−

−

−

+

2 2

+

+

Abstract.

F A

∪

F

− −

F

F −

F

A

M

S

M , ∂ M

∂ M ∂ M ∂ M

M , M

L L

M , ∂ M , ∂ M ,

M , ∂ M , ∂ M ,

TORSIONS F

OR MANIF

OLDS WITH

BOUND AR Y AND GLUEING F

ORMULAS

D. Bur ghelea (Ohio St a te University)

L. Friedlander (University of Arizona)

T. Kappeler (Ohio St a te University)

Contents

0. In tro duction.

1. Linear homological algebra in the v on Neumann sense.

2. T orsions for compact manifolds with b oundary .

2.1. Reidemeister and analytic torsion.

2.2. Determinan t class.

2.3. Witten deformation of the de Rham complex for manifolds

with b oundary .

2.4. Asymptotic expansions and a comparison theorem.

3. Applications to torsion.

3.1. Comparison of analytic and Reidemeister torsion.

3.2. Glueing form ulas (P artI).

3.3. Glueing form ulas (P artI I).

3.4. Comparison of the analytic torsion for differen t b oundary

conditions.

4. App endix: On manifolds of determinan t class.

W e extend the definition of analytic and Reidemeister torsion for closed

compact Riemannian manifolds, to compact Riemannian manifolds with b oundary

( ), giv en a parallel flat bundle of -Hilb ert mo dules of finite t yp e and a

decomp osition of the b oundary = in to disjoin t comp onen ts. When

is induced from the univ ersal co v ering of and the fundamen tal group of

is infinite (cf. [BFKM]), these torsions are kno wn as the analytic resp.

Reidemeister torsions. If the system ( ) is of determinan t class w e

compute the quotien t of the analytic and the Reidemeister torsion and pro v e gluing

form ulas for b oth of them. In particular w e answ er p ositiv ely Conjecture 7.6 in [LL].

If is induced from a Γ principal co v ering where Γ is a residually finite group, w e

deriv e from the w ork of L ¨ uc k (cf.[L ¨ u3]), that the system ( ) is of

determinan t class (cf. Theorem A in App endix).

All three authors w ere supp orted b y NSF. The first t w o authors wish to thank the Erwin-

Sc hr¨ odinger-Institute in Vienna for hospitalit y and supp ort during the summer of 1995 when part

of this w ork w as done.

T yp eset b y -T

E

X

1

↾

R

R Z

Z

( ) ( )

( ) ( )

( )

2

0

2

2

+ +

+

+

+

+

+

×{ }

∗

− −

−

−

−

−

′ ∞

′

−

′

∂ M

∂ M ∂ M

∂ M

∂ M

∂ M

∂ M

∂ M

∂ M

A F A

−

× →

∅

−

→

⊆

− ∈ ≤

∈ ≤

× →

⊆

0. In tro duction.

Definition.

(T1)

(T2)

OR MANIF

OLDS WITH BOUND AR Y...

,

L

M

d, ∂ M g M

g

ϵ >

∂ M , ϵ M

id P

g g dt P

g g ∂ M dt

, ϵ ∂ M

∂ M ∂ M M , ∂ M , ∂ M

M ∂ M ∂ M .

M M , ∂ M , ∂ M M

M ∂ M ∂ M

M , ∂ M , ∂ M

τ h, g C h M

a, b , g

M

h x, t b t x ∂ M , t < ϵ

h x, t a t x ∂ M , t < ϵ

∂ M , ϵ M ∂ M

g

h C r h ,

C r h h

h

The purp ose of this pap er is to extend the study of the analytic and the Rei-

demeister torsion to compact Riemannian manifolds with b oundary

. The torsions

w e will consider will b e asso ciated to compact manifolds equipp ed with a parallel

flat bundle of - Hilb ert mo dules of finite t yp e, where is a finite v on Neu-

mann algebra. This torsions in v olv e op erators whose sp ectrum, in general, is not

exclusiv ely pure p oin t, but migh t con tain a con tin uous part as w ell. In particular,

the analytic and Reidemeister torsions are of this t yp e. Among other results

w e pro vide a form ula for the quotien t of the analytic torsion and the Reidemeister

torsion. In particular w e pro v e Conjecture 7.6 in [LL]. W e also establish glueing

form ulas for b oth torsions. These form ulas are basic to ols for the calculation of

these torsions.

In order to form ulate our results more precisely , w e in tro duce the follo wing

notations. Let b e a compact smo oth manifold, not necessarily connected, of

dimension and with b oundary . Let b e a Riemannian metric on .

Throughout the pap er, w e will alw a ys assume that has a pro duct structure near

the b oundary (pro duct-lik e), i.e. that there exist 0 and a diffeomorphism

Θ : [0 ) so that

Θ = ( 1)

Θ ( ) = +

( 2)

where denotes the restriction of to and denotes the Euclidean metric

on the half op en in terv al [0 ). Supp ose is a union of t w o disjoin t comp onen ts,

not necessarily connected and p ossibly empt y . Let us sp ecify an ordering for them,

and . Then ( ) will b e referred to as a b ordism. A closed

manifold can b e regarded as a b ordism with = = If it is not

am biguous, w e will write instead of ( ) and denote b y the

b ordism obtained from b y in terc hanging and . Next, w e in tro duce

the notion of generalized triangulation for a b ordism ( ).

A pair = ( ) consisting of a -function : with range

[ ] , where a and b are elemen ts in and a Riemannian metric is said to

b e a generalized triangulation for if the follo wing prop erties hold:

Θ ( ) = 0

Θ ( ) = + 0

where Θ : [0 ) denotes the exp onen tial map at , asso ciated to

(cf. ab o v e).

( )

where ( ) denotes the set of critical p oin ts of . (Notice that w e do not require

that is self-indexing. This will b e con v enien t for the glueing construction.)

′

1

1

R

R

R y y

y

j

( )

∑ ∑

∑

∑

≤ ≤

F A − W E

W

(T3)

(T4)

x M M j k

,

π M , x j j M

op

j j x

j j j j op

j

j

′

′

′

±

−

− ±

−

′

−

′

−

′

−

−

−

− −

′

−

−

′

−

′

−

−

′

#

1

=1

2

= +1

2

+

+

+

1 1

+

+

+

+

+

+

=0

+1

+

+

=0

+1

∈ →

−

∅ ∅

A F E ∇

E → A ∇

A · ·

E ∇

−

E

E

F { F }

∈ { F }

F

−

{ F }

∈ { F }

F

− k y ϵ ϵ

d

y y

y

ϵ

y d k

j j d

j k j

g

p

y

D

q

comb

q

q

N q

an an

an d

q q

N q

comb

q

N comb

q

comb comb

comb d

q q

N comb

q h y

k , y C r h , ϕ D M , D

ϵ > , ϕ y , ϕ g

D

h ϕ x , . . . , x h y x x .

g

h

h g g r ad h

t M ∂ M

M , ∂ M , ∂ M

M , ∂ M , ∂ M M , , ∂ M M , ∂ M , ∂ M .

M , ∂ M , ∂ M τ h, g

,

M

,

p y

τ h, g M , ∂ M , ∂ M τ h, g

M , ∂ M , ∂ M .

q

∂ M ∂ M

M , ∂ M , ∂ M

M , ∂ M , τ M , ∂ M , ∂ M , g ,

a

det . M , ∂ M , ∂ M , g ,

T T M , ∂ M , g , >

T q det .

M , ∂ M , ∂ M , τ , c

det . M , ∂ M , ∂ M , τ ,

T T M , ∂ M , τ , >

T q det .

GHELEA, L. FRIEDLANDER, T. KAPPELER 3

Giv en a c hoice of base p oin ts ( ) in eac h of the connected comp onen ts of (1 )

determines and is determined uniquely b y the ( Γ ) Hilb ert mo dules := where the

action of Γ := ( ) on is giv en b y the parallel transp ort and where Γ denotes the

group Γ with opp osite m ultiplication (cf. [BFKM]).

