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Abstract

We studycircle valued mapsand consider th@ersistence of the homology of their fiher§he
outcome is a finite collection of computable invariants varemswer the basic questions on persistence
and in addition encode the topology of the source space sinel@vant subspaces. Unlike persistence of
real valued maps, circle valued maps enjoy a different @égs/ariants calledlordan cellsin addition
to bar codes. We establish a relation between the homologlgeofource space and of its relevant
subspaces with these invariants and provide a new algotittompute these invariants from an input
matrix that encodes a circle valued map on an input simpkcieplex.
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1 Introduction

Data analysis provides plenty of scenarios where one ends up with apace,anost often a simplicial
complex, a smooth manifold, or a stratified space equipped with a real val@edircle valued map. The
persistence theory, introduced in [13], provides a great tool folyaing real valued maps with the help
of homology. Similar theory for circle valued maps has not yet been deselopthe literature. The work
in [18] brings the concept of circle valued maps in the context of persistey deriving a circle valued map
for a given data using the existing persistence theory. In contrast, veéogea persistence theory for circle
valued maps.

One place where circle valued maps appear naturally is the area of dynafiestor fields. The
measurements in the dynamics described by a curl free vecto? fiald be interpreted dscocycles which
are intimately connected to circle valued maps as shown in [1]. Consequeenibyion of persistence for
circle valued maps also provides a notion of persistence-farcycles which appear in some data analysis
problems [19, 20]. In summary, persistence theory for circle valued prapsises to play the role for some
vector fields as does the standard persistence theory for the scalaif3iefd 13, 17].

One of the main concepts of the persistence theory is the notibarafodeq17]-invariants that char-
acterize a real valued map at the homology level. The angle (circle) valups, waen characterized at
homology level, require a new invariant calléordan cellsn addition to the bar codes.

The standard persistence [13, 17] which we refeswslevel persistencgeals with the change in the
homology of the sublevel sets which can not make sense for a circle vaaigdHowever the change in the
homology of the level sets can be considered for both real and circledrataps. The notion of persistence,
when considered for the level sets of a real valued map is referredastavel persistencelt refines the
sublevel persistence. The zigzag persistence introduced in [4] pemmplete invariants (bar codes) for
level persistence of (tame) real valued map. They are defined usiresegpation theory for linear quivers.

The change in homology of the level sets of a (tame) circle valued map is manglicated because
of thereturn of the level to itself when one goes along the circle. It turns out that septation theory of
cyclic quivers provides the complete invariants for persistence in the hgsofdhe level sets of the circle
valued maps. This notion of persistence is called Ipersistence for circle valued mapsd its invariants,
bar codesandJordan cellsare also effectively computable.

Our results include a derivation of the homology for the source spacigsaredievant subspaces in terms
of the invariants (Theorem 3.1 ahd 3.2). The result also applies to resldvanaps as they are special
cases of the circle valued maps. This leads to a result (Corollary 3.4) whimir knowledge has not yet
appeared in the literatufe A number of important topological results which can not be derived faogn
of the previously defined persistence theories are described in [@dprg additional motivation for this
work.

After developing the results on invariants, we propose a new algorithmnipuie the bar codes and
Jordan cells. For a simplicial complex, the entire computation can be done hputzdimg the original
matrix that encodes the input complex and the map. The algorithm first builttck tmatrix from the
original incidence matrix which encodes linear maps induced in homology amnegntar and critical level
sets, more precisely the quiver representatigrdescribed in section 4. Next, it iteratively reduces this new
matrix eliminating and hence computing the bar codes. The resulting matrix whicleisilrhe can be fur-
ther processed to Jordan canonical form [8] providing Jordan @éiks algorithm for zigzag persistence [4]
when applied to what we refer in section 3 asithfenite cyclic covering mag can compute bar codes but
not Jordan cells. In contrast, our method can compute the bar codesma tells simultaneously by

LIt is not necessary to be curl free; it suffices to have a Lyapunmedione form.
2it was brought to our attention by David Cohen-Steiner that the extendsisiesice proposed in [6] allows similar connections
between homology of source spaces and persistence.



manipulating matrices and can be also used as an alternative algorithm totealcalbar codes in zig-zag
persistence.

2 Definitions and background

We begin with the technical definition of tameness of a map.

For a continuous may : X — Y between two topological spacés andY, let X; = f~1(U) for
U CY.WhenU = yis asingle point, the seX{,, is called diberovery and is also commonly known as the
level set ofy. We call the continuous map: X — Y goodif everyy € Y has a contractible neighborhood
U so that the inclusioX', — X7 is a homotopy equivalence. The continuous rnfiapX’ — Y is afibration
if eachy € Y has a neighborhood so that the mapg : Xy — U andpr : X, x U — U are fiber wise
homotopy equivalent. This means that there exist continuous inajs — X, x U with pr|y - l|y = flu
which, when restricted to the fiber for anye U, are homotopy equivalences. In particulais good.

Definition 2.1 A proper continuous map : X — Y is tameif it is good, and for some discrete closed
subsetS C Y, the restrictionf : X \ f~1(S) — Y \ S is afibration. The points it5 C Y which preventf
to be a fibration are calledritical values

If Y = R andX is compact op” = S!, 3 then the set of critical values is finite, Say < sp < - Sk
The fibers above thenX ., are referred to asingular fibers All other fibers are callecegular. In the case
of St, s; can be taken as angles and we can assumé that; < 2. Clearly, for the open intervak; 1, s;)
the mapf : f~'(s;_1,s;) — (si_1,s:) is a fibration which implies that all fibers over anglegi 1, s;)
are homotopy equivalent with a fixed regular fiber, 38y, with ¢; € (s;_1, s;).

Xe @i x, X, In particular, there exist maps : X;, — X, andb; : X;,,, —
——~ / ” Xs,, unique up to homotopy defined as follows:tJfandt;; are
contained in; C Y with X, C Xy, a homotopy equivalence with a
homotopy inverse; : Xy, — X, , thena; andb; are the restrictions
of r; to Xy, and Xy, , respectively. If not, in view of the tameness of
[, one can findj andt;  , in U; so thatX;, and X}, , are homotopy equivalent 1, andXt/ respectlvely
and compose the restrictionsigfwith these homotopy equivalences. These maps determine homotopically
f:X — Y, whenY = R orS'. For simplicity in writing, whenY = R we putt;,; € (s, c0) and
t; € (—o0,s1) and wheny” = S! we putty 1 = t1 € (sk,s1 + 27). All scalar or circle valued simplicial
maps on a simplicial complex, and smooth maps with generic isolated critical poiatsranoth manifold
or stratified space are tame. In particular, Morse maps are tame.

