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VIRTUALLY SMALL SPECTRAL PACKAGE OF A RIEMANNIAN
MANIFOLD

DAN BURGHELEA, YOONWEON LEE

ABSTRACT. For a Morse function f on a closed orientable Riemannian manifold (M, g) one
introduces the wirtually small spectral package, an analytic object consisting of a finite number
of analytic quantities derived from (g, f) which, in principle, can be calculated. One shows
that they determine the Torsion of the underlying space M, a parallel to the result that the
dimensions of the spaces of harmonic forms calculate the Euler-Poincaré characteristic of M and
extend the Poincaré duality between harmonic forms and between Betti numbers for a closed
oriented Riemannian manifold .
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1. INTRODUCTION

For a compact ANR X, the integral homology H,.(X;Z) is a finitely generated abelian group
of a finite rank f,.(X) whose set of finite order elements has a finite cardinality Tor;(X). The
following two numbers are remarkable topological invariants

x(X) = Z(—l)iﬁi(X) and Tor(X) := H(Tori(X))(—l)i.

If M™ is an n-dimensional closed orientable (topological) manifold, the Poincaré duality im-
plies 8,.(M) = By—r(M) and Tor, (M) = Tor,_1_,(M) and therefore for n odd x(M™) = 0 and
for n even Tor(M™) = 1.

If (M,g) is an orientable closed Riemannian manifold and H"(M,g) C Q" (M) denotes
the space of harmonic forms of degree r and H{j C H" the subspace of integral forms, then
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T,(M,g) := H"(M)/H}(M) is the compact torus of dimension 3,.(M) ! as a Riemannian man-
ifold with a metric induced from the scalar product on Q"(M) provided by g. Let V,.(M,g) :=
Vol(T,.(M, g)) and V(M, g) := [[(Vs(M, g))=)" € Rog. This is a Riemannian invariant. In view
of the Hodge-de Rham theorem x (M) is also a Riemannian invariant.

If f: M — R is a smooth real-valued function, f defines a deformation (parametrization)
(Q*(M),d*(t)) of the de Rham complex (Q*(M),d*) with d*(t) := e~ d*e!/ = d* + tdh A -,
and therefore the one parameter family of second order elliptic differential operators A; f(t) :
QM) — QI(M) with

Al (1) = dI7N(E) - 0U(t) + 6TTH(t) - d9(t) = AY + t(LY + L) + 2|1 X,

where

(1) 84(t) := (—1)Ma=DFL =t otf gn—q =tf . ;4

(2) X = —grad,f, Lx the Lie derivative in direction X, £% := (—1)("+Datln—a. 1074 a

(3) [IX]| : M — Rx the length of the vector X (x) = —grad, f(z).
These operators remain self-adjoint, nonnegative elliptic differential operators on Lo(Q2(M)),
the Lo-completion of QI(M) with Ag, #(t) a zero order perturbation of the standard Laplace-
Beltrami operator Ag 2,

When both g and f are implicit from the context, one abbreviates A; f(t),AZ,ég,*g to
A4(t), A?,0%, %4 for simplicity in writing.

The operators A4(t), referred below as Witten Laplacians, provide a holomorphic family of

type A of self-adjoint operators in the sense of Kato cf [8] and therefore, in view of a theorem
of Reillich-Kato, cf. Theorem 3.9 chapter 7 in [8], one has:

Theorem 1.1. (Rellich - Kato) There exist a collection of non-negative real-valued functions
A& (t), unique up to permutation, and a collection of norm one q-differential form-valued maps
wa(t) € QIM), analytic int € R, indezed by o € A9, A? a countable set, each with holomorphic
extension to a neighborhood of the real line R C C 3 such that:
(1) AY(t)wa(t) = Na(t)wa(t),
(2) for any t the collections \&(t) represent all repeated eigenvalues of A4(t) and the collec-
tion w(t) form a complete orthonormal family of associated eigenvectors for the operator
Ad(t),
(3) ezactly By = dim HY(M;R) eigenvalue functions A& (t) are identically zero and all others
are strictly positive.

These analytic maps A& (¢) and wg(¢) are called branches, eigenvalue branch and eigenform
branch respectively, with extensions to holomorphic maps in the neighborhood of R C C. The
maps wg(t) have + ambiguity and if the branch A (¢) has multiplicity > 2, i.e. A&(t) = A9(¢)

Lin view of the Hodge de-Rham theorem

2y, x and Lx are order one differential operators but Lx + Lx is of order zero as well as the multiplication by
the smooth function || X||?

3holomorphic extension means extensions A7(z) € C , w%(z) € (M) ® C for z in a neighborhood of R in C
which for ¢ € R is a real number and w?(t) € Q(M) ® 1
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for a finite set of indices «, then the family of finite dimensional vector spaces spanned by the
corresponding wi(t) is unique and of course analytic in t.