All critical p oin ts of are nondegenerate and, giv en an y critical p oin t of

index ( ) there exists a diffeomorphism : with b eing

the disc in of radius 0 cen tered at 0, so that (0) = ( ) is the

Euclidean metric on and

( ) = ( )

1

2

+

1

2

If for eac h critical p oin t of h, suc h a co ordinate system exists, the metric is called

compatible with .

The gradien t of with resp ect to , , satisfies the Morse-Smale

condition (cf. [BFKM]).

A smo oth simplicial triangulation of with the prop ert y that b ecome

sub complexes induces generalized triangulations on the b ordisms ( ),

( ), ( ), ( ) and on the closed manifolds

Assume that the follo wing data is giv en: ( ) a b ordism; = ( )

a generalized triangulation; a finite v on Neumann algebra; = ( ) a parallel

flat bundle where is a bundle of -Hilb ert mo dules of finite t yp e and is

a flat connection making the -mo dule structure and the inner pro ducts ( ) of

= ( ) parallel with resp ect to .

If = ( ) is a generalized triangulation of ( ) then = ( )

is a generalized triangulation of ( ) It will b e refered to as the dual

triangulation.

In section 2 w e define, similar as in [BFKM], analytic Laplacians Δ , acting

on -forms with co efficien ts in with relativ e (or Diric hlet) b oundary conditions

on and absolute (or Neumann) b oundary conditions on , asso ciated to

( ), g and . F urther, w e define com binatorial Laplacians Δ ,

asso ciated to ( ) and . W e sa y that the triple ( )

is of - determinan t class if all the analytic Laplacians Δ are of determinan t

class, i.e. log Δ F or ( ) of a-determinan t class the

analytic torsion = ( ) 0 is defined b y

log :=

1

2

( 1) log Δ

Similarly , w e sa y that the triple ( ) is of -determinan t class

if all the com binatorial Laplacians Δ are of determinan t class,

i.e. log Δ F or ( ) of c-determinan t class the

com binatorial torsion = ( ) 0 is defined b y

log :=

1

2

( 1) log Δ

2

1 1 2 2 ± ± ± ±

↾

↾

↾ ↾ ↾ ↾

Theorem 2.10.

−

−

−

− −

−

−

− −

−

−

−

− −

−

−

± ±

− −

+ +

+

+

+ +

1 +

2

+

2

+

+

1 1 1 2 2 2

1 1 1 1 1 2 2 2 2 2

Re Re

Re comb met

met

met Re

Re

∂ M

∂ M

op

an Re

j j j

j j j j j

j

j j j j

∂ M ∂ M ∂ M ∂ M

F

F

F

{ F }

F

{ F } { ∅ F } { F }

{ ∅ F }

{ F } F

−

F

F

F N −

{ F }

R R F

R F − F

R

R

F E ∇

A

F

F F

R F R F

OR MANIF

OLDS WITH BOUND AR Y...

The first author thanks A.Misc henk o for pro viding him with a preliminary v ersion of [CMM].

Assume that for is a b or dism e quipp e d

with a R iemannian metric , a gener alize d triangulation and that

is a p ar al lel flat bund le of -Hilb ert mo dules of finite typ e on . Assume also that

the systems ar e of determinant class and

Then

T T M , ∂ M , g , τ ,

T T T

T

T M , ∂ M T

τ .

T M , ∂ M , g , τ ,

τ .

a c

M , ∂ M , ∂ M , M , ∂ M , ∂ M

M , ∂ M , ∂ M ,

M , ∂ M , ∂ M , M , , ∂ M , ∂ M ,

M , , ∂ M ,

∂ M ,

M

M , ∂ M , ∂ M M , ∂ M , ∂ M ,

M

π M , M , ∂ M , ∂ M ,

,

ℓ

M , ∂ M , ∂ M ,

M , ∂ M , g , τ ,

T M , ∂ M , g , T M , ∂ M , g , τ , .

j , , M , ∂ M , ∂ M

g τ ,

M

M , ∂ M , ∂ M ,

∂ M , g , ∂ M , g , .

M , ∂ M , g , τ , M , ∂ M , g , τ , .

The Reidemeister torsion = ( ) is then defined b y

log = log + log

where is the metric part of the torsion, defined as in [BFKM] (cf. section 2).

is equal to 1 if ( ) is - acyclic. It turns out that do es not dep end

on the triangulation The pro of of this fact is not difficult and is the same as in the

case of finite dimensional unitary represen tations. This result is also con tained in

Theorem 3.1. Nev ertheless, w e will con tin ue to write ( ) in order

to emphasize that the Reidemeister torsion is calculated with the triangulation

One can sho w that the notions of -determinan t class and -determinan t class

are equiv alen t (cf. [BFKM]) whic h allo ws us to in tro duce the notion of a pair

( ) b eing of determinan t class. Giv en a b ordism ( )

w e sa y that the system ( ) is of determinan t class if the three pairs

( ) , ( ) and are of determinan t class.

As w e will see in Prop osition 2.5 (4) this is equiv alen t with ( ) and

b eing of determinan t class. If is a parallel flat bundle o v er a

compact manifold induced from a Γ principal co v ering where Γ is a residually

finite group, one can deriv e from the w ork of L ¨ uc k (cf.[L ¨ u3]), that for an y b ordism

( ) the system ( ) is of determinan t class (cf. Theo-

rem A in App endix). In particular, one concludes that if is connected and has

residually finite fundamen tal group Γ := ( ) the system ( ) is

of determinan t class if is the Hilb ert bundle induced b y the ( (Γ) Γ ) Hilb ert

mo dule (Γ) (cf App endix).

Giv en a pair ( ) of determinan t class, denote b y

= ( ) the quotien t of analytic and Reidemeister torsion,

log = log ( ) log ( )

In a forthcoming pap er [BFK2], w e will sho w that the quan tit y is w ell defined

without the h yp othesis of the pair b eing of determinan t class, a fact whic h w as

pro v ed first in [CMM] in the acyclic case , and that Theorems 2.10 and 3.1 b elo w

hold without this h yp othesis.

Extending our earlier results [BFK], [BFKM] and using similar tec hniques, w e

pro v e that log dep ends only on the data on the b oundary:

= 1 2 ( )

= ( )

( )

( ) = ( )

( ) = ( )

This theorem allo ws us to extend the comparison theorem (cf. [BFKM] and

[BFK]) of analytic and Reidemeister torsions from closed manifolds to b ordisms.

k

k

∑

{

−

−

R C

R

+ 1 2

+ 1 2

↾

↾

▽

↾ ↾

↾ ↾

Theorem 3.1.

Definition.

−

−

−

−

−

−

′

−

−

−

−

′ ′ ′

∞

′

−

′

∼

′

∼ ∼

′

GHELEA, L. FRIEDLANDER, T. KAPPELER 5

F

R

R F F

F F

F · E

E E

A

R

R F

F E

→

E − → E

↓ ↓

− →

∪

F F F

→

∈

− ∈

H A−

H H k k N ∂ M k

k

k N ∂ M k

j j j j j j j

j j j j

∂ M ∂ M

∂ M ∂ M

ω

ω

j j j j

an

an an

+

+

+

+ 1 1 2 2

1

Φ

2

+ 1 2

1 2 1 + 2 + 1

2 1 2

1

1

2

2

1 2

1 1

1 2 2 2

1 2

1 + 2

+ 1

1 1

1 1

1

2

1 2

M , ∂ M , ∂ M ,

M , ∂ M , g , τ , χ ∂ M

χ ∂ M ∂ M

χ ∂ M χ ∂ M dim ∂ M

∂ M χ ∂ M

∂ M dim ∂ M

∂ M , ∂ M

∂ M . M , ∂ M , g , τ ,

∂ M

j ,

M M , ∂ M , ∂ M g , τ h , g ,

ω ∂ M , g ∂ M , g

ω

∂ M ∂ M .

M M M , ∂ M , ∂ M ∂ M

∂ M ω ω ,

g , g g , g g g M

h h C h M

h x h x x M

b a h x x M

j , , h M a , b .

