq, cf. Sect. 3.3.
This implies N < ,Bt]gp’r(X ; w) hence ,Bé\{g,r(X ;E(w)) < ﬁgp’ +(X; w). The inequality
Biop.r (X: @) < BL, (X: &(w) follows from the injectivity of °/(r) established in

alg,r
Proposition 4.4. provided that a I"-compatible collection of splittings is chosen and

such~collecti0n exists. A collection of splittings i, 5(7): Srf (a,b) — F,(a,b) C
H,(X) is I'-compatible if for any g € I" one has

(&) iap(r) =iatgbtg(r)-(&ab (5.3)

where the isomorphism (g), p: Srf(a, b) — Srf(a + g, b+ g) is induced by the isomor-

phism (g). The choice of an arbitrary collection of splittings i, ,(r) for (a, b) € B/

a base for supp 8rf , which obviously exists, defines via formula (5.3) a family of

compatible I'-splittings. If the collection of splittings S is I'-compatible then the
k-linear map Sy (r) 1s actually an injective «[I']-linear map from the free «[I']-
module of rank dim Y°,, e 7 87 (a, b) = BN, - (X: w)to Hy(X), hence B, . (X: w) <
Bile., (X, E()).

Theorems 1.2 and 1.3 in the generality stated will be proven in part II of this
work. However in case w is of degree of irrationality 0, hence I' = 0 and then X =
X, they follow from [3, Theorems 5.2 and 5.3] in view of the fact that §“(¢) =

Do (Srf (a,a+1).Incase w is of degree of irrationality 1 and the TC1-form determined
by an angle-valued map f: X — S! = R/27Z then they follow from [3, Theorems

5.5, 5.6, 6.3 and 6.4] by observing that §7(¢) = Zze(C\O: In |z|=t 8;f(z) and y?(t) =

2_2eC\0: Infel=r.[2]> 1 5/ (2). If w is of degree if irrationality 1 then I' >~ Z with the
positive generator, a real number [ € R,. One repeats the arguments in [3] with 27
replaced by / and one derives the two results from the same theorems in [3]. Reference
[3] actually reproduces results in [5].

6 Appendix: Proof of Proposition 4.5

Consider commutative diagrams of «-vector spaces

Ey—>F

o

Ei ——F
i

which satisfy the following three properties:
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1. jg and jF are injective,

2. jg: kerip — Kkerij is an isomorphism,

3. img(u) = img(iz) Nimg(jr) = img(u),

and define T(B) := F>/ir(Ey) + jr(F1).
Consider the diagram

i iy
A»> By (6))
TJA/ / T jc (6.1)
Aq - B, - Cq

and observe that
O1: If each of the three diagrams B, B;, B, associated with (6.1),

e [B; with vertices Ay, Ay, By, B>,
e B, with vertices Bj, By, Cq, Cp, and
e B with vertices Ay, A>, Cy, Cr

satisfy Properties 1-3 above then (6.1) induces the exact sequence

By/(i3(A2) + jg(B1)) = T(By)

[

0 T@®B) = C2/(i2(A2) + jc(C1)) O
\
C2/(i¥(B2) + jc(C1)) = T(By)

with i induced by if (well defined because img(if -jB) € img(jc)), p induced by
the inclusion (i2(A2) + jc(C1)) € (i3 (B2) + jc(C1)).

Clearly p is surjective and p-i = 0. Property 3 implies i injective. Properties 1-3
imply that the sequence is exact.

Similarly consider the diagram

A3#>B3

jA Ar B> jB (6.2)
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and observe by the same arguments that
02: If each of the three diagrams By, B;, B, associated with (6.2),

e [B; with vertices A;, A3z, By, B3,
e B, with vertices Ay, Ay, By, By, and
e B with vertices A, A3z, By, B>

satisfy Properties 1-3 of the diagram D, then (6.2) induces the exact sequence

By/(i2(A2) + jE(By)) = T(By)

i

0 T(B) = B3/(i3(A3) + jB(B1)) 0

\
B3/(i3(A3) + j§ (By)) = T(Bo)

Note that any ad-box B = (a/,a]l x (b, b], a’ < a < b < b’ < b, defines a diagram
D as above with E, = T,(a’,b), F» = T,(a,b), E; = T,(a,b), F; = T,(a,b)
and i1, i2, jg, jr the induced linear maps. The ad-boxes B>, B2, B.2, B11, B21, B.1
and B ., By, B are in the situation provided by O1, and the boxes Bii, Bj2, Bi_.,
B1, By, B> and B.1, B.2, B are in the situation provided by O2. Consequently,
Proposition 4.5 follows.
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