If f is a Morse function with ¢, critical points of Morse index g, then in view of a result of
Witten [9], cf [5] Proposition 5.2 or [4] Theorem 2.8 for details, for any ¢ exactly ¢, eigenvalue
branches of A?(t) go exponentially fast to zero and all others go at least linearly fast to oo.
Moreover each eigenvalue branch which converges to zero corresponds to a critical point and
its corresponding eigenform branch concentrates to this critical point. We index these analytic

functions as "% (¢) and wi(¢) and refer to the finite collection of branches

{59 (t), wie (1), 2 € Or(f)}

as the virtually small spectral package of (M, g, f) and to the finite set

{AR4(0), w7 (0),z € Cr(f)}

the subset of the infinite set {\%,wd}, the spectral package of (M,g), as the wirtually small
spectral package of (M, g) determined by f.

Note that for t large enough, in view of the spectral gap theorem, cf Theorem 77 stated in
Section 3, the eigenvalues A(t)z € Cry(f), exhaust the first ¢, = §Crq(f), possibly repeated,
smallest eigenvalues of A?(t), however this is not true for ¢ = 0 as the Example in section 3
shows. This explains the name virtually small for the collection {A"7(0),wind=(0), 2 € Cr(f)}.

We denote by Q7 (M)(t) the span of the eigenforms wi"®(t)z € Cr(f) inside Q*(M).

x
They generate a finite dimensional sub-complex (QF,(M)(t),d*(t)) of (Q*(M),d*(t)) with the
g-component of dimension ¢,, which is an analytic family of cochain complexes with cohomology
of constant dimension /(M ). Since f is a Morse function, for any « € Cr(f) the stable/unstable
set W of the vector field —grady f are submanifolds diffeomorphic to Rr—indz /Rindz For any

x choose an orientation O, for W and for any z,y € Cry(f) consider the integral

Atag)(t) = [ eute), (1)
Wy

which a priory might not be convergent but when convergent for any x,y € C?"q( f) provide the
non-negative number

al(M, g, f)(t) := | det[[[A?(z,y)(®)[]| | =0,

where [[|A9(x,y)(t)||| is a ¢4 x ¢, matrix with ¢; = §Cry(f). Changing of the orientation O,
changes the sign of the integrals A?(x,y) for all z but leave a?(M, g, f) unchanged when defined.

Proposition 1.2.

(1) If the vector field —grady f is Morse-Smale, then the integral (1.1) is uniformly conver-
gent and both A%(x,y)(t) as well as al(M, g, f)(t) are analytic in t, with the last being
independent on the choice of wi(t) and the orientations Oy.

(2) The analytic function a4(M, g, f)(t) is non-negative with at most finitely many zeros in
any interval [T, 00).
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In particular
a(M, g, f)(t) == [ [(a?(M, g, £)(1)) V"

is a priory a nonnegative meromorphic function in ¢ with at most finitely many zeros and poles
in any interval [T, 00).
The main result of this Note is the following theorem:

Theorem 1.3. Suppose that the vector field — grad, f is Morse-Smale. Then the following holds
true.

(1) The meromorphic map a(M, g, f)(t) is strictly positive and has no zeros and no poles.

(2) The virtually small spectral package determined by f together with the numbers a(M, g, f)
and V(M, g) are all analytic invariants and determine the topological invariant Tor(M)
by the formula:

log Tor(M) =1/23 (-=1)""q | Y logAL(0) | +loga(M,g,f) —logV(M,g),

q
q a€A L

where a(M, g, f) := a(M, g, f)(0) and A, | C A% is the set of indices a’s such that A& (t) belongs
to the virtually spectral package with \&(t) > 0.

Conjecture 1: The statement remains true without the hypothesis that "—gradgyf is Morse-
Smale”.

Conjecture 2: Under the hypothesis that ” — grad, f is Morse-Smale ” one has a?(M, g, f)(t) #
0.

Note that if Conjecture 2 holds true for ¢ = 0, then it can be shown that the Morse complex
defined by (g, f) can be canonically realized as a sub-complex of the de Rham complex equipped
with the scalar product defined by the metric g. Recall that Hodge-de Rham theorem implies
that the complex (H"(M),0) can be realized in this way as the sub-complex of harmonic forms.

As shown in Section 4, for an oriented closed Riemannian manifold the Hodge star operator

0 QUMY — QM)

identifies the virtually small g—spectral package of (M, g, f) to the the virtually small (n —
q)—spectral package of (M, g, —f). This can be viewed as an extension of Poincaré duality.