τ τ

τ h, g M , ∂ M , ∂ M .

∂ M g g τ h , g

τ

M , M , M

g ,

g T g

Assume that the system is of determinant class.

Then is given by

wher e is the Euler char acteristic of with c o efficients in and is

e qual to wher e ar e the c onne cte d

c omp onents of the b oundary , is the standar d Euler char acteristic of

and is the von Neumann dimension of the fib er of ab ove .

R emark.

( )

log

log ( ) =

1

4

( ; ) log 2

( ; )

( ; ) = ( )

( )

In the case is or , Theorem 3.1 is due to W. L ¨ uc k [L ¨ u1] and,

indep enden tly , Vishik [Vi] (cf. also [Ch]).

The ab o v e result sho ws that do es not dep end on the partition of

the b oundary Ho w ev er w e con tin ue to use the notation ( ) as

the indep endence of will b e pro v en only to w ards the end of the pap er.

Next w e presen t a gluing form ula for the analytic torsion. F or = 1 2, let

= ( ), = ( ) and = ( ) b e as ab o v e and

supp ose that there exist an isometry

: ( ) ( )

and a connection preserving bundle isometry Φ ab o v e whic h mak es the follo wing

diagram comm utativ e

Then one can form the b ordism ( = ) b y glueing

to b y and the parallel flat bundle b y glueing and b y ( Φ). The

metrics and determine Riemannian metrics and on , and the

functions and determine the -function : giv en b y

( ) :=

( ) ( )

+ ( ) ( )

where, for = 1 2 ( ) = [ ]

Generalized triangulations and as ab o v e are said to b e compat-

ible if = ( ) is a generalized triangulation of ( )

Notice that b y an arbitrary small p erturbation, lo calized in a giv en neigh b orho o d

of one can mo dify the metric to so that the triangulation := ( )

is compatible with .

Finally the manifolds and the metric g induce a cohomology sequence

( ) whic h is a long w eakly exact sequence of Hilb ert mo dules, and hence a

co c hain complex. Differen t metrics induce isomorphic, but not necessarily isometric

complexes. If ( ) is of determinan t class w e denote b y ( ( )) its torsion.

R

∑

∑

Theorem 3.2.

− − −

− − −

− −

−

−

− −

− −

′

−

−

−

OR MANIF

OLDS WITH BOUND AR Y...

1 2

0

2 2 2

0 0

1 1 1

1

2 2 2 2 2 2

1 1 1

+1

2 2 2

+

+

2

=1

2

=1

+ 1 1

+ 1 2

+

+

2

H A−

H H

→ F → F → F →

→ F → · · · → F → F →

→ F → F →

F

F H H

F F

H

F F H

−

F

A

→ F

F comb

an comb

k k

k k

i i i i

comb an

Re

j

Re j j j j j

an

an

j an j j j j an

Assume that for the system is of

determinant class. Then the fol lowing statements hold:

(i) The system and the c omplexes ar e of determi-

nant class;

R emark.

M , M , M τ

τ ,

g τ .

H M , ∂ M , H M , ∂ M , H M , ∂ M ,

H M , ∂ M , H M , ∂ M , H M , ∂ M ,

H M , ∂ M , H M , ∂ M , . . .

i , M , ∂ M , ∂ M ,

M , ∂ M , ∂ M , ,

T M , ∂ M , g , τ , T M , ∂ M , g , τ , ii

T .

T M , ∂ M , g , T M , ∂ M , g , T iii

χ ∂ M

.

∂ M ∂ M

M

M , ∂ M , ∂ M M

M M

M , M , ∂ M , ∂ M ,

L

Similarly

, the manifolds and the generalized triangulation induce a

cohomology sequence ( ) whic h is a long w eakly exact sequence of Hilb ert

mo dules and th us, again, a co c hain complex. In tegration theory (cf section 2)

pro vides an isomorphism (whic h t ypically is not an isometry) b et w een the t w o

sequences ( ) and ( ) Both sequences are of the follo wing form:

0 ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

= 1 2 ( )

( )

log ( ) = log ( ) ( )

+ log ( )

log ( ) = log ( ) + log ( ) ( )

( ; )

2 log 2

In the case where = this result is due to Vishik [Vi3]. Vishik’s pro of

is, ho w ev er, v ery differen t from ours.

A sigh tly more general form of this result is con tained in Theorem 3.2 where

only some comp onen ts of and are glued together. The last result

is Theorem 3.3 whic h compares the analytic torsions of b ordisms with the same

underlying compact manifold .

The pap er is organized as follo ws:

In section 1 w e pro v e a n um b er of auxiliary results ab out co c hain complexes of de-

terminan t class and a generalization of Milnor’s result concerning the torsions of a

short exact sequence of finite dimensional complexes to infinite dimension (Prop osi-

tion 1.13, Theorem 1.14). This section is quite elemen tary but it is included for the

sak e of completeness. In section 2 w e pro v e Theorem 2.9 on whic h all subsequen t

results dep end on. Theorems 3.1, 3.2, 3.2’, 3.3 are pro v en in section 3. In the app en-

dix, w e pro v e that for an y b ordism ( ) with a compact connected

manifold,

~

a principal co v ering with residually finite group and the par-

allel flat bundle on induced b y this co v ering, the system ( ) is

of determinan t class. This result is implicit in L ¨ uc k [L ¨ u3]. Unfortunately

, in [L ¨ u3]

there are a n um b er of misleading misprin ts and the definition of the -determinan t

C

M

∂ M

W E →

A E A

F

R

∅ A

GHELEA, L. FRIEDLANDER, T. KAPPELER 7

is incorrect. F or the con v enience of the reader w e presen t an outline of the pro of of

this result.

By the same argumen ts as giv en in [BFKM, Prop osition 5.11] it suffices to pro v e

the ab o v e Theorems in the case where the fib er of the bundle is a free

-mo dule. F or the rest of the pap er the bundle has as a fib er a free -mo dule.

The results presen ted in this pap er can b e extended to the case where is a flat

bundle with a Hermitian structure whic h is not necessarily parallel with resp ect

to the connection; in this case the relativ e torsion con tains an additional ”lo cal

quan tit y” whic h has b een obtained b y [BZ] in the case = and = .

Apart from v ery minor mo difications, this pap er coincides with an IHES preprin t

from Jan uary 1996.

+

R

∫

∫

∫ ∫

∗ − ∗

→

→

∗

∞

′

′

′

A

′ ′

′

′ ′ ′

′

OR MANIF

OLDS WITH BOUND AR Y...

iso w iso

iso

/

w iso

/

w iso

ϵ w iso

w iso

ϵ

f N

f

f

f f

f

1 2

1 2

2

1 2

1 2

1 2

1 1

2

0

2

1

2

2

0

1

0+

1

0+

1

0

1

0

1 2 1

1

1

2

2

1 2

Section 1 Linear homological algebra in the v on Neumann sense.

A

W W W U A

W → W

W

W → W W → W

∪ {−∞}

−∞

{ L L W ‖ ‖ ≤

√

‖ ‖ ∈ L }

−∞

−

−

∈ L W W · · W → W

W W → W

W → W

, , , , . . .

f f

I m f f f f

f f f f f f f

f ϵ ϵ >

f

f f ϵ .

f

f

f f f ϵ . .

f

< f . .

f ,

F λ , f x λ x x ,

f λ dF λ .

< λ dF λ . .

.

F λ F

λ dλ λ dF λ ,

f , . f f j f p p

/N ul l f , j R ang ef

f f

f

In this section w e follo w, if not stated otherwise, the notations and use the

definitions of Section 1 in [BFKM]. In particular, con trary to the standard notations

for co c hain complexes, the indice for the degree is denoted as a subscript and not

as a sup erscript.

Throughout this section, let b e a v on Neumann algebra of finite t yp e. By

w e denote arbitrary -Hilb ert mo dules of finite t yp e.

