
�fr , r � 0
�̂fr , r � 0

Jr(f), r � 0.

(M, g) f :

M ! R f : M ! S1,
gradg f,

gradgf f,
x, y gradgf,

gradgf f
M (M, ⇠f )

f ⇠f
f.



V M
! 2 ⌦

1

(M)

gradgf V
gradgf g f,

gradgf
M (M, ⇠f ) M (M, ⇠)

⇠,
(X, f) X f

X 

�fr , ˆ�fr ,
ˆ

ˆ�fr Jr(f), r � 0.

�fr
C f C \ 0 f

ˆ�fr
 [t�1, t]

[t�1, t] .
(�, k) �

 k (�, k) k⇥ k

T (�, k) =

0

BBBB@

� 1 0 0 · · · 0

0 � 1 0 · · · 0

· · ·
0 0 · · · 0 � 1

0 0 · · · 0 0 �

1

CCCCA
.

�fr
Jr(f), r � 0

X (X; ⇠f )

X
f

�fr
f

ˆ�fr
ˆ�fr (z)



�fr (z) Hr(X)

HN
r (X, ⇠f ). Jr(f) (�, k)

r
⇠f .

f, gradgf X

f �fr , ˆ�
f
r

Jr, f
X f

X
f

C0

�fr , ˆ�
f
r ,

ˆ

ˆ�fr ,Jr(f)

X 
X � : X ! Z�0


[t�1, t] X ˆ�

X  [t�1, t]
x 2 X � �(x) 6= 0

ˆ�
ˆ�(x) 0.P
x2X �(x) �. CN (X)

N.
ˆ� � dim

ˆ�(x)
= �(x).

 = C
L1

(S1),



C[Z] C[t�1, t].

V 
[t�1, t] L1

(S1).
P(V ) V, V,

V

CV (X) P(V )

I
ˆ� : �x2X ˆ�(x) ! V

CV (X)

ˆ

ˆ� ˆ�

CN (X) CV (X)

�
ˆ�

� {x
1

, x
2

, · · ·xk},
U � k

U
1

, U
2

, · · · , Uk x
1

, · · ·xk, {�0 2 CN (X) |
P

x2Ui
�0(x) = �(xi)}.

ˆ

ˆ� {x
1

, x
2

, · · ·xk}
ˆ

ˆ�(xi) = Vi ✓
V }, U ˆ

ˆ� k

U
1

, U
2

, · · ·Uk x
1

, · · ·xk,
ˆ

ˆ�0

x 2 Ui
ˆ

ˆ�0(x) ⇢ Vi,

I
ˆ

ˆ�
(�x2Ui

ˆ

ˆ�0(x)) = Vi.

CN (X) N XN/⌃N X
X D

D XN/⌃N

D.
CN (X).

X = C CN (X) N
X = C \ 0 N

�
z
1

, z
2

, · · · zk �(zi) = ni

P �
(z) =

Q
i(z � zi)

ni . CN (C)
CN CN (C \ 0) CN�1 ⇥ (C \ 0).

⌃N N



X = T := R2/Z R2 µ(n, (a, b)) =

(a+2⇡n, b+2⇡n), T C \ 0 ha, bi !
eia+(b�a) CN (T) CN (C\0) ha, bi

µ (a, b).

D CN (R2

) CN (T)
D R2 R2/Z.

X A B
X U A

[0, 1]1

f : X ! R, X
t 2 R, f�1

(t)
I f�1

(I)

t 2 R ✏ > 0

t0 2 (t � ✏, t + ✏) f�1

(t0) ⇢ f�1

(t � ✏, t + ✏)
t

t�

Cr(f)
f.

f

Cr(f) ⇢ R
✏(f) := inf{|c�c0| | c, c0 2 Cr(f), c 6= c0} ✏(f) > 0.

X

C0

[0, 1]
f



f f�1

([a, b])

.

X f
f

f X
f M f

f f M f

X

C0

X

C0

Cr r � 2.

 X Hr(X)

;  X

�r(X) := �r(X;) = dimHr(X) r � 0

r �(X) = �(X;) =

P
r(�1)

r�r(X)

.
(X, ⇠ 2 H1

(X;Z)), X ⇠
⇡ :

˜X ! X
⇠ ⌧ :

˜X ! ˜X
Z).

˜X  Hr(
˜X)

[t�1, t] t
Tr : H(

˜X) ! Hr(
˜X) ⌧.