2. PROOF OF PROPOSITION 1.2 AND THEOREM 1.3

Proof of Proposition 1.2:

One says that the vector field X = —gradyf is Morse-Smale if for any xz,y € Cr(f) the
unstable set W, and the stable set W, are transversal, which implies that 7 (z,y) = (W, N
wW,h)/R 4, the space of trajectories from x to y, is a manifold of dimension ind(x) — ind(y) — 1.
Under the hypothesis that X is Morse-Smale, it is shown in [2] or [6] that the embedding

IR acts freely by translation along the flow defined by — grad, f
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iz : W — M extends to a smooth map i, : W — M, where W, is a compact smooth
manifold with corners whose interior is W . Hence, it follows that

[t = [ et

Wy Wy

This implies the uniform convergence of the integral (1.1) and the analyticity of A%(x,y)(¢t) and
of a4(M, g, f)(t). To conclude the independence on the choices of wé(t) it suffices to note that the
matrices ||A9(---)(t)|| for two choices differ one from the other by composition by an orthogonal
matrix, hence have the same determinant up to sign. The results in [2] shows also that the
partition M = |J, W, provides a CW structure of M with open cells W, and if one equips
each cell W with the orientation O, and one denotes by C'? the R-vector space Maps(Cy(f),R),
then Inti(t) : Q4(M) — C9 defined by

Int(t)(w)(x) = /W w

provides a linear map, and the collection of the linear maps Int4(t) : Q4(M) — C? define a map
of cochain complexes Int*(t) : (*(M),d*(t)) — (C*,0*), which by de Rham theorem is a quasi-
isomorphism. Of course this involves the explicit description of the corner structures of W; .
The cochain complex morphism Int*(¢) is clearly analytic in ¢ and restricts to (Q*(M),d*(t))
an analytic family of quasi-isomorphisms (QF,(M),d*(t)) — (C*,5%).

If one considers wi(t)’s as a basis for Qfs(M)(¢) and the characteristic functions of the set
Cry(f) as a basis for C¢, then one realizes that the matrix representation of Int!(t) is exactly
the matrix ||A%(x, y)(t)|]-

For t large enough Witten-Helffer-Sjostrand results imply that Int?(t) restricted to Qis(M)(t)
is an isomorphism, (for details [5] theorem 5.5. item 5, or [1] theorem 3.1), which shows that,
for ¢ large enough, a?(M, g, f)(t) # 0. In view of analyticity item 2 follows as stated.

Proof of Theorem (1.3):
First observe the following facts.

(1) For an isomorphism ¢ : (V, (, )v) = (W, (, )w) between two finite dimensional vector
spaces equipped with scalar product, let Vol(p) := \/det(pf - ©)1/2 = \/det(p - p#)1/2
with ¢* the adjoint of ¢.

(2) I p(t): (V(@), (, )ve) = (W(), (, )we) is a continuous/analytic family of isomor-
phisms between finite dimensional vector spaces equipped with scalar products, ® then
the function Vol(p(t)) is continuous/analytic in ¢.

(3) For a cochain complex C = (C*,d*) of finite dimensional vector spaces equipped with
scalar products

C: 0= (CO%(, o) T (CL ()5 (O, )a) >0,

Sfor example V() resp.W(t) appear as images in V resp.W, of an analytic/continuous family of bounded
projectors P(t) : V — V resp. Q(t) : W — W for V resp W topological vector spaces; this give meaning to
?analytic family”
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one denotes by A% := §9T1 . d9 4+ d771 . 57, § the adjoint of d, and by det’ AL # 0 the
product of nonzero eigenvalues of A}. The product

T(C) := [ (det’A%)2e-D""

is referred to as the torsion of C. Here det A’ denotes the product of nonzero eigenvalues
of A. For a continuous/analytic family of cochain complexes C(t) = (C*(t),d*(t)) such
that dim C?(¢) and dim H?(C(t)) are constant in ¢ for any ¢, the function T'(C(t)) is
continuous/analytic in ¢.

The verifications of items (2) and (3) above are straightforward from definitions.

(4) Suppose that ¢ : C; — Cs is a morphism of cochain complexes of finite dimensional
vector spaces with scalar products, where C; = (Cf,d}), i = 1,2, and ¢ = {p? : C] —
C3}. Suppose that ¢? is an isomorphism for any ¢g. Then ¢ induces the isomorphism
Hi(p) : H4(Cy) — HY4(Cy) between vector spaces equipped with induced scalar product.
Let

Vol(y) i= [[(vol (1) -"
and

Vol(H () == [ [(vol(H()) V"

As verified in [4] Proposition 2.5 one has

T(Cy)/T(C1) = Vol(H())/ Vol (). (2.1)

(5) For a continuous/analytic family of isomorphisms ¢(t) : C1(t) — Ca(t), t € R, with

dim C{(t) = dimC{(t) and dim HY(Cy(t)) = dim H9(C2(t)) constant in ¢, the real-

valued functions T'(C1(t)), T'(Ca(t)), Vol(¢(t)), Vol(H(¢(t))) are nonzero and continu-
ous/analytic.