Recall that : is said to b e a w eak isomorphism if is 1-1 and its

range, ( ), is dense in . It admits a p olar decomp osition = where

:= ( ) : is an isometry and := ( ) : is

a w eak isomorphism whic h is selfadjoin t and p ositiv e. Therefore + ( 0) is

an isomorphism and one can define V ol( ) b y

log V ol( ) := lim

1

2 log det( + )

(1 1)

where the determinan t is the one giv en b y F uglede-Kadison [FK] and where log

denotes the branc h of the logarithm with log 1 = 0. Notice that log det ( ) :=

log V ol( ) is in and

log V ol( ) = lim

1

2 log det( + )

(1 2)

The w eak isomorphism is said to b e of determinan t class iff

log V ol( )

(1 3)

Using the sp ectral distribution function of

( ) := sup dim ; subspace of ( )) ( )

one can sho w that

log V ol( ) = log ( ) ( )

(1 2 )

and that (1.3) is equiv alen t to

log( ) ( )

(1 3 )

In case (1 3 ) holds, one v erifies that

( ) (0)

= log( ) ( )

using that the b oundary term obtained, when in tegrating b y parts, v anishes. It will

b e con v enien t to extend the concept of determinan t class to an arbitrary morphism

( ) F or this purp ose w e factor as = with : =

the canonical pro jection and : := the inclusion.

Then : is a w eak isomorphism. The morphism is said to b e of

determinan t class if is of determinan t class.

1

( )

Prop osition 1.1.

1 2 2 3

1

1

2

2

2

2

1 2

1 2

1 2 1 2

1 2

1 3

1

1 1

1

1 2

1

1

GHELEA, L. FRIEDLANDER, T. KAPPELER 9

A A

A

′

A

′

A

′ ′ ′ ′

′

∼

∼

∼

∼

−

∼ ∼

∗

∼

W

∼

∼

∗

∼

∼ ∼

∗

∼

∼

∼ ∼

−

∼

−

−

∈ L W W ∈ L W W

·

·

·

∈ L W W ∈ L W W

∈ L W W W ⊕ W → W ⊕ W

W → V

⊕ W → V ⊕ V

W W

W → W W → W

W W i i

iso w iso iso w iso

iso iso

iso w iso

iso w iso iso w iso

iso w iso iso w iso

iso w iso iso w iso

w iso f , g ,

g f

g f g f . .

g f g f

f , g ,

h , f f h

g

f f g . .

f , i ,

f f

f , g

f f f g g g

g f g f g f

g g f f f g f . .

g g g I d g f g f f f

g f f . .

f f f g f f

,

f f g f f . .

f g f g . .

f f g

(A) Assume that and ar e b oth we ak isomor-

phisms. Then is a we ak isomorphism. Mor e over

V ol V ol V ol

In p articular is of determinant class iff b oth and ar e of determinant class.

(B) Assume that and ar e b oth we ak isomor-

phisms and . Then is a

we ak isomorphi sm and

V ol V ol V ol

(C) If ar e two morphisms and b oth ar e of determinant class

then is of determinant class.

R emark.

Pr o of.

( ) ( )

log ( ) = log ( ) + log ( )

(1 4)

( ) ( )

( ) =

0

:

log ( ) = log ( ) + log ( )

(1 5)

: = 1 2

:

: (a) In the case where = , statemen t (A) is v erified in [FK].

(b) In the case are isomorphisms and not only w eak isomorphisms, statemen t

(B) is pro v ed in [BFKM, Prop osition 1.9].

(A) Consider the p olar decomp osition = and = . Then

can b e written as = where

:= : ; := :

(1 6)

Note that is an isometry

. Therefore = and ( ) ( ) = . F rom

definition (1.1) it then follo ws that

log V ol( ) = log V ol( )

(1 7)

The map can b e decomp osed, = ( ) and w e conclude from

(1.4), whic h is applied in the case = that

log V ol( ) = log V ol( ) + log V ol( )

(1 8)

T aking in to accoun t (1.2) one concludes that

log V ol( ) = log V ol( )

(1 9)

F rom definition (1.1) w e kno w that log V ol( ) = log V ol( ) and similarly for .

Com bining (1.7) - (1.9) leads to

□

′ ′

i i

2 2

1 2 1 2

0 1

Definition.

( ) ( ) ( )

∑

′

′ W W

W W

⊕

′

−

− −

−

∗

∗

−

−

−

−

1 2

1 1 2 2

0 1

+

+

1 1 +1

1

1

+

+1

1 2

1 2

OR MANIF

OLDS WITH BOUND AR Y...

f f f f

d d

i i i

i i

i i i

i i i i i

i

i i i i

i

i i i i

i

i

i

j j

j

k

k k

k

j

k

k j k

− ≤ { − − }

A C A

→ C → C → · · · →

C C H ⊕ C ⊕ C

C C C C H ∩

H C

C → C

A C

C C

C −

C A C

C A ⊗A C C

⊕ C ⊗C g f g f .

f

f

I d

g

I d h

I d f

I d

.

F λ F λ , F λ F λ F λ F λ .

F λ F F λ F , F λ F .

.

, d

. .

,

d d N ul l d N ul l d . .

N ul l d /R ang e d H .

d d d . .

d

i d d

T

T d . .

k , χ log V ol( ) = log V ol( ) + log V ol( )

(B) T o v erify (B) decomp ose as follo ws

=

0

0 0

0

0

(1 10)

and apply (A) together with Prop osition 1.9 in [BFKM].

(C) Denote b y ( ) := ( ) ( ) := ( ) and ( ) := ( ) It is

straigh tforw ard to v erify that ( ) (0) sup ( ) (0) ( ) (0)

In tegration b y parts in (1 3 ) implies the result.

Consider a finite -co c hain complex ( ) of -Hilb ert mo dules of finite t yp e

0 0 (1 11)

Define the Ho dge decomp osition = , where

:= ( ) ; := ( ) ; := ( ) ( )

(1 12)

Recall that is isomorphic to ( ) = ( ) With resp ect to this

decomp osition

=

0 0 0

0 0

0 0 0

; : (1 13)

Note that is a w eak isomorphism.

The -co c hain complex is said to b e of determinan t class if, for an y

, (or, equiv alen tly , ) is of determinan t class.

If is of determinan t class, its torsion ( ) is a p ositiv e real n um b er giv en b y

log ( ) = ( 1) log V ol( )

(1 14)

F or = 1 2, let b e -co c hain complexes. Denote b y ( ) the Euler-P oincar ´ e

c haracteristic of . In tro duce the

^

-co c hain complex giv en b y =

(

^

). Here the tensor pro duct is tak en in the category of Hilb ert spaces.

In [BFKM, Corollary 1.22] w e ha v e v erified the follo wing

− −

Prop osition 1.2.

Prop osition 1.3.

C C C

C C C C C

C → C

C H ⊕ C ⊕ C C H ⊕ C ⊕ C

C → C

≥

H → H

C → C

C C

GHELEA, L. FRIEDLANDER, T. KAPPELER 11

T χ T χ T . .

f

f

f f f

f f f

f

. .

d f f d . .

i

f f , f .

f .

f f f f . .

f f .

f , f , f .

H f f

f

f

H f i i

,

i

,

i i i

,

i

,

i

i

i i

i i, i,

i, i, i,

i,

i i, i ,

i

i i, i,

i,

i i, i, i,

i i

i, i, i,

i i,

i i

i

i

1 2

2 1 1 2

1 2

1 1

1 + 1

2 2

2 + 2

1 2

11 13

21 22 23

33

2

33 +1 22

1

11 22

33

11 22 33

11 22 33

11

1 2

1 2

1 2

Supp ose and ar e b oth of determinant class. Then is of

determinant class and

L et b e a morphism of c o chain c omplexes.