Hr(
˜X), Vr(X; ⇠),

 [t�1, t] Hr(
˜X)/Vr(X; ⇠)

[t�1, t] Vr(X; ⇠),
(Vr(X; ⇠), Tr) Vr(X; ⇠) 



Tr, r [t�1, t]
HN

r (X : ⇠) := Hr(
˜X)/Vr(X; ⇠)

r, r
�N
r (X; ⇠).

 = C C[t�1, t],
C[Z],

L1
(S1) HN

r (X; ⇠) L1
(S1)

�B
r (X; ⇠).

HN
r (X; ⇠) L

2

HL2
r (

˜X),
HN

r (X; ⇠)
X

X
C[t�1, t] HN

r (X; ⇠)
L1

(S1)

�fr �̂fr ,
ˆ̂�fr

Jr(f)

f : X ! R X 

Xa, Xa := f�1

(�1, a]),

Xb, Xb
:= f�1

([b,1)),

Ifa(r) := img(Hr(Xa) ! Hr(X)) ✓ Hr(X),

Ibf (r) := img(Hr(X
b
) ! Hr(X)) ✓ Hr(X),

Ff
r (a, b) := Ifa(r) \ Ibf (r) ✓ Hr(X), F f

r (a, b) = dimFf
r (a, b).

a0  a b  b0 Ff
r (a0, b0) ✓ Ff

r (a, b).

a0  a b  b0 Ff
r (a0, b) \ Ff

r (a, b0) = Ff
r (a0, b0).

dimFr(a, b) < 1
supx2X |f(x)� g(x)| < ✏ Fg

(a� ✏, b+ ✏) ✓ Ff
r (a, b).

f a 2 R
✏ > 0 0  t, t0 < ✏ If

(a�t)(r) ✓ If
(a+t0)(r)

I(a�t0)
f (r) ◆ I(a+t)

f (r) r

B ⇢ R2 B = (a0, a] ⇥ [b, b0) a0 < a, b < b0

(a, b) 2 R2 ✏ > 0 B(a, b; ✏)
B(a, b; ✏) := (a� ✏, a]⇥ [b, b+ ✏). B

Ff
r (B) := Ff

r (a, b)/Ff
r (a

0, b) + Ff
r (a, b

0
)



B := (a0, a]⇥ [b, b0) ⇢ R2

F f
r (B) := dimFf

r (B).
F f
r (B) < 1

F f
r (B) := F f

r (a, b) + F f
(a0, b0)� F f

r (a0, b)� F f
(a, b0).

a00 < a0 < a b < b0 < b00 B” := (a”, a]⇥[b, b”), B0
:= (a0, a]⇥[b, b),

(Ff
r (a00, b) + Ff

r (a, b00)) ✓ (Ff
r (a0, b) + Ff

r (a, b0))

⇡B0
B00,r : F

f
r (B00

) ! Ff
r (B0

).
0 < ✏0 < ✏ B(a, b; ✏0) ⇢ (a� ✏, a]⇥ [b, b+ ✏0) = B

1

⇢ B(a, b; ✏)
B(a, b; ✏0) ⇢ (a� ✏0, a]⇥ [b, b+ ✏) = B

2

⇢ B(a, b; ✏).

⇡✏0
✏,r = ⇡

B(a,b;✏0)
B1,r

· ⇡B1
B(a,b;✏),r = ⇡

B(a,b;✏0)
B2,r

· ⇡B2
B(a,b;✏),r.

Ff
r (a, b)

⇡✏
(a,b),r

xx

⇡✏0
(a,b),r

&&

Ff
r (B(a, b; ✏))

⇡✏0
✏

// Ff
r (B(a, b; ✏0))

ˆ�fr (a, b) ⇡r(a, b)

ˆ�r(a, b) = lim�!
✏!0

Ff
r (B(a, b; ✏))

⇡r(a, b) : Ff
r (a, b) ! ˆ�r(a, b) = lim�!

✏!0

⇡✏
(a,b) .



ˆ�r(a, b) Ff
r (a, b)

�fr (a, b) = dim

ˆ�fr (a, b) .

t
 ✏(t) > 0 0 < ✏ < ✏(t)

It�✏(r) ✓ It(r) ✓ It+✏(r) It�✏
(r) ◆ It(r) ◆ It+✏

(r)

CR(f)

f CR(f) ✓ Cr(f).