2.1 Persistence and invariants for real valued maps

Since our goal is to extend the notion of persistence from real valued to@psle valued maps, we first
summarize the questions that the persistence answers when applied tuedlmaps, and then develop a
notion of persistence for circle valued maps which can answer similar questimhmore. We fix a field
and write H,.(X) to denote the homology vector spaceXin dimension- with coefficients in a fieldk.

Sublevel persistence. The persistent homology introduced in [13] and further developed ihi§ldon-
cerned with the following questions:

Q1. Does the class € H,.(X(_ ) originate in H,(X(_ ) for ¢’ < t? Does the class <
Hy (X (—ooy) Vanish inH,. (X (_ ) fort < '?

3 since the mayf is proper and' compact, so is¥



Q2. What are the smallestand largest” such that this happens?

This information is contained in the linear mafis (X(_ ) — H;(X(_o ) Wheret’ > t and is
known as persistence. Since the involved subspaces are subleyelesegter to this persistence ssblevel
persistenceWhenf is tame, the persistence for eack: 0, 1, - - - dim X, is determined by a finite collection
of invariants referred to asar codeg17]. For sublevel persistence the bar codes are a collectioloséd
intervals of the form (s, s'| or [s,c0) with s, s’ being the critical values of. From these bar codes one
can derive the Betti numbers &f _. ,j, the dimension ofmg(H,(X(_o ) — Hi(X(—x,)) and get the
answers to questions Q1 and Q2. For example, the numbebaf codes which contain the interval b]
is the dimension ofmg(H, (X (_ a)) — Hr(X(—s0,p)))- The number of--bar codes which identify to the
interval[a, b] is the maximal number of linearly independent homology classes born exactly ig ) but
not before and die exactly il (X_. ;) but not before.

Level persistence. Instead of sublevels, if we use levels, we obtain what we call level pensis. The
level persistence was first considered in/[12] but was better undersmmputationally when the zigzag
persistence was introduced in [4]. Level persistence is concernedheithomology of the fiber&l,. (X;)
and addresses questions of the following type.

Q1. Does the image of € H,(X;) vanish inH, (X ), wheret’ > t orin H,.(Xy» 1), wheret” < ¢?

Q2. Canz be detected ifff,.(Xy) wheret’ > ¢ or in H,(X») wheret” < ¢? The precise meaning of
detection is explained below.

Q3. What are the smallestand the largest’ for the answers to Q1 and Q2 to be affirmative?
To answer such questions one has to record information about the fajjomaps:
Hy(Xy) — Hv'(X[t,t’}) — Hp(Xy).

Thelevel persistences the information provided by this collection of vector spaces and linear noaadl f
t,t.

We say thatr ¢ H,.(X;) is dead inH, (X} 1), t' > t, if its image byH,.(X;) — H,(X4) vanishes.
Similarly, z is dead inH,. (X y), t" < t, ifits image byH,.(X;) — H,(Xp»~ ) vanishes.

We say thatr € H,.(X;) is detected infl,.(Xy), t' > t, (resp. t” < t), if its image in H, (X} )
(resp. inH,. (X ,) is nonzero and is contained in the imagelbfi Xy ) — H, (X)) (resp. H,(Xp) —
H, (X 4))- In Figurel 1, the class consisting of the sum of two circles at levelnot detected on the
right, but is detected at all levels on the left up to (but not including) thd ivén case of a tame map the
collection of the vector spaces and linear maps is determined up to coherantjghisms by a collection of
invariants calledbar codes for level persistenegnich are intervals of the forrfs, s'], (s, '), (s, §], [s, &)
with s, s’ critical values as opposed to tharcodes for sublevel persistenadiich are intervals of the
form [s, §], [s, 00) with s, s’ critical values. These bar codes are calladiriantsbecause two tame maps
f: X —Randg : Y — R which are fiber wise homotopy equivalent have the same associateddea:. co
In the case of level persistence the open end of an interval signifieg#tk df a homology class at that
end (left or right) whereas a closed end signifies that a homology claastthe detected beyond this level
(left or right). In the case of the sublevel persistence the left end sgbifith while the rightdeath Level
persistence provides considerably more information than the sub leg&tearce. The bar codes of the sub
level persistence (for a tame map) can be recovered from the oneebpégistence. Precisely a level bar
code[s, s'] gives a sublevel bar code, o) and a level bar codp, s’) gives a sublevel bar code, s']; the
sublevel persistence does not see any of the level bar ¢edégor (s, s']. It turns out that the bar codes of



the level persistence can also be recovered from the bar codes abtleysl persistence gf and additional
maps canonically associated fo

In Figurel 1, we indicate the bar codes both for sub level and level pamsis for some simple map
f: X — Rinorder to illustrate their differences. The spaces the one end open tube ayids the height
function laid horizontally.
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Figure 1: Bar codes for level and sub-level persistence.

3 Persistence for circle valued maps

Let f : X — S! be a circle valued map. The sublevel persistence for such a map candefibed since
circularity in values prevents defining sub-levels. Even level persisteacnot be defined as per se since
the intervals may repeat over values. To overcome this difficulty we assdbm infinite cyclic covering
x 1.Rr
mapf : X — R for f. Itis defined by the commutative diagram: wl pl The map
x L. gt
p : R — S! is the universal covering of the circle (the map which assigns to the numbek the angle
6 = t(mod 27) andv is the pull back ofp by the mapf which is an infinite cyclic covering. Notice that
Xog = X;if p(t) = 0. 1f x € H.(Xy) = H,(X;), p(t) = 6, the questions Q1, Q2, Q3 fgrand X can be
formulated in terms of the level persistence foand X .

Suppose that € H,(X;) = H,(Xy) is detected inH,(X,/) for somet’ > t + 2x. Then, in some
sense;r returns toH,.(X,) going along the circl&S! one or more times. When this happens, the class
may change in some respect . This gives rise to new questions that vierecoantered in sublevel or level
persistence.

Q4. Whenz € H,(Xp) returns, how does the “returned class” compare with the original cfask may
disappear after going along the circle a number of times, or it might neveymtiaa and if so how
does this class change after its return.

To answer Q1-Q4 one has to record information atiéutXy) — H,(X,¢q) < H,(Xy) for any pair of
anglesd and#’ which differ by at mos®x. This information is referred to as thersistence for the circle
valued mapy.