(A) If, for any i, is a we ak isomorphi sm and of determinant class, then the

fol lowi ng statements hold:

(i) F or any i, is of determinant class;

(ii) is of determinant class iff is;

log ( ) = ( ) log ( ) + ( ) log ( )

(1 15)

Supp ose : is a morphism of c hain complexes. By straigh tforw ard

insp ection (cf. [BFKM, section 1]) one sees that, with resp ect to the Ho dge de-

comp ositions of = and = , the morphisms

: are of the form

=

0

0 0

(1 16)

Moreo v er

= (1 17)

F urther it is straigh tforw ard to conclude from Prop osition 1.1 that for an y 0

the follo wing statemen ts hold:

is a [w eak] isomorphism iff and

(1 18)

are all [w eak] isomorphisms

log V ol = log V ol + log V ol + log V ol (1 19)

Assume that is a w eak isomorphism. Then is of determinan t class

(1 20)

iff are all of determinan t class

In the sequel, w e will o ccasionally write ( ) for : .

:

( )

□

0 1

∑

∑

( )

∑ ∑

∑ ∑

Definition.

C C

C C − −

−

C

C

−

− − −

C − C

− − − −

− − −

C

→ C → C → C →

C

C

T T f .

H f .

f

d f f d

d .

d f f

T T .

f f

f H f ,

. .

d

d N ul l d d i i

i

i i

i

i i, i ,

i

i i

i i i

i, i

i ,

i i

i,

i i

i,

i i

i i

i

d d

OR MANIF

OLDS WITH BOUND AR Y...

1 2

2 1

1

2

2

33 +1 22

1

2

1

+1

33 +1 22

2 1

22 33

0 1 2

0

0 1 1

2

(iii) if is of determinant class (and thus, by (ii), is of determinant class as

wel l), then

V ol

V ol

(B) If is a homotopy e quivalenc e (cf. [BFKM], definition 1.14 ) then is of

determinant class iff is.

Pr o of.

log ( ) = log ( ) ( 1) log ( )

(1 21)

+ ( 1) log ( )

(A) (i) is obtained from (1.20) and (ii) follo ws from (1.20), (1.17) and Prop o-

sition 1.1. T o c hec k (iii), apply Prop osition 1.1 to = to conclude

that

( 1) log V ol (1 22)

= ( 1) log V ol + ( 1) log V ol + ( 1) log V ol

whic h, after summing up and using (1.14), leads to

log ( ) log ( )

(1 23)

= ( 1) log V ol( ) ( 1) log V ol( )

= ( 1) log V ol( ) + ( 1) log V ol ( )

where for the last equalit y , w e used (1.19).

(B) This result is due to Gromo v-Sh ubin [GS] ( cf. also Prop osition 1.18 in

[BFKM]).

The follo wing, somewhat tedious considerations (up to the end of (1.69)) will

b e used for the pro of of Lemma 1.11, Lemma 1.12, Prop osition 1.13 and Theorem

1.14.

Let b e a co c hain complex of the form

0 0 (1 24)

Suc h a complex is called a three stage complex.

A three stage complex is said to b e a w eakly exact sequence if

is injectiv e, Range ( ) = ( ) and Range ( ) = .

R R

I d

C

C d d

f

f

h

h

I d

( )

( )

( )

( )

0 1

1

1

2

0

0 2

Lemma 1.4.

⊥

⊥

−

−

−

−

⊥

− ⊥

−

−

C

′

′

′

GHELEA, L. FRIEDLANDER, T. KAPPELER 13

0

0 0

1

0 2

0

0 1

0 1

0

+

1 1

2

0 1 1 1

0

+

1 1

2

0

+

1 1

2

1

2 0

+

1

1

1

0

2

0

0 1

1

1

2 0

+

1 1 1

1

1

1

1 1

0 0 2

(0 )

2 d d d R ang e d

d

R ang e d

T d d . .

.

d d g g d

f g

T f g . .

f g

g f

d d R ang e d

d

. T d d

d R ang e d d

I d g g h

h g h g h. .

T . .

f

C → → C

C

C

C −

C

→ C → C ⊕ C → C →

C → C C → C

C −

C → C C →

C C → C C → C

→

C ∈

∪ {−∞} C − ∈ ∪ {−∞}

C → ⊆ C ⊕ C

C

→ C − → C ⊕ C − → C →

C

C → C

Supp ose that the thr e e stage c o chain c omplex is a we akly exact

se quenc e of the form

wher e and . F urther assume that is onto. Then the fol lowi ng

statements hold:

(A) If and ar e we ak isomorphi sms of determinant

class, then the c omplex is of determinant class and

V ol V ol

(B) Assume that (1.26) is of determinant class. If [r esp.

] is of determinant class, so is [r esp. and formula

(1.27) holds.

Pr o of.

Note that in this situation : Range ( ) and : ( )

are w eak isomorphisms where Range ( ) denotes the orthogonal complemen t of

( ) in .

In the case where is of determinan t class, its torsion is giv en b y

log ( ) = log V ol( ) log V ol( )

(1 25)

0 0 (1 26)

= = ( )

: :

log ( ) = log ( ) log ( )

(1 27)

: :

: : ]

First note that, due to the assumption that is on to, : ( )

is an isomorphism and therefore of determinan t class. Moreo v er, log V ol( )

Therefore, w e can define log ( ) = log V ol( ) log V ol( ) .

Denote the in v erse ( ) : ( ) b y ( ) = and

conclude that

= ( ) = +

(1 28)

Consider the complex giv en b y

0

( )

0

whic h is of determinan t class and satisfies

log ( ) = 0

(1 29)

F urther in tro duce the morphism : giv en b y the follo wing diagram

□

R f

f g ,g

C C

−

C

C

C

C

C

C C

C

C

C

C

C

0 2

1

1

+

1

+

1

2

+

1

2

+

1

+

1

2

+

1

2

+

1

+

1

( )

( )

( )

( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

( )

( )

OR MANIF

OLDS WITH BOUND AR Y...

→ C → C ⊕ C → C →

↓ ↓ ↓

→ C → C ⊕ C → C →

C −

C

C

−

−

∪ {−∞}

−

−

− −

−

−

0 0 2 2

1

1

0

+

1 1

( )

2

1

1

1

1

1

1

1 1

1

1

1

1

1

1

1

1

1

1

1

1

1 1

1

1 1

1

1

1

1

1

I d f h

f h

I d

.

T f h

f h

. .

f h

f h

f h

f h

g f g f

I d

g f h

f h f h

g f g h f h

g f g h

.

I d h

g g h f

I d

f h

f h g f

I d h

g g h

.

g h I d g h

I d h

g g h

I d

g I d

I d h

I d

. .

I d h

g g h

I d h

g g h

. .

0 0

0

( )

0

Using the same argumen ts as in the pro of of Prop osition 1.3 one sho ws that, in

view of (1.29),

log ( ) = 0 log V ol + 0

(1 30)

In particular, one concludes that is of determinan t class iff is of

determinan t class.

T o compute log V ol , note that the w eak exactness of implies that

+ = 0. Therefore

0

0

= = (1 31)

=

0

0

and, b y Prop osition 1.1, one obtains (in )

log V ol + log V ol( ) = log V ol( ) + log V ol

According to (1.28), = and therefore

=

0

0

(1 32)

F orm ula (1.32) implies that is a w eak isomorphism of determinan t

class and

log V ol = 0 + 0

(1 33)

Com bining (1.30) - (1.33) statemen ts (A) and (B) follo w.

j

−

− −

−

Lemma 1.5.

1

0

1

1

2

0

2

1

3

0

3

1

0

2

0

2

1

( ) ( ) ( )

( )

( ) ( ) ( ) d d

d d

d d

I d I d I d

, ,

, , j, j j,

j j d j j j j j,

j j, j

d d

GHELEA, L. FRIEDLANDER, T. KAPPELER 15

, ,

I d I d I d

.

.

T T T . .

,

j , . d d d , d

d

d

d d

d h

h

.

h h d

d d

d h h

.