X f CR(f)

�fr (a, b) 6= 0 a, b 2 CR(f).

f �fr (a, b) 6= 0

ˆ�fr (a, b) = Ff
r (B(a, b; ✏))

✏ < ✏(f).

f : X ! R X f
R2 3 (a, b)  �fr (a, b)

R2 ⌘ C, P f
r (z)

�fr
�fr , ˆ�fr �fr .

 = R C Hr(X)

sr(a, b) : ˆ�
f
r (a, b) ! Fr(a, b) ⇡r(a, b) : Fr(a, b) ! ˆ�fr (a, b)

ker⇡r(a, b) ˆ�fr (a, b)

ˆ

ˆ�fr (a, b) := sr(a, b)(ˆ�
f
r (a, b)) ✓ Fr(a, b) ✓ Hr(X) .

(a, b) 2 supp �fr a  b
r [a, b] a > b (r� 1)�

(b, a) f.

�fr
ˆ

ˆ�fr

�T
ˆ

ˆ�T

T : V !

f ✏(f).



V, V

f : X ! S1 X ˜f :

˜X ! R
f, ⌧ :

˜X ! ˜X
Z; ˜f · ⌧ =

˜f +2⇡.
⌧ Tr : Hr(

˜X) ! Hr(
˜X)

Tr : F
˜f
r (a, b) ! F ˜f

r (a+ 2⇡, b+ 2⇡) Tr :
ˆ�fr (a, b) !

ˆ�fr (a+ 2⇡, b+ 2⇡).

T := R2/Z C \ 0 ha, bi !
eia+(b�a),

�fr (ha, bi) = �fr (z) := �
˜f
r (a, b) ,

ˆ�fr (ha, bi) = ˆ�fr (z) := �n2Zˆ�
˜f
r (a+ 2n⇡, b+ 2n⇡)

Tr(ha, bi) = �n2ZTr(a+ 2n⇡, b+ 2n⇡) : ˆ�fr (ha, bi) ! ˆ�fr (ha, bi).

(

ˆ�fr (ha, bi), Tr(ha, bi) [t�1, t]�
z = eia+(b�a) 2 supp�fr a  b, a 2 [0, 2⇡)

r [a, b] a > b, a 2 [0, 2⇡)
(r � 1)� (b, a)

 = C C[t�1, t]
L1

(S1).
C[t�1, t]� HN

r (X; ⇠),
X X

X X HN
r (X; ⇠)

L1
(S1) L

2

HL2
(

˜X), ˆ�fr (ha, bi)
HL2

(

˜X).

�fr , ˆ�
f
r ,

ˆ

ˆ�fr
[t�1, t] L1

(S1)

f : X ! S1 ✓ 2 S1 X✓ := f�1

(✓) X✓

f�1

(S1 \ ✓) f�1

(✓), f
✓ X✓

˜f�1

[t, t + 2⇡]



t 2 R p(t) = ✓.

X✓ =
˜f�1

(t)
⇢
// X✓ = f�1

([t, t+ 2⇡] X✓ = f�1

(t+ 2⇡)
�

oo

Hr(X✓)
a
// Hr(X✓) Hr(X✓)

b
oo

G
2

.
G

2

v, w
v w ↵ �

v
↵

++

�

33 w

⇢ G
2

V W v w a, b : V ! W
↵,�



⇢+(r) V = r,W = r+1, a =


Idr
0

�
,

b =


0

Idr

�
.

⇢�(r) V = r+1,W = r, a =

⇥
Idr 0

⇤
,

b =
⇥
0 Idr

⇤
.

(�, k) V = r,W = r,

a = T (�, k), b =


Idk
0

�
.

Jr(f, ✓)
G

2

Hr(X✓)
a

// Hr(X✓) Hr(X✓)
b

oo .

�fr
P f
r (z)



z 2 supp �fr �fr (s).

X f :

X ! R
P f
r (z) = 0, �fr (z) 6= 0 z = (a+ ib), a, b 2 CR(f).

�fr 2 C
dimHr(X)

(C), ˆ�fr

�z2Cˆ�fr(z) ' Hr(X)  = R or C Hr(X)

ˆ

ˆ�f (r) 2 CHr(X)

(C) ˆ

ˆ�fr (z) ? ˆ

ˆ�fr (z) z 6= z0.

f
�fr (z) = 0 1.