When f is tame, this is again completely determined up to coherent isomorphisms by a fild@ttico
of invariants. However, unlike sublevel and level persistence fdrvedaed maps, the invariants include
structures other than bar codes calleddan cells Specifically, forany- = 0,1, - - - , dim(X) we have two
types of invariants:

e bar codes intervals with endss, s’ 0 < s < 27, s < s’ < oo, that are closed or open ator
s', precisely of the fornis, s'|, (s, '], [s, '), (s, s’). These intervals can be geometerized as “spirals”
with equations 1. For any intervdk, s’} the spiral is the plane curve (see Figure 3 in section 4)

x(0)=(0+1—s)cosf

y(0) = (0+1—s)smg €L (1)

e Jordan cells A Jordan cell is a paif), k), A € £\0, k € Z~(, wherer denotes the algebraic closure
of the fieldk. It corresponds to & x k& matrix of the form

A1 0... 0
0O X 1... 0
: 2)
0 ... A 1
0 ... 0 A

The bar codes foif can be inferred frony : X[a,b} — R with [a, b] being any large enough interval.
Specifically, the bar codes gf: X — S! are among the ones gf: X[a,b] — R for (b — a) being at most
supg dim H, (Xp).

The Jordan cells can not be derived frgm X — R or any of its truncationg : X[mb] — R unless
additional information, like the deck transformationXf is provided. The collection of bar codes and Jor-
dan cells for each = 0,1, 2, - - - dim X constitute the--invariantsof the mapf which we define precisely
in the next section using quiver representations. They can be defittrealitvquiver representation theory,
based on the concepts déathanddetectability applied tof in conjunction with the deck transformation
induced onX, an approach which will be considered in further work and partially in T9le end points of
any bar code foyf correspond to critical angles, that isands’(mod 27) of a bar code interva{s, s’} are
critical angles forf. One can recover the following information from the bar codes and darelés:

1. The Betti numbers of each fiber,
2. The Betti numbers of the source spadteand

3. The dimension of the kernel and the image of the linear map induced in hoyrimjatpe inclusion
Xy C X as well as other additional topological invariants not discussed here [3]

Theorems 3.1 and 3.2 make the above statement preciseB beta bar code described by a spiral
(eqn/ 1) and be any angle. Lety(B) denote the cardinality of the intersection of the spiral with the ray
originating at the origin and making an anglevith the z-axis. For the Jordan cell = (\, k), letn(J) = k
and\(J) = A. Furthermore, leB3, and 7, denote the set of bar codes and Jordan cells-dimensional
homology. We have the following results.

Theorem 3.1 dim H,(Xg) = > _pcp, no(B) + > 5c7 n(J).

Theorem 3.2 dim H,(X) = #{B € B,|both ends closed} + #{B € B,_;|both ends open} + #{J €
TrMJT) =1} +8{J € o1 |MJ) = 1}



Using the same arguments as in the proof of the above Theorems oneigen der

Proposition 3.3 dim img(H,(Xp) — H,(X)) = 8{B € B;|ny(B) # 0 and both ends closed} + #{J €

Tr|A =1}

A real valued tame mag : X — R can be regarded as a circle valued tame rfiap X — S!

by identifying R to (0, 27) with critical valuesty, - -

-, t.,, becoming the critical angles, - - - , 8, where

0; = 2arctant; + . The mapf’ in this case will not have any Jordan cells and the bar codes will be the
same as level persistence bar codes. We have the following corollary:

Corollary 3.4 dim H,(Xg) = > g5 ne(B) and

dim H,(X) = #{B € B,|both ends closed} + #{B € B;_1|both ends open}.

Theorem 3.1 is quite intuitive and is in analogy with the derived results fdegeband level persis-
tence [4, 17]. Theorem 3.2 is more subtle. Its counterpart for reatddlinction (Corollary 3.4) has not yet
appeared in the literature though a related result for homology of sop@ace san be derived from extended
persistence [6]. The proofs of these results require the definition diaheodes and Jordan cells which

appear in the next section. The proofs are sketched in Section

5.

The Questions Q1-Q3 can be answered using the bar codes. The qu@s$tadout returned homology

can be answered using the bar codes and Jordan cells.

¢

ﬂ circle 1
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O > circle 2
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map¢ r-invariants
dimension| bar codes | Jordan cells
circle 1: 3 times around 2, 2 times around 3 0 (1,1)
circle 2: 3 times around 1, one time around 2, 3 times around 3 (0, 61 + 27] (3,2)
circle 3: 1 time around 3 1 (62, 03]
(047 05)

Figure 2: Example of-invariants for a circle valued map

Figure 2 indicates a tame mgp: X — S! and the corresponding invariants, bar codes, and Jordan
cells. The spac« is obtained fromY” in the figure by identifying its right en#; (a union of three circles)
to the left endY; (again a union of three circles ) following the map Y; — Y5. The mapf : X — S!
is induced by the projection df on the interval0, 27]. We haveH, (Y1) = H1(Yy) = k ® k & k and¢



induces a linear map irthomology represented by the matrix
0 3 0
3 2 0
2 3 1

The first generator (circle 1) dff; (X5, ) is dead inHl(X[(,,%]) for 6 < 6 but not ford € (64, 27| and is
detected inH; (X'Qﬂg) for 0 < 6 < 6, but not ford > 0,. It generates a bar codég, 27 + 0,]. The other
two (circle 2 and 3) never die and provide a Jordan Cel2). In Appendix it will be shown how to use the
algorithm to calculate the bar codes and Jordan cells in the example above.

4 Representation theory andr-invariants

The invariants for the circle valued map are derived from the repragmntaeory of quivers. The quivers
are directed graphs. The representation theory of simple quiversasuphths with directed edges was
described by Gabriel [10] and is at the heart of the derivation of theriamts for zigzag and then level
persistence in [4]. For circle valued maps, one needs representatary fbecircle graphs with directed
edges. This theory appears in the work of Nazarova [15], and Cxonand Ruth-Freislich [11].

I3 Let Go,,, be a directed graph withm vertices,z1, z1, - - - Zopm,.
% \ Its underlying undirected graph is a simple cycle. The directed
2 by edges inGs,, are of two typesforward a; : x9;_1 — x9;, 1 < i <
Ty X9

m, andbackwardb; : xo;11 — w9, 1 <i<m—1,by, : 11 — Top.

Tb alT We think of this graph as being located on the unit circle cen-
2 ) tered at the origim in the plane.
| bm¢ A representatiom on Gy, is an assignment of a vector space
| V, to each vertex and a linear map, : V,, — V,, for each oriented
Lam—2 4 Tam edgee = {z,y}. Two representationsandy’ are isomorphic if for
\ / each vertex: there exists an isomorphism from the vector spégce
Tom-_1 of p to the vector spack] of p/, and these isomorphisms intertwine

the linear map¥, — V, andV, — Vy’. A non-trivial representation
assigns at least one vector space which is not zero-dimensional. ésegpation isndecomposablé it is
not isomorphic to the sum of two nontrivial representations. It is not teotbserve that each representation
has a decomposition as a sum of indecomposable representations untqusanporphisms.