C C C

C → C → C → C →

C → C ⊕ C → C ⊕ C → C ⊕ C →

C → C → C → C →

→ C → C → C →

↓ ↓ ↓

→ C ⊕ C → C ⊕ C → C ⊕ C →

↓ ↓ ↓

→ C → C → C →

C C C

C C ⊕ C

C C ⊕ C C C C

C ∈ { } C → C

C → C

C

→ C ⊕ C → C ⊕ C ⊕ C ⊕ C → C ⊕ C →

C → C C → C

1 2 3

1 1

0

1

1

1

2

2 1

0

3

0

1

1

3

1

1

2

3

2

3 3

0

3

1

3

2

1

0

1

1

1

2

0 0 0

1

0

3

0

1

1

3

1

1

2

3

2

3

0

3

1

3

2

2 1 3

1

1

1 +

1

1

1

3

1

3 +

1

3

1

+

1 0 1

2 0

0

1 1 0 0

+

1

1 1 2

2

1

0

3

0

1

0

3

0

1

2

3

2

1

2

3

2

2

0

2

0

1

0

3

0

1

2

1

3

0

1

0

2

3

0

1

2

2

1

2

1

1

1

3

1

3 4

L et b e thr e e stage c omplexes which ar e short exact se-

quenc es, (and thus, in p articular, of determinant class)

F urther assume that the fol lowing diagr am is c ommutative,

Then

Pr o of.

: 0 0

: 0 0

: 0 0

0 0

0 0

(0 ) (0 ) (0 )

0 0

(1 34)

log ( ) = log ( ) + log ( )

(1 35)

W e first note that in the Ho dge decomp osition of = and

= the Hilb ert mo dule is isometric to and is isometric to

, ( 1 3 ) Therefore one can write = ; = (0 ) with :

and :

T aking the ab o v e men tioned isometries in to accoun t it follo ws that is isometric

to the decomp osition

0 0

and the comm utativit y of the diagram (1.34) implies that m ust b e of the form

=

0

0 0

0 0

0 0

+

0 0

0

0 0

0 0

+

0

0 0

0

0 0

(1 36)

where : and : and m ust b e of the form

=

0 0 0

0 0 0 0

+

0 0 0 0

0 0 0

+

0 0

0 0 0 0

(1 37)

−

− −

−

( ) ( )

( )

I d

I d I d

.

C

−

C

−

−

C

C

−

C

C

′ ′′

( )

( )

( )

C → C C → C

C

C

C C C

−

C C C

C → C C → C

C C C

( )

( ) ( )

( )

d h

d

h h d h

d

I d d h

I d

I d h d

I d

d

d

h h d

d

I d

I d

d h I d

I d

d

d

d

d

OR MANIF

OLDS WITH BOUND AR Y...

: 0 0

: 0 0

: 0 0

1

0

3

0

1

0

3

0

1

2

3

2

1

0

1

3

0

2

3

1

1

4

3

1

1

0

1

1 4

3

1

1

1

0

3

0

2

3

1

1

3

1

1

1

1

3

1

0

3

0

1

1

3

1

C → C ⊕ C − → C ⊕ C ⊕ C ⊕ C − → C ⊕ C →

↓ ↓ ↓

C → C ⊕ C − → C ⊕ C ⊕ C ⊕ C − → C ⊕ C →

↓ ↓ ↓

C → C ⊕ C − → C ⊕ C ⊕ C ⊕ C − → C ⊕ C → h h .

h d d h . .

T

d , d , d , d , ,

d

d

I d d h

I d

I d

I d

d h I d

I d d h

d

h

.

I d h d

I d h d h

d

.

d

d

I d

I d

d h I d

I d

.

, ,

f , f

, ,

3

3

0

1

2

4

3

2

1

2

2

3

3

0

1

1

2

2

1

0

3

0

1

1

3

1

1 2 3

1

0

3

0

1

0

1

1

1

1

1

3

1

0

1

3

0

2

4

3

1

1

3

1

1

4

3

1

1

1

3

1

1

1

1

3

2 21 22

2 21 21 22

2 21 22

2 1

0

3

0

0

0

0 0

1

0

3

0

1

2

3

2

0

0 0 0

1

2

3

2

( )

0

( )

0

21 1

0

3

0

0

0

0

0 0

1

0

3

0

1

2

3

2

0 0

0 0 0

1

2

3

2

0 0 0

0 0 0

0 ( ) 0

0 0 0

22 1

0

3

0

0

0

0 0

0 0

1

0

3

0

1

2

3

2

0 0 0

0 0 0

1

2

3

2 where : and :

The assumption that is an exact sequence implies that

+ = 0

(1 38)

In order to compute the torsion ( ) w e w an t to apply Prop osition 1.3. First

note that are all isomorphism as are exact sequences. In view

of (1.38),

0

0

0 0

0 0

( )

0

=

0 0 0

0 0 0

0 ( ) 0

0 0 0

0

0

0 0

(1 39)

and

( )

0

0

0 0 0

(1 40)

=

0 0 0

0 0 0

0 0 0

0 0 0

0 ( ) 0

0 0 0

Consider the follo wing isomorphic three stage complexes: and the iso-

morphisms : : giv en b y the follo wing comm utativ e

diagram (use equalit y (1.38))

No w apply Prop osition 1.3 and use that all three complexes are exact

sequences to conclude that

□

′

′

−

−

−

Lemma 1.5 .

GHELEA, L. FRIEDLANDER, T. KAPPELER 17

C C C

C C C

C C C

C C C

−

→ C → C → C →

A

C H ⊕ C ⊕ C

C → C C → C

→ C → C → C → f g

k

i k

i k ,

i k ,

i

i

i i i

i i

i i, i,

i, i, i,

i, i i, i,

i, i, i,

i,

i i, i ,

i i i, i ,

i

k k k

T T T .

T T T . .

, ,

d , d

d d , d d

T T T .

. d d d

d h

h d .

k , ,

.

f g

f f f

f f f

f

, g g g

g g g

g

. .

d f f d d g g d . .

2 21 22

22 1 3

1 2 3

1

0

1

1

3

1

1

0

3

0

3

1

2 1 3

1

0

3

0

3

1

1

1

1

3

2

3

0

1

1 2 3

+

1 2 2 3

11 13

21 22 23

33

11 13

21 22 23

33

2

33 +1 22

1 3

33 +1 22

2

1 2 3

Assume that the thr e e stage c omplexes ar e we akly exact

se quenc es of determinant class and, in addition, assume that the morphisms

and (or and ) ar e isomorphi sms. Then

R emark.

log ( ) = log ( ) = log ( )

(1 41)

Moreo v er,

log ( ) = log ( ) + log ( )

(1 42)

Com bining (1.41) and (1.42) leads to (1.35).

The pro of of Lemma 1.5 actually leads to a sligh tly stronger result:

log ( ) = log ( ) + log ( )

T o conclude the result of Lemma 1 5 in the case where , and are

isomorphisms one replaces the en try ( ) in the 4 x 4 matrix whic h app ears in

the diagram ab o v e b y ( )

The follo wing considerations are a preparation for the pro of of Theorem 1.14.

Assume that

0 0

is an exact sequence of -co c hain complexes. Consider the Ho dge decomp osition

of eac h of the three complexes, = 1 2 3,

=

With resp ect to these decomp ositions, : and : tak e the form

=

0

0 0

=

0

0 0

(1 43)

Moreo v er

= ; =

(1 44)

The exactness of the sequences 0 0 imply that the follo wing

sequences

− − −

−

− − − −− −

∗

−

′

22 22

33 33

22 22

33 33

11 11 +1 11 i, i,

i, i,

i, i,

i, i,

i i i

i, i,

i i ,

OR MANIF

OLDS WITH BOUND AR Y...

.

.

f g

f g

f

.

. .

f α g β .

f α g β . .

α β β α

H H H H . . . .

N ul l d N ul l d

. . . .