X

f  �fr

Cbr(R2

) = Cbr(C) ' Cbr , br = dimHr(X),
br.

D
Cbr(R2

), D(f, g) := ||f � g||1 =

supx2X |f(x)� g(x)|

D(�f , �g) < 2D(f, g).

 = R C, Hr(X)

f  ˆ

ˆ�fr CHr(X)

(C)

X
n  f : X ! R

�fr (a, b) = �fn�r(b, a).

 = R,C Hr(X)

0

PDr : Hr(X) ! Hn�r(X),
ˆ

ˆ�fr
ˆ

ˆ�fn�r · ⌧ ⌧(a, b) = (b, a). X
Hr(X) (n� r)�

ˆ

ˆ�fr
ˆ

ˆ�fn�r · ⌧.

 2  2




f : X ! S1 X ⇠ := ⇠f 2
H1

(X;Z) f. ˜X ! X
⇠.  = C HL2

r (

˜X)

HN
(X; ⇠)

X f :

X ! S1

P f
r (z) = 0, �fr (z) 6= 0 z = eia+(b�a), eia, eib

CR(f).

�fr (z) 2 C�N
r (X;⇠f )

(C \ 0), ˆ�fr

�ˆ�fr ' HN
r (X; ⇠)  = C ˆ

ˆ�fr 2 CHL2
(

˜X)

(C\0)
ˆ

ˆ�fr (z) ? ˆ

ˆ�fr (z0) z 6= z0.

C⇠(X, S1)
⇠ f

C⇠(X, S1) �f (z) = 0 or 1.

X ⇠2H1

(X;Z).

C(X, S1)⇠ 3 f  �fr 2 C�N
r (X;⇠)(C \ 0) ⌘ C�N

r (X;⇠)(R2

)

C(X, S1)⇠ 3 f  P f
r (z) 2 C�N

r (X;⇠) ⇥ (C \ 0)
C⇠(X, S1),

⇠
C�N

r (X;⇠)(C \ 0) C�N
r (X;⇠) ⇥ (C \ 0).

D C�N
r (X;⇠)(T)

D(f, g) := supx2Xd(f(x), g(x)) C⇠(X, S1), d
S1 = R/2⇡Z,

D(�f , �g) < 2⇡D(f, g).

 = C C
H

L2
r (

˜X)

(C \ 0)

f  ˆ

ˆ�fr

M

n  f : M ! S1
˜M ⇠f .

�fr (ha, bi) = �fn�r(hb, ai), �fr (z) = �fn�r(⌧z) ⌧(z) = z�1

ei ln |z|. ha, bi T (a, b) 2 R2.



 = C Mn

HL2
r (

˜M) HL2
n�r(

˜M)

L
2

ˆ

ˆ�fr
ˆ

ˆ�fn�r · ⌧ R2/Z = T.

f : X ! S1 ✓ 2 S1
Jr(f, ✓).

f : X ! S1 Jr(f, ✓)

✓, Jr(f ; ✓) Jr(f).

f
1

: X
1

! S1 f
2

: X
2

! S1
! : X

1

! X
2

f
2

· ! f
1

Jr(f1) = Jr(f2).

(X, ⇠) X

⇠ 2 H1

(X;Z) Jr(X, ⇠)

Jr(X, ⇠) := Jr(f) f : Y ! S1
Y X

! : X ! Y f · ! ⇠.

(Y,!) Jr(X; ⇠)

! : X
1

! X
2

!⇤
(⇠

2

) = ⇠
1

, ⇠
1

2
H1

(X
1

,Z), ⇠
2

2 H1

(X
2

,Z) X
1

X
2

J (X
1

, ⇠
1

) = Jr(X2

, ⇠
2

).

X Jr(X, ⇠)

Tr(X, ⇠) : Vr(X, ⇠) ! Vr(X, ⇠).

Jr(X; ⇠)(u) := {(�, k) 2 Jr(X : ⇠) | � = u}

S ]S S.



�r(X) = �N
r (X, ⇠) + ]Jr(X, ⇠)(1) + ]Jr�1

(X, ⇠)(1).



a0 < a < a00, b < b00 B
1

, B
2

, B
B

1

= (a0, a]⇥ [b, b00), B
2

= (a, a00]⇥ [b, b00) B = (a0, a00]⇥ [b, b00)

B
1

⇢ B B
2

⇢ B iBB1,r
:

Fr(B1

) ! Fr(B) ⇡B2
B,r : Fr(B) ! Fr(B2

)

0

// Fr(B1

)

iBB1,r
// Fr(B)

⇡
B2
B,r

// Fr(B2

)

//

0 .