We provide a description of indecomposable representations of the qiye For any triple of integers
{i,j,k}, 1 <i,7 <m, k>0, one may have any of the four representatigig}i, j; k), p'((i,7]; k),

o' ([i,9); k), andp’ ((i,5); k) defined below. The exponehtsuggests that this representation is associated
to an interval (bar code).

Suppose that the evenly indexed vertides, x4, - - - x2,,} Of Ga,,, Which are the targets of the di-
rected arrows correspond to the andles. s; < sy < --- < s, < 27. To construct the representation
pl({i,j}; k), draw the spiral curve given by equation (1) for the intefval s; + 2k }; refer to Figure 3.

For eachr;, let{e},e?, - - - } denote the ordered set (possibly empty) of intersection points of thecray
with the spiral. While considering these intersections, it is important to realizéhdgoint(x(s;), y(s;))
(resp.(x(s; + 2km),y(s; + 2km))) does not belong to the spiral (eqn. 1)if j}is open at (resp.;). For
example, in Figure |3, the last circle on the ay; is not on the spiral sincg, j) in p’([i, j); 2) is open at
right.

Let V.., denote the vector space generated by the base?, - - - }. Furthermore, lety; : Vi, , — Vi,
andg; : Vg,,., — Vu,, be the linear maps defined on bases and extended by linearity as follmigs tee

2i41



vectorel, € V,, to e, if b, is an adjacent intersection point to the poiglis., on the spiral. Ife?. does
not exist, assign zero &g, . If e, ., do not go to zeroh hasto bd, ! — 1, orl + 1.

The construction above provides a representatio@' gy which is indecomposable. One can also think
these representations as the bar cdsles; + 2k, (s;, s; + 2km], [s;, s; + 2km), and(s;, s; + 2km).

0 2;

Figure 3: The spiral fofs;, s; + 4m).

For any Jordan cell\, k) we associate a representatjof( \, k) defined as follows. Assign the vector
space with basej,es, - , e to eachz; and take all linear mapa; but one (say;) and g; the iden-
tity. The linear mapy; is given by the Jordan matrix defined by, k). The exponent/ suggest that this
representation is associated to a Jordan cell. Again this representatioadsrimgosable.

It follows from the work of [11, 15] that bar codes and Jordan celisomstructed above are all and only
indecomposable representations of the quivey,. We record a representatigras a collection of matrices
with entries in a given fieltk, {o; € M"2i*"2i-1 5, ¢ Mr2ixm2i+1 1 < ¢ < m} with the convention
n2m+1 = Ni.

Observation 4.1 A representation has no indecomposable representations of py/p its decomposition
iff all linear mapsca/s andg)s are isomorphisms. For such a representation, starting with an index
consider the linear isomorphism

—1 —1 —1 —1 -1 -1 —1
Ti=0; i By qim1- By cag- By o B By Q1 By Qg

The Jordan canonical form [8] of the isomorphidis independent afand is a block diagonal matrix with
the diagonal consisting of Jordan cellg, k)s. Clearly,p is the direct sum op”’ (A, k)s with each(), k)
being a Jordan cell of ;.

The r-invariants. Let f be a circle valued tame map defined on a topological spacé&or f with m
critical angles) < s1 < s9,- - s, < 27, consider the quivetss,, with the verticese,; identified with the
angless; and the verticess; 1 identified with the angles that satisfy) < t1 < s1 <t < 82, -ty < Sm.
For anyr, consider the representatipp of Ga,,, with V,, = H,(X,,) and the linear maps;s andg;s
induced in ther-homology by maps; : X, , — X, andb; : X, ., — X,,, described in section

8



2. The bar codes (with the ends expressed in termgs)fand the Jordan cells of this representation are
independent of the choice 6f and are the-invariantsof f.

5 Proof of the main results

A careful look at Figuré 2 and the bar codes indicate why a semi-clogesh (one end closed the other)
bar code does not contribute to the homology of the total spaeed why a closed-bar code (both ends
closed) contributes one unit while an open (both end open) 1)-bar code contributes one unit to the
r-homology of the total space. The lack of contribution of a Jordan cell wigh1 and the contribution of
ar-Jordan cell with\ = 1 of one unit to bothr andr 4 1 dimensional homology of the total space should
not be a surprise for the reader familiar with the calculation the homology opimgporus. Below we will
explain rigorously but schematically the arguments for the proof of Tme®&1,/ 3.2, and Corollary 3.4.

First recall that a representatignof the graphG's,,, is indicated by the vector spacgs,, ,, Vi, and
the linear mapsy; and3;. To such representatignwe associate the block matrid, : @, -, -, Vasi 1 —
D1<i<in Vo, defined by: o

(e5] —01 0 0
0 ay  —fFy ... 0
0 8y | _ﬁm—l
—Bm e e QO

For this representation we define the “dimension” athetuple of positive integers
dim(p) = (1,71 N, Tm) With n; = dimV,,, | andr; = dimV,,, and the numberger(p) =
dimker M, andcoker(p) = dimcokerM,. For the sum of two such representatigns= p; @ p, we
have:

Proposition 5.1
1. dim(p; @ p2) = dim(p1) + dim(p2),
2. ker(p1 @ p2) = ker(p1) + ker(pz),
3. coker(p1 @ p2) = cokerp;) + cokel(ps).

The explicit description of the representations corresponding to theodasgermits explicit calculations.

Proposition 5.2

1. Ifi < jthen

(@) dim p’([4, j]; k) is given by:
ny=k+1if (i+1) <l <jandk otherwise,
rp=k+ 1if ¢ <[ < jandk otherwise
(b) dim p’((4, §]; k) is given by:
ng=k~+1if (i+1) <1< jandk otherwise,
rr=k+1if (i+1) <[ < jandk otherwise,
(c) dim p!([i,5); k) is given by:
ny=k+1if (i+1) <1< jandk otherwise,
rr=k+1ifi <1< (j—1)andk otherwise,
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(d) dim p’((4, §); k) is given by:
ny=k+1if (i+1) << jandk otherwise,
r=k+1if(i+1) <1< (j—1)andk otherwise

2. Ifi > j then similar statements hold.

(@) dim p’([4, j]; k) is given by:
ny=kif (j +1) <l <iandk + 1 otherwise;
r=kif (j+1) <1< (i—1)jandk + 1 otherwise
k)i

(b) dim p’((4, j]; k) is given by:
ny=kif (j+1) <l <iandk + 1 otherwise.
rp=Fkif (j+1) <l <iandk + 1 otherwise,

(c) dim p!([i, 5); k) is given by:
n=kif (j+1) <l <iandk + 1 otherwise;
rp=kif j <1< (i—1)andk + 1 otherwise,

(d) dim p’((4, §); k) is given by:
n=kif (j+1) <l <iandk + 1 otherwise;
r;=kif j <l <iandk + 1 otherwise.