→ C → C → C →

→ C → C → C →

C

→ C → C ⊕ C ⊕ C → C →

→ C → C ⊕ C ⊕ C → C →

A

→ C → C → C →

H

· · · → C → C → C → C →

H ∩

· · · → H → H → H → H → H →

1 + 2 + 3 +

1 2 3

22 33

22 22

3 +

33

1 + 2 +0 2 ++ 2 + 3 +

1 2 0 2 + 2 3

22 43 22 35

33 74 33 48

43 48 35 74

1 2 3

1

( )

2

( )

3

( )

+1 1

1

1 2 3 1

+1

2

+1

,

i f

,

i g

,

i

,

i f

,

i g

,

i

i, i,

i, i,

,

i

i,

,

i f

,

i

,

i

,

i g

,

i

,

i f

,

i

,

i

,

i g

,

i

i, i, i, i,

i, i, i, i,

i, i, i, i,

f g

i

H f

i

H g

i

H δ

i

k

i k

i k

i

i f

i g

i δ

i f

i

0 0 (1 45)

0 0 (1 46)

are three stage complexes with the prop ert y that is 1-1 and is on to. Using

(1.44) one v erifies that has closed image, the range of is dense in

and is 1-1. Therefore, the co c hain complexes (1.45) and (1.46) ha v e a Ho dge

decomp osition

0 0 (1 47)

and

0 0 (1 48)

With resp ect to this decomp osition,

=

0

0

; = ( 0 0 )

(1 50)

=

0

0

; = ( 0 0 )

(1 51)

Notice that and are isomorphisms and and are w eak isomor-

phisms.

The exact sequence of -co c hain complexes of finite t yp e

0 0

induces a long w eakly exact sequence in cohomology (cf. [CG, p. 10, Thm 2.1])

( ) ( ) ( ) ( )

(1 52)

or, equiv alen tly , in terms of the harmonic spaces := ( ) ( )

(1 52 )

12 12 i, i,

i

− −

− −

− − −

− − − −− − −

− − −− − −

′

GHELEA, L. FRIEDLANDER, T. KAPPELER 19

H

· · · → H ⊕ H − → H ⊕ H − →

H ⊕ H − → H ⊕ H →

H ⊕ H ⊕ C ⊕ → H ⊕ H ⊕ C ⊕ C ⊕

C ⊕ C ⊕ C ⊕ C H ⊕ H ⊕ C ⊕ C ⊕ C ⊕

C ⊕ C ⊕ C → H ⊕ H ⊕ C ⊕

·

( ) ( ) ( )

( ) ( ) ( )

.

. . .

α , β γ

f g

f f f

f f f

f α α

α

α α

α α

α α α α

α

α

α

.

g g g

g g g

g

.

β β β β

β β β

β β β β β β

β

f C

g

C .

α , α , β , β

α β g f α

β

α β .

β α β α β α β α .

β α β α β α β α .

1 + 1

(

0

0 0

)

2 + 2

(

0

0 0

)

3 + 3

(

0

0 0

)

1 +

+1

1

+1

12 12

11 13

21 22 23

33

12 14

24

31 32

41 42

51 52

43

34

44

54

74

11 13

21 22 23

33

12 16 17 18

26 27 28

31 32 35 36 37 38

48

1 + 1 1 + 2 2 + 2 2 +0 2 ++

2 + 2 0 2 + 2 2 + 2 2 +0 2 ++ 2 +

2 0 2 + 2 3 + 3 3 + 3

12 74 12 35

43 48 74

35

51 27

12 24 17 74 31 12 35 52

31 14 32 24 35 54 37 74

,

i

,

i α

,

i

,

i β

,

i

,

i γ

,

i

,

i

i, i, i

i i

i i, i,

i, i, i,

i, i, i,

i,

i, i,

i, i,

i, i, i, i,

i,

i,

i,

i i, i,

i, i, i,

i,

i, i, i, i,

i, i, i,

i, i, i, i, i, i,

i,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

,

i

i, i, i, i,

i, i, i i i,

i,

i, i,

i, i, i, i, i, i, i, i,

i, i, i, i, i, i, i, i,

In particular the co c hain complex is acyclic. Consider its Ho dge decomp osition

(1 53)

Notice that and are w eak isomorphisms.

In view of (1.43) - (1.53) and can b e written as

=

0

0 0

=

0

0 0

0

0

0

0

0 0

0 0

0 0

0

0

0

0

0

(1 54)

and

=

0

0 0

(1 55)

=

0

0 0

0 0 0

0 0 0

( ) ( 0 0 ) ( )

( 0 0 ) ( 0 0 0 ) ( 0 0 )

Recall that :

and :

W e ha v e already noticed that are w eak isomorphisms, while

and are isomorphisms. Using that = 0 and the fact that and

are w eak isomorphisms one v erifies that

= 0; = 0

(1 56)

+ = 0; + = 0

(1 56 )

+ + + = 0

− −−

↾

↾

□

Lemma 1.6.

1 + 1 +

2 0 2

13 +1 21

,

i

,

i

i i

i i

,

i

,

i

i,

i i ,

− −

H ⊕C

− −−

⊥

′

C ⊕C

− −

′

− −− − −

−

( )

( )

( )

OR MANIF

OLDS WITH BOUND AR Y...

F or any ,

(A) is an isomorphi sm;

(B) is an isomorphism.

Pr o of.

H → C

C → H

C ⊕ C

H ⊕ C → C ⊕ C

C ⊕ C ⊆ →

C → C → C →

H → C

C ⊕ C ⊆

→ C → C → C →

H ⊕ C C ⊕ C → H ⊕ C

C − → H − → H − → C i

α

β

α

h f

h α

α α

.

N ul l g .

h

α α

R ang e f

h g

h β β

β

β

d

d d d d

d d d

d

.

d , d d

i

d β β d .

d α α d .

δ γ

d α γ β . .

i,

,

i

,

i

i,

,

i

,

i

i,

i i

,

i

,

i

i i,

i, i,

,

i

,

i

,

i

,

i

,

i

,

i i

i f

i g

i i

i, i,

,

i

,

i

,

i

,

i i

i f

i g

i i i

,

i

,

i i i, i,

i,

,

i

,

i

,

i

,

i

i,

i

i i i, i,

i, i, i,

i,

i, i, i,

i i, i ,

i,

i, i, i ,

i

,

i g

i δ

i f

,

i

i i

i, i , i i,

31

1 + 2 +0

26

2 0 3

51

2 +0 2 ++

31

41 43

1 + 1 + 2 +0 2 ++

2 +0 2 ++

1 2 3

43 31

1 + 2 +0

2 0 2

1 2 3

3 3 26 28

48

2 0 2 3 3

48

2

2 2

2

36

2

38

2

46

2

47

2

48

2

58

2

56

2

57

2

37

3

48 +1 35

2

58

2

47

74 +1 43

1

2

3 1

+1

2 +

+1

2

36

+1 31 26

:

:

(A) Insp ecting (1.54) and in view of = 0 (cf. 1.56) one concludes that

:= has a range whic h is con tained in and admits a

represen tation of the form

:=

0

:

F rom (1.55) one sees that Due to the exactness 0

0, the map is an isomorphism. F urther w e already kno w that

is an isomorphism and therefore conclude that : is an

isomorphism as w ell.

(B) F rom (1.54) one sees that ( ) . Therefore, using that

0 0 is exact, := is 1-1 and its image is

giv en b y , i.e. :=

0

: is

bijectiv e. W e already kno w that is an isomorphism and (B) follo ws.

F urther notice that tak es the follo wing form

=

0 0 0

0 0

0 0 0

=

0 0 0

0 0

0

0 0

0 0 0

(1 57)

where w e used again (1.44) to v erify that and all v anish and that,

for an y ,

= is a w eak isomorphism

(1 58)

and

= is a w eak isomorphism.

(1 59)

F urther, considering and taking in to accoun t the

definition of =

0

0 0 one obtains

= (1 60)

In a straigh tforw ard w a y one v erifies the follo wing i i

□

□

( )

( )

( )

( )

− − − − −

− − −

′

− − − − −

Lemma 1.7.

Lemma 1.8.

Lemma 1.9.

GHELEA, L. FRIEDLANDER, T. KAPPELER 21

W ⊕ W → V ⊕ V A

H ⊕ C → H ⊕ C ⊕ H ⊕ C H ⊕

C ⊕ H ⊕ C → H ⊕ C

·

→ H ⊕ C − → H ⊕ C ⊕ H ⊕ C − → H ⊕ C →

F

F f h

g

F f g

F g f

i α α β β

φ ψ

ψ β β

β β β β φ α α

α

α

α α

. .