 = R C Hr(X) Fr(B)

0

Hr(B) ✓ Hr(M)

Hr(B1

) ? Hr(B2

)

Hr(B) = Hr(B1

) +Hr(B2

).

a0 < a, b0 < b < b00 B
1

, B
2

, B
B

1

= (a0, a]⇥ [b, b00), B
2

= (a, a00]⇥ [b0, b) B = (a0, a]⇥ [b0, b00)

B
1

⇢ B B
2

⇢ B iBB1,r
:

Fr(B1

) ! Fr(B) ⇡B2
B,r : Fr(B) ! Fr(B2

)

0

// Fr(B1

)

iBB1,r
// Fr(B)

⇡
B2
B,r

// Fr(B2

)

//

0 .

 = R C Hr(X)

Hr(B1

) ? Hr(B2

)

Hr(B) = Hr(B1

) +Hr(B2

).



f : X ! R
✏ < ✏(f)/3. g : X ! R ||f � g||1 < ✏

a, b 2 Cr(f)
X

x2D(a,b;2✏)

�gr (x) = �fr (a, b),

supp �gr ⇢
[

(a,b)2supp �fr

D(a, b; 2✏).

 = R C Hr(X)

x 2 D(a, b; 2✏) ) ˆ

ˆ�gr (x) ✓
ˆ

ˆ�fr (a, b) and �
x2D(a,b;2✏)

ˆ�g
r

(x) =

ˆ�f
r

(a, b).

Fr

�fr f

ˆ�fr

˜M, f : M ! S1,
[t�1, t] Hr(

˜M)

Hr(X✓)
a

// Hr(X✓) Hr(X✓)
b

oo .

Q Q =

Q
i2Z�0

Ii Ii = [0, 1];

d(u, v) =
P

i |ui� vi|/2i u = {ui 2



Ii, i 2 Z�0

} v = {vi 2 Ii, i 2 Z�0

}. Q
X ⇥Q X

X X ⇥ Q

K ⇥Q K.

! : X ! Y
⌧(!) = 0

!0
: X ⇥Q ! Y ⇥Q !0 ! ⇥ idQ

!
Q Q⇥ S1.

I1 = Ik ⇥ I1�k ✏ > 0

f K ⇥Q, K
N f ✏� g · ⇡

⇡ : K⇥I1 ! K⇥IN K⇥IN g
K ⇥ IN .

f : X ! R or S1
K fK

= f · ⇡K ⇡K : X ⇥ K ! X

X ˆ�f
K

r (a, b) = �k�0

ˆ�fr�k(a, b) ⌦ Hk(K)

ˆ�f
K

r (ha, bi) = �k�0

ˆ�fr�k(a, b)⌦Hk(K).

 = R C (M, g)
M



n = 2

S1

n (c, c0) 2 supp�fr (c0, c) 2 supp�fn�r

�fr (c, c0) = �fn�r(c
0, c).

M
(M, @M), HN

r (@M ; ⇠f@M )

r. HN
r (M ; ⇠f ) '

HN
n�r(M ; ⇠f ).

(M2n, @M2n
)

 n ⇠ 2 H1

(M ;Z) HN
r (@M ; ⇠@M ) = 0 r. 

�N
r (X : ⇠) =

(
0 if r 6= n

(�1)

n�(Mn) if r = n
, �(M)

.

�r(X) =

(
↵r�1

+ ↵r if r 6= n

↵n�1

+ ↵n + (�1)

n�(Mn) if r = n
, ↵r

(�, k) 2 Jr(M, ⇠f ), � = 1.

V 2n�1 ⇢ M2n V t @M,
V \@M = @V Hn�1

(M, @M)

⇠f Hr(V ) = 0 Jr(M, ⇠)

f@M f @M
t



X = Cn \ V
V ⇢ Cn, V := {(z

1

, z
2

, · · · zn) | f(z
1

, z
2

, · · · zn) = 0}
⇠f 2 H1

(X;Z)
f : X ! C \ 0

⇠ 2 H1

(X;Z) f/|f | : X ! S1.

n.

L2



n