3. dim p’ (), k) is given byn; = r; = k
Proposition 5.3

1. ker p! ([i, j]; k) = 0, cokerp ([i, j]; k) =

2. ker p! ([i, j); k) = 0, cokerp’([i,§); k) = 0,
(i, 5] k) = (

(i,§); k) = 1, cokerp’ ((i, j); k) = 0,
A,

k) = 0 (resp. 1) ifA# 1 (resp. 1),

0, cokerp! ((i,7]; k) = 0,

(
(
3. ker p!(
4. ker p!(

(

5. ker p’
6. cokerp? (A, k) = 0 (resp. 1) ifA#£ 1 (resp. 1).

The proof of Theorem 3.1 is a consequence of Propositions 5.1 andTBe2proof of Theorem 3.2
goes on the following lines. First observe that, up to homotopy, the spamn be regarded as the iterated
mapping torug described below. Consider the collection of spaces and continuous maps:

bml

X = Xo "E0 Ry M5 Xy P Ry %2 Xy Xt 2 Ry M X

with R; := X;, andX; := X, and denote by = T'(ay - - aum; 01 - - - Bm) the space obtained from the

disjoint union

( |_| R; x [0, 1]) U ( |_| Xi)

1<i<m 1<i<m
by identifying R; x {1} to X; by a; andR; x {0} to X;_; by 8;_1. Denote byf? : T — [0, m] where
T R; x[0,1] — [i — 1,4] is the projection or0, 1] followed by the translation b, 1] to [i — 1,4]. This
map is a homotopical reconstruction pf X — S' provided that, with the choice of anglgss; and maps
a; b; described in section (; := f~1(s;), R; := f~1(t;).
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Let P’ denote the space obtained from the disjoint union
(] Rxemu || x)
1<i<m 1<i<m
by identifying R; x {1} to X; by «;, andP” denote the space obtained from the disjoint union
(|| Rxp1-eu( ] X
1<i<m 1<i<m

by identifying R; x {0} to X;_1 by 3;_1.
LetR =|],<;<,, Ri andX = | |, ,,,, Xi. Then, one has:
1. T=PUP,
2. PPnP’ = (I_llgigm R; x (6, 1-— 6)) LA, and

3. theinclusiong] |, ., Rix{1/2})ux C P'NP" as well as the obvious inclusioAs C P'and X' C
P are homotopy equivalences.

The Mayer-Vietoris long exact sequence leads to the diagram
M;(a,f)
H,(R) ° H,.(X)

/ pnT (Id,—]d)T \
0, 3

e Hot(T) —20H, (R) @ H,(X) =Y H, (X) @ H (X)L H,(T) —~

-] g
Here A denotes the diagonalys the inclusion on the second component, the projection on the first

component;” the linear map induced in homology by the inclusinc 7', and M, («, ) the map given
by matrix

of =067 0 ... 0
0 ay  —f5 ... 0
0 ...Oérm_l —7:1_1
B . . o,

with of : H,(R;) — H,(X;)andg! : H,(Ri+1) — H,(X;) induced by the maps; andg;, andN defined

by
o Id
- Id

wherea” and3" are the matrices

of 0 0
0 of - 0
0 0 0 o,

11



0 0 p 0
0 ... ... 0 B,
gr. 0 ... 0 0

From the diagram above we retain only the long exact sequence

M (pr) M(pr—1)
— — 4

- — H(R) Hy(X) — Hy(T) — Hr—1(R) Hy1(X) — - 3)
from which we derive the short exact sequence
0 — cokerM(p,) — H(T) — ker M(p,—1) — 0 4)
and then
H,(T) = cokerM,(«, 3) @ ker M,_; (v, ) (5)

Theorem 3.1 is rather straightforward. Theorem 3.2 follows from Fsitipas/ 5.1, 5.3 and the equa-
tion (5) above. A specified decompositiongfandp,._; in indecomposable representations and a splitting
in the sequence (4) provide specified element& i1Xy) and H,.(7) which can be compared. This leads
to the verification of Proposition 3.3.

6 Algorithm

Given a circle valued tame mafp: X — S!, we now present an algorithm to compute the bar codes when
X is a finite simplicial complex, and is generic and linear. This makes the map tame. Genericity means
that f is injective on vertices. To explain linearity we recall that, for any simplex X, the restrictionf|,
admits liftingsf : ¢ — R, i.e. f is a continuous map which satisfips f = fls. The mapf : X — Stis
calledlinear if for any simplexo, at least one of the liftings (and then any other) is linear.

First our algorithm takes the simplicial complék equipped with the mag as input and computes a
matrix form of the quiver representatign= p,. for f. A quiver representatiop for f is indicated by the
vector space¥,,. , = H. (X4, ,), Va,, = Hr(Xy,,) and the linear maps; andg;. The matrix form ofp
is the block matrixM, : D <;<,, Vas 1 — Pi<icm Vao; described in the previous section. We augment
it by a row and two columns for convenience in computation, and thus write it as

am —Bm 0 0 ... ... ... 0 0
0 a1 —ﬁl 0 0 0

0 0 ay  —[3

0 0 N e | —ﬁm,1 0
0 —0Bm ... ... QO —Bm

Next, from the augmented block matrix above one computes the bar codéiseanthe Jordan cells.
The algorithm consists of three steps. We describe the first and seepsdrs sufficient details. The third
step is a routine application of Observation 4.1 and is accomplished by ddaaidarithms in linear algebra
(reduction of the matrix to the canonical Jordan form).

Step 1.Compute the matrix form of the quiver representafpn
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Step 2. Process the matrix gf, to derive the Jordan cells ending up with a matrix whosevalind
(; are invertible matrices.

Step 3Compute the Jordan cells

Step 1. Step 1 uses a subroutine that takes following as input: the incidence matrigetif@mplexR
which is not necessarily simplicial, and the submatrix of a subcomplexR. Assume that the ordering of
the cells is compatible with the face incidences, that ispmes before’ if o is a face ofr’. Also, assume
that all cells ofA precede those aR \ A in this order. This means that the submatrix foappears in the
upper left corner of the matrix faR. Run the persistence algorithm [7, 17] on the incidence matrixifay
compute a base of the homology gratip(A). Continue the procedure by adding the columns and rows of
the matrix forR to obtain a base off,.(R). It is straightforward to compute a matrix representation of the
linear mapH, (A) — H,(R) w.r.t. the bases computed by the persistence algorithm.