We consider ¢(t) = Int*(t) : (U, (M)(t),d*(t)) — (C*,0*) with « = 0,1,--- ,dim M. The
first cochain complex is equipped with the scalar products defined by the metric g, and the
second with the unique scalar product which makes the characteristic functions of the critical
points orthonormal. In view of item (4) the function

T (s (M)(t), d*(t)) - VOl(H (o(t))
T(C*,0%)
is a strictly positive analytic function and in view of (4) agrees with a(t) for all ¢ but the finite
collection which might be a zero or a pole for a(t). Hence the meromorphic function a(t) has no
zeros and no poles. This establishes Theorem 1.3 part 1. Together with (2.1) it also implies
T (s (M)(t), d*(t))
a(t)
Evaluation at ¢ = 0 combined with the observation that Tor(M) = T(C*, 9*) implies
T (€5 (M), d")
a(0)
Taking "log”, one derives Theorem 1.3 part 2.

Vol(H(p(t)) = T(C*,d%).

- Vol(H (¢(0))) = Tor(M).
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3. POINCARE DUALITY FOR THE VIRTUALLY SMALL SPECTRAL PACKAGE

For a closed oriented Riemannian manifold (M, g) and smooth function f : M — R one has
the Hodge star operator 7 : Q4(M) — Q" 9(M) which satisfies the following properties.
(1) 777 . x4 = (—1)4(=9) I,
(2) (—1)2(=9) x4 A9 x"=0 = AP,
(3) (=1)9m=D 50 AT (2) x"79 = AT (1),
(4) Af ;(=t) = A (1)
As a consequence, the Hodge operator «? identifies the g-spectral package of (M, g, f) with
the (n — q)-spectral package of (M, g,—f) and the g-virtually small spectral package

(X palt), w0, w € COry()}

of (M, g, f) with the (n — ¢)-virtually small spectral package

{020, w0, v € Cragl-D)
of (M, g,—f). More precisely, it holds that for x € Cry(f) = Crp—q(—f),

Aota® = Xoral) wp Ta() = K o (0).

Poincaré duality
The above identification can be regarded as a refinement of the Poincaré duality which states
that 89(M) viewed as the multiplicity of the eigenvalue 0 of Ag 1(0) is equal to B"79(M) viewed

as the multiplicity of the eigenvalue 0 of A;:‘Jf (0).

4. VIRTUALLY SMALL EIGENVALUES VERSUS THE SMALLEST EIGENVALUES

We are going to show that the virtually small eigenvalues may not be equal to the smallest
eigenvalues by giving an example. For S' := R/(27Z), we consider a torus M = S! x S!
equipped with the flat metric gy induced from the canonical metric on R x R. The function
f(61,05) = sin(261) + sin(263), (61,0) € St x S!, is a Morse function on M having four critical
points of index 0, four critical points of index 2 and eight critical points of index 1. The
sequence of eigenvalues of ASO in increasing order is 0 <1 <1<1<1<4---. The virtually
small 0-eigenvalues consist of four real numbers. The first one is A1(0) = 0, the next two are
A2(0) = A3(0) > 1 and the final one is A\y(0) = 2u2(0), where p2(0) > 1. This shows that the
virtually small eigenvalues are not the same as the smallest eigenvalues.

Proof. We first observe that h : S' — R given by h(#) = sin 26 is a Morse function on S!, whose
Witten Laplacian A%(#) is

A%(t) = —0?/06% + 4t sin 20 + 4t (cos 26)%.
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Then, A°(#) has two virtually small eigenvalue branches. One of them is y;(t) = 0 and the
other is pa(t) > 0 because 4°(S!) = 1 and h has two critical points of index 0. Observe that the
eigenvalues of AY(0) are

0, 1, 22, 32, --.n?, ...,
where 0 has the multiplicity 1 and all others have multiplicity 2. Since p;1(0) and u2(0) are
among the above eigenvalues, one has 19(0) > 1. In view of the definition of f(61,603) and that
of A%(t) for (S' xS, go, ), the four virtually small eigenvalues branches A1 (t), Aa(t), A3(t), Ay (t)

are of the form p;(t) + p;(t) with ¢, € {1,2}, and hence the virtually small 0-eigenvalues are
/\1(0) = O, /\2(0) = /\3(0) = ,U,l(O) and )\4(0) = 2/11(0). O

When M? is a 2-dimensional oriented closed Riemannian manifold, the above example shows
that the virtually small spectral package of A% is not the same as the collection of the smallest
eigenvalues. By the Poincaré duality, the nonzero eigenvalues of A! on M? are two times of the
nonzero eigenvalues of A% or A2, and hence the result remains the same for Al.
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