In Step 1 we begin with the incidence matrix of the input simplicial complegquipped with the map
f: X — Sl Letthe angle® < s; < sy---5,, < 27 be the critical values of. Choose a collection of
regular angle® < t; <ty -t,, < 2w witht; < s; < t;11 < s;41. Consider a canonical subdivision &f
into a cell complex so thaX[ti7ti+l}, and.X;, are subdivided into subcomplex&s and X; as follows. For
any open simplex we associate the open cells :

1. 0(i) := o N Xy, with dim(o (7)) = dim o — 1 if the intersection is nonempty

2. 0(i) == 0N Xy, 4,.,) With dim o (i) = dim o if the intersection is nonempty.

it1)

The cells ofX; are exactly of the forn(:) and their incidences are given &8 (i), 7(i)) = I(o,T)

wherel (o, 7) = 0,+1, or —1 depending on whetheris a coface of and whether their orientations match
or not. The cells of?; consist of cells ofX;, X, and all cells of the forna (i). The incidences are given
asl(o(i),7(i)) = I(o,7), I(0(i),0(i)) = 1,andI(o(i + 1),0(i)) = —1. All other incidences are zero.
Assume that we are given atotal order for the simpliceX dtiat is compatible witlf and also the incidence
relations. This induces a total order for the cells\inand X, and also the cells if®, = R; \ X; L X;+1
forany1l < i < mwith X,,+1 := X;. Impose a total order oR; by juxtaposing the total orders df;,
Xi+1, andR; in this sequence. Clearly, the incidence matrixfican be derived from the incidence matrix
of X. Apply the persistence algorithm 9 := R; andA = X; U X;,; as described before. We obtain the
matrices for the linear maps; : H,.(X;,) — H,(X,,) ands; : H.(Xy, ) — H,(X,,).
Step 2. Step 2 takes the matrix representatibh, constructed out of matrices;, 3; computed in step
1, and uses four elementary operatidhsis, 73, andT} defined below to transform/, to a matrix),,
whose total number of rows and columns is strictly smaller than that/ of The elementary operations
modify submatrices by computing echelon forms and thus implicitly modify the reptasonp to p'.
Each operation (modification) keeps the Jordan cells unchanged while dlimgim modifying the bar
codes. When no such operation is applicable, the algorithm terminates withaail 5; being necessarily
invertible matrices. At this point the bar codes can be reconstructed by lisgrediminations/modifications
performed and the Jordan cells can be obtained proceeding with Step 3.

To describe how Step 2 works consider the minBgs_; andBo;, i = 1, - -, m of M, defined by

(i =B (B 0
Bzi_l_<0 ai+1> BQZ_(%’H —5i+1> ©

With 41 := a1, Bmg1 := 51, 0 = Qum, Bo = B
Whenm > 1 the algorithm iterates over the minors in multiple passes. In a single pass, éspesc
the minorsBi, Bo, ..., By, in this order. When it considerB; to process, it checks if any of the four
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elementary transformations is applicableRa If so, it applies the respective transformation and updates
B;. These updates necessarily include deletion of some rows and columm@sehatade “irrelevant” by
the respective transformation. These deletions of rows and columrespornd to shrinking of bar codes
from their end points leading to eliminations in some cases. The algorithm term@iditesswhen there is
no rows and columns to operate or when no elementary transformation isadgh@lto anyB; in a pass.
Clearly, the algorithm is guaranteed to terminate as each transformatiorsaelgedecreases the number
of rows and columns.

Whenm = 1, the operations on above minors are not well defined. In this case wadetkte quiver
G4 to G4 (m = 2) by adding fake level$s, s where H,.(X,) = H,(Xs,) = H,(Xs,) andag, B2 are
identitie$. The algorithm works on input/,, as follows:

The main loop

Loop: forj :=1to2m do
1. ifj=2i—1isodd
i. if ayy1 is notinjective, updatdy;_; := To(Bai—1).
ii. if a; is not surjective, updatBy;_; := T3(B2;—1).
iii. delete any rows and columns rendered irrelevant.
2. if j =2iiseven
i. if ;.1 is not surjective, updatBy; := Ty(Bs;).
ii. if 3; is not injective, updatés; := T (Ba;).
iii. delete any rows and columns rendered irrelevant.
endfor
if M, has been updated and not empty, go to Loop. Otherwise, olfput

At termination, allo; and3; become isomorphisms because otherwise one of the transformations would
be applicable. Each transformation effectively shrinks some bar cedastiminating some of them. The
bar codes can be recovered by keeping track of all eliminations of thedukss after each elementary
transformation. A bar code which is not eliminated in a pass gets shrunkagyl\etwo units, that is, a bar
code{i, j} shrinks to{i + 1, j — 1} by exactly two distinct elementary transformations. The type of bar
codes does not change by elementary transformations. When a bérdbdeeliminated, say, in théth
pass, we know that it corresponds to a bar cedek + 1, + k£ — 1] in the original representation. Similarly,
other bar codes of typg, i+ 1} eliminated at théth pass correspond to the bar cdde-k+1,i+k} for f.

In both cases, the multiplicity of the barcodes can be determined from the multipfi¢iig eliminated bar
codes thanks to Proposition 6.1 below. The Appendix provides an illustratidvow the algorithm works
on the example described in section 3.

Step 3. At termination, allo;; and3; become isomorphisms because otherwise one of the transformations
would be applicable. The Jordan cells can be recovered from thenJdedamposition of the matrix

—1 -1 -1 -1 -1 -1 .

Standard linear algebra routines permit the calculation of the Jordan adlsfitiar algebraic closed fields.
Note that ifx is not algebraically closed Step 1 and Step 2 can still be performed and thir fa@n be
obtained. In this case we might not want to decompose the miAtiix Jordan cells since this requires

4Other easier methods can also be used in this case
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passing to the algebraic closure ofbut only to decompose the matriX up to conjugacy as a sum of
indecomposable invertible matrices, remaining in the world of matrices with deeffsan the fields. This

is the case of the field = Z, of particular interest in Computer Sciences. Such linear algebra algorithms

exists too.

Elementary transformations. In our algorithm, we used four elementary transformatibns’, T3, and
T, that modify the matrix form of a quiver representation. We elaborate ore tfees transformations
here. First, we interpret these transformations in terms of the quiveeseptations, and then give their
implementations in terms of matrices.

Each transformation takes an indeaind a representation

p=1{Vj|1 <j<2m, as: Vas_1 — Vas, B : Vasp1 — Vas|l < s <m}
and produces a new representation

pr=AViL <5 <2m, o Vi = Vo, B Vo — Vol < s <mj
as follows:

L If o = Ta(p,i) thenVg;_; = Vai1/ker(B;—1), Vg; = Vai/ai(ker(Bio1)), V] = V; for j # {2i -
1,24} with o, 5. being induced from, 3 for s € [1,m).

2. If p/ = TQ(,O, Z) thenVQ’iH = V2i+1/ker(ai+1), VQIZ = Vg,/ﬂl(ker ai+1), Vj/ = Vj fOI'j 75 {Q’i-l-l, 22}
with o, 3. being induced from, 3; for s € [1,m)].

3. If pl = T3<p,i) thenV2’Z- = Oéi(VQi_l), V2/i+1 = ﬂi_l(ai(‘/gi_l)), Vj/ = V} fij 7é {2’i,2i + 1} with
o, 3% being the restrictions af;, 3, for s € [1,m].

4. 1f p' = Ty(p,i) thenVy; = Bi(Vair1), Va1 = a; ' (Bi(Vairr)), V] = V; for j # {2i,2i — 1} with
o, B being the restrictions af, 35 for s € [1,m].

The following diagramg indicate the constructions described above. The indices increaseidyiointor
left to signify that the vector spaces are laid counterclockwise with incrgasdices around a quiver.

Transformatioriy (p, 7):

Qit1 Bi o Bi—1
v Vojp1 —— Vo <— Vo1 Vai—a

A

/ /
V2‘ o VQz‘—l
i

)

Vi = Vai—i/ker(Bi—1) Vg, = Vai/ay(ker(Bi—1))

Transformatioril’,(p, 7):

Bi+1 Qi1 Bi o
V249 Voit1 Vai Vai—1

/ ’
h l / l a;

/ i !
V2i+1 —V

Sin the diagramd4 = Va,, andBo = fm
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Vaiir = Vair1/ ker(aiy1), Vo, = Vai/Bi(ker(aiy1))

TransformatioriZ’;(p, 4):

Bit1 Qi1 Bi o
Vo0 Vait1 Vai

:%H\Tﬁ{T a

/ /
V2i+1 V2i

Bi

Vai1

Vi = i(Vaic1)  Viq = B Heu(Vaio1))

Transformatioril’y (p, 7):

Qg1 Bi o Bi—1
s Vojp1 ——= Vo =— Voi Vai_a

oA

/ i /
V2i < VQz’—l

Vi = Bi(Vair1)  Viiy = o7 {(Bi(Vair))

The following observations follow straightforwardly from the definitions.

T (p, 1) eliminates all bar codes of the forth— 1,4) and(i — 1, 4], shrinks each bar code of the form
(¢ —1,kjand(i — 1,k), k > (i + 2), into bar codeg:, k] and (i, k) respectively with the convention that
(i —1,k}is (m,m + k} wheni = 1, and leaves all other barcodes and Jordan cells unchanged.

T»(p, ) eliminates all bar codes of the fori i + 1) and[i, 7 + 1), shrinks each bar code of the form
[[,i+1)and(l,i+ 1),1 <i—1,into bar codesl, ) and(l, ) respectively, and leaves any other barcodes
and Jordan cells unchanged.

TypeT3(p, i) eliminates all bar codes of the forfi 7] and|i, i + 1),shrinks each bar code of the forms
[i, k) and[i, k], k > i + 1, into the bar code§ + 1, k) and[i + 1, k] respectively, and leaves all other type
of barcodes and Jordan cells unchanged.

TypeT,(p, ) eliminates all bar codes of the forfi ;] and(: — 1, ¢], shrinks each bar code of the forms
(1,4] and[l, ], 1 < i—1,into the bar codef, i — 1] and[l, i — 1] respectively with the convention thflt 0}
is identified to{/ + m,m}, and leaves all other type of barcodes and Jordan cell unchanged.

Let#{i, j} , denote the number of bar codes of ty{p’ej}ﬁ for a representatiop. We have the following:

Proposition 6.1
1. #(i,i + 1), = dimker §; N ker a1
2. fi,i]p = dim(Vai/ ((Bi(Vait1) + ai(Vai-1))
3. (i, i + 1], = dim(8;(Vai41) + ci(ker Bi—1)) — dim(53;(Vai+1))
4. #]i,i + 1), = dim(ay(Vai1) + Bi(ker aps1)) — dim(ai(Vai_1))

which can be easily derived from the matriegsand ;.

® we use’{” resp. for’}” as a common notation f&” and” (” resp.” }” and”)”.
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Implementing the elementary transformations. Elementary transformations are implemented with al-
gorithms known to produce the so-callechelon fornof a matrix. We briefly describe the concept of eche-
lon form for completeness. Let be anym xn matrix. For any colump in A, denote by-(5) € {1,--- ,m}

the firstindex so that,.(;) ; # 0, i.e.,as; = 0 if s < 7(j). We say thatd is in column- echelon form if:

Loag =1
2. r(j) <r(j+1)

3.a =0fors<j

(4)s

and in row echelon form if the transposE is in column echelon form. The following is well-known in
linear algebra.

Observation 6.2 Given a matrixA4,
1. there exists am x m matrix L(A) so thatL(A) - A is in row echelon form;
2. there exists an x n matrix R(A) so thatA - R(A) is in column echelon form;
3. the rank and the dimension of the kerneMofan be read off from its echelon form.

There are well known algorithms to obtain the matriéésl) and R(A) to produce the echelon forms.
Now we describe how we take advantage of the echelon forms to implememthergary transforma-
tions. In transformation®; andT3, we replace the matrix

a;  —fi & —fi a b
<0 Oéi+1> first by <() ai+1> and then by (O di+1>

while in transformationd?’ and7, we replace

(_& 0 >ﬁrstby(__ﬂi v >andthenby :_ﬂi 9 .
a1 —Bit1 aiy1 —Bit1 Qir1 =it

Because of that we will also write
T1(Ba;), Ta(Bai), To(B2i—1), T3(B2i—1)
for
Ti(p,i+1), Tu(p,i+ 1), Ta(p, i), T5(p, ).

The blocks (submatrices) in the second and the third matrices repressantiedinear transformations
as the ones in the first one but with respect to different bases of thestoe space¥;s. The columns
and rows which became zero by passing to the second and to third formefeared to as “irrelevant” and
are removed without damaging the Jordan cells but implying elimination or chkangbe bar codes as
specified earlier.

Transformation Ts(p, i) = To(Bai_1) = T» <ai —@-):
0 a1

The matrices below summarize the modifications carried out for this transformatio
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o | B Q; =
<0 aiﬂ) - <

> = Q1 Binn 3 o
Bin Bi,2 = == ’
0 Qit1,1 0 - 76%’2 :ﬁi’l 2 0
Oél‘+171 0
First take
a; =
Bi =Bi - R(aiv1) = (Bin, Bi2)
Qip1 =it - R(aiy1) = (@ig1,1, 0)
and then take

- = _ ;
a; =L(Bi2) - a; = (—%’1>
Q2

5’1,1 =L(Bi2) - Bi1 = (@11)
Bi12
Bio =L(Bi2) - Bia = <@021>

Qi1 =Qip1 = Q1,1 = Qiy11

The “irrelevant columns” correspond to the last elements of the modifiegl &fals,; 1 so that the zero
columns ofa; 1 vanish. '[he “ir[elevant rows” correspond to the last elements of the raddifise ol/;
so that the zero rows df(f; 2) - 5,2 vanish.

The minor after the elimination of the irrelevant rows and columns becomes

ap B\ _ (G2 Bz
0 )’ 0 g ‘

Qit1,1

Transformation T3 (p, i) = T3(Bai_1) = T3 <ai _5’>:
0 aip1
First take

N — ). J— 5{7;’1
a; =L(a;) - oy < 0 )

Bi =L(c) - B; = (g:;)

Qi1 =0y
and then take

Bi1 =Bi1 - R(Biz) = (Bira, Bin2)
Bio =Bi2 - R(Bi2) = (Biz1, 0)
Qi1 =0i+1 - R(Bi2) = (Qig11, @it12)

The minor after the elimination of the irrelevant rows and columns becomes

o B _ (a Bine
0 ajy,) 0

Qp =0 = 0y = Q4]

Q41,2
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Transformation Ty(p,i + 1) = Ty(Bg;) = Ty <_ﬁi 0 ):
Qit1 —Pit1

First take _
Bi =0

_ Q;
®it1 =L(Bi1) - i1 = ( Z+1’1>

Qig1,2

Biv1 =L(Bi+1) - Biz1 = (ﬁiBm)

and then take

B =Bi - R(@is12) = (Bin Bi2)
Qig1,1 =Qiy1,1 - R(@iv12) = (Qig1,1,1 ®it11,2)
Qiy1,2 =Qit1,2 - R(@it12) = (@it1,21 0)

5i+1 =5i+1 = Bz’+1,1 = Bz’+171

The minor after the elimination of the irrelevant rows and columns is

( B; 0 > [ Bia 0
! / o — = .
Qg i1 Qir1,12  Bigi12

Transformation T (p,i + 1) = T1(Bo;) = T} <_ﬁi 0 ):
it —fin

First take _ _
Bi =B - R(5i) = (Bin, 0)
Qip1 =it - R(Bi) = (Xig1,1, Qit1,2)
Bi+1 =Bi+1

and then take

E@' :Bi = Em = Bm

- _ _ Q12,1
Qip1,2 =L(®it12) - Qiy12 = < 0 )
_ _ _ Qit1,1,1
air1,1 =L(@it12) - @10 = | =
Q41,12

Biv1 =L(Ait12) - Biy1 = (@'+1,1>

The minor after the elimination of the irrelevant rows and columns becomes

( B 0 ) . Bi,l 0
/ / = = = :
iy Biga ait1,1,2 Biv1,2
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7 Conclusions

We have analyzed circle valued maps from the perspective of topolqugcsistence. We show that the
notion of persistence for such maps incorporate an invariant that isaotatered in persistence studied
erstwhile. Our results also shed lights on computing homology vector spadesteer topological invari-
ants from bar codes and Jordan cells (Theorems 3.1 and 3.2). Weitereg algorithm to compute the bar
codes and the Jordan cells; the algorithms can be also adapted to compaggaasistence. In subsequent
work Burghelea and Haller have derived more subtle topological invaridee Novikov homology, mon-
odromy [3], Reidemeister torsion, and others from bar codes andnloetla confirming their mathematical
relevance. We have not treated in this paper the stability of the invariangsis3ie will be addressed in a
forthcoming paper, see [3] for partial answer.

The standard persistence is related to Morse theory. In a similar vein, tfistpace for circle valued
map is related to Morse Novikov theory [16]. The work of Burghelea aaflerd applies Morse Novikov
theory to instantons and closed trajectories for vector field with Lyapulo®ed one form [2]. The results
in this paper will very likely provide additional insight on the dynamics of thesgor fields [2] and have
implications in computational topology in particular and algebraic topology inrgéne
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Appendix

After applying Stepl of the algorithm to the example described in section 3lataas the representation
po, p1 Of the graphG14. The representatiopy has all vector spaces one dimensional andvali= (3; the
identity, hence lead only to a Jordan o@lf 1) in dimension zero. The representatjon as visible in Fig 2
is given by : is given by
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Here is what the Step 2 of the algorithm does:

1. inspectB; - no change; inspeds,- no change;

2. inspectBs, - applyT;(Bs) and obtairp(1) = T3(p1, 2);

3. inspectBy, - applyTy(B4) and obtairp(2) = Ty(p(1), 3);

4. inspectBs - no change; inspeds- no change;

5. inspectBy, - applyT>(By;), and obtairp(3) = T2(p(2),4);

6. inspectBg - no change; inspedy- no change; insped,o- no change; inspeds;;- no change;

7. inspectBy2- apply T (Bi2) and obtairp(4) = T1(p(3),7);

8. inspectBy3-no change;

9. inspectB4- apply Ty (Bi4), and obtairp(5) = Ty(p(4),8 = 1)which has alk;s andg.s buta; the
identity anda; = <g g’) Hence we have one Jordan d&li 2).

Recall that:

1. T5(B3) = T3(p, 2) eliminates all bar codes of the forf, 2] and|2, 3), shrinks each bar code of the
form [2, k) and[2, k], k£ > 3, into bar code$3, k) and[3, k| respectively,

2. Ty(B4) = Tu(p, 3) eliminates all bar codes of the forf®, 3] and(2, 3], shrinks each bar code of the
forms (1, 3] and[l 3], 1 < 2, into the bar code#, 2] and[l, 2] respectively,

3. Th(By) = Ta2(p, 4) eliminates all bar codes of the for(d, 5) and[4, 5), shrinks each bar code of the

l

form[I,5) an ( 5),1 < 3, into bar code$l, 4) and(l, 4) respectively,
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4. T1(B12) = Ti(p, 7) eliminates all bar codes of the forff, 7) and(6, 7], shrinks each bar code of the
form (6, k] and(6, k), k > 8, into bar codeg7, k] and(7, k) respectively,

5. T4(B14) = Tu(p, 8) eliminates all bar codes of the forfh, 1] and(7, 8], shrinks each bar code of the
forms(l, 8] and[l, 8], [ < 7, into the bar code§, 7] and[l, 7] respectively,

In view of Proposition|(6.1) which provides the multiplicity of the bar codes Whiere eliminated and
in view of the shrinking described above we conclude:

1. p(5) has no bar codes,

2. p(4) has one bar codg, 8],

3. p(3) has one bar codg, 8],

4. p(2) has two bar code@, 8] and(4, 5),

5. p(1) has three bar codés, 3], (6,8] and(4,5),
6. p1 has three bar codé¢2, 3], (6,8] and(4,5),

which converted in critical angles give exactly the barcodes descrilibé table associated with the exam-
ple.
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