. ψ φ α , α , β β

i

.

α

α α

f φ β β

β

ψ

i, d , d , d

d γ

d α d

d β d

d , d d

α β

α

β

1 2 1 2

12 74 12 35

1 1 2 + 2 + 2 2 + 2 +

2 + 2 2 + 3 + 3 +

17 12

31 37 32 35

12 14

74

24

52 54

12 74 12 35

1 1 2 + 2 + 2 2 + 3 + 3 +

31

41 43

26 28

48

2

36

2

47

2

58

2

36

2

47

74

1

2

58

+1 35

3

2

36

2

47

2

58

+1 31 26

+1 43

48 i, i, i, i,

i

,

i

,

i

,

i

,

i

,

i

,

i i

,

i

,

i

,

i

,

i

,

i

,

i

i i, i,

i, i, i, i, i i, i,

i,

i,

i, i,

i i i, i, i, i,

,

i

,

i φ

,

i

,

i

,

i

,

i ψ

,

i

,

i

i,

i, i,

i i i, i,

i,

i

i, i, i,

i, i

i, i,

i

i, i ,

i

i, i, i,

i , i,

i ,

i,

Assume that is an -line ar map of the form

.

(A) If is 1-1 and has close d r ange and is an isomorphism, then is 1-1 and

has close d r ange.

(B) If is onto and is an isomorphi sm, then is onto.

F or any , and ar e of determinant class iff and

ar e of determinant class.

Pr o of.

F or any ar e we ak isomorphisms and satisfy:

(A) is of determinant class iff is of determinant class.

(B) and ar e of determinant class iff is of determinant class.

(C) and ar e of determinant class iff is of determinant class.

Pr o of.

:

=

0

In tro duce : and :

giv en as follo ws

=

0 0

; =

0

0

(1 61)

Due to (1.56) - (1 56 ) w e ha v e = 0. Moreo v er and are

all w eak isomorphisms. Therefore, for an y ,

0 0 (1 62)

is a w eak exact sequence.

Using that

0

is an isomorphism and applying Lemma 1.7 (A) t wice

to one concludes that has closed image. Similarly

, using that

0

is an isomorphism and applying Lemma 1.7 (B) one concludes that is on to.

Therefore, the sequence (1.62) is, in fact, an exact sequence and th us of determinan t

class. The statemen t then follo ws from Lemma 1.4(B) and Prop osition 1.1(B).

The fact that and are w eak isomorphisms follo ws from in-

sp ection of (1.57). T o pro v e (A), (B) and (C) one applies Prop osition 1.1 and uses

form ula (1.60) (in case of (A)), form ula (1.59) (in case of (B)) and form ula (1.58)

(in case of (C)) together with the prop erties that and are isomor-

phisms (Lemma 1.6) and therefore of determinan t class (in case (A)), is an

isomorphism (in case (B)) and is an isomorphism (in case (C)).

22 22

43

33 33

Lemma 1.10.

±

± ± ±

−

−

− − −

− i i

i, i,

i,

i, i,

i i

OR MANIF

OLDS WITH BOUND AR Y...

i

T α β .

T α β . .

i ,

,

T α α α α .

β β β β .

f g β , α

β

f α , g β .

β

α

C C

D → C → C → C →

D −

D −

H

D → C − → C − →

C →

D

− − − −

D

→ C − → C − → C →

D

→ C − → C − → C →

D → C − → C − → C →

C W ⊕ V

W H ⊕ C ⊕ C ⊕ C

1 3

1 2 3

+

43 35

74 48

1 2

3

12 31 43 74

12 26 35 48

+

1 + 2 + 3 +

22

0

0

22 35 43

35

1 2 3

33 74 33 48

48

74

1 2 3

2 2 2

2

2 + 2 +0 2 ++ 2 + i

,

i

,

i

,

i

i

i, i,

i

i, i,

i

i f

i g

i

i

i, i, i, i,

i, i, i, i,

i

,

i f

,

i g

,

i

i, α

i, i i,

i,

i

,

i f

,

i g

,

i

i, i, i, i,

i,

i,

i

i f

i g

i

i i i

i

,

i

,

i

,

i

,

i

Assume that and ar e of determinant class. Then, for any ,

the fol lowi ng statements hold:

(A) the thr e e stage c omplexes given by ar e of

determinant class and

V ol V ol

V ol V ol

(B) Assume, in addition, that the c o chain c omplex (cf (1.52)) is of determinant

class. Then, for any , the thr e e stage c omplex given by

is of determinant class and

V ol V ol V ol V ol

V ol V ol V ol V ol

Pr o of.

0 0

log ( ) = log log

(1 63)

log ( ) = log log

(1 64)

0

0

log ( ) = log + log + log + log

(1 65)

log log log log

(A) Recall that is giv en b y

0 0

where, according to (1.50), = ( ) and = (0 0 ). The map

is an isomorphism and therefore of determinan t class. Due to Lemma 1.9, the w eak

isomorphism is of determinan t class as w ell and (1.63) follo ws.

Similarly one argues for giv en b y

0 0

where, according to (1.50),

=

0

0

= ( 0 0 )

Notice that is an isomorphism and therefore of determinan t class. According

to Lemma 1.9, the w eak isomorphism is of determinan t class and therefore

(1.64) is pro v ed.

(B) The complexes , giv en b y 0 0 are exact and therefore

of determinan t class. T o v erify form ula (1.65) w e w an t to apply Lemma 1.4.

Decomp ose = where

:=

□

i

( )

( )

( )

⊥

− − − −−

′

′′

′ ′′

′

′′

′ ′′

′ ′′

′

′′

GHELEA, L. FRIEDLANDER, T. KAPPELER 23

V W H ⊕ C ⊕ C ⊕ C

H

→ C → C → C → −

C → C

C C C C ⊕ C

−

C C

C C C −

C C C → C

C → C

→ C → C → C →

· · · → C → C → C → C →

C C

C → C C → C

2 2

2 2 + 2 0 2

12 14

31 32 34

41 42 43 44

74

12 16 18

26 1 28

32 35 36 38

48

31 12 43 74 12 35 26 48

1 2 3

31 12 43 74

12 35 26 48

1 2

2 1

+1

2

+1

1

+1

+1 +1

1 1 1

2

2

( ) ( )

1

2 1

( )

+1 2

1 +1 1

1 +1 2

+1

+1 1 +1 2 i i

,

i

,

i

,

i

,

i

i i

i i

i i

i i, i,

i, i, i,

i, i, i, i,

i,

i i, i, i,

i, ,

i, i, i, i,

i,

i, i, i, i, i, i, i, i,

i i

i

i i i i i

i i, i, i, i,

i i, i, i, i,

i i i

i i

i i i

i i i

i i i i

i i

j f p f

i i i

H δ

i

i i

i i i

i i i

.

f f

f g g g

f α α

α α α

α α α α

α

.

g β β β

β β

β β β β

β

. .

α , α , α , α , β , β , β β

f g

g

T f g . .

f α α α α .

g β β β β .

f

f f f , d f f ,

d f d f

d

. S S , S d

S , S d d .

S p f f S

j f f p f I d j f

I d

.

f S

H H f H S H . . . .

H S H

H δ H S H H f H H , and

:= ( ) =

Then = and = ( ) ha v e the follo wing represen tations

=

0 0

0

0 0 0

(1 66)

=

0

0 0

0 0 0

(1 67)

Due to the assumption that is of determinan t class and due to Lemma 1.6

and Lemma 1.9, the maps and are w eak

isomorphisms of determinan t class. Therefore and are w eak isomorphisms of

determinan t class. As is on to, w e can apply Prop osition 1.4 to conclude that

log (0 0) = log V ol log V ol (1 68)

Applying Prop osition 1.1, w e conclude from (1.66) - (1.67)

log V ol = log V ol + log V ol + log V ol + log V ol (1 69)

log V ol = log V ol + log V ol + log V ol + log V ol

Substituting (1.69) in to (1.68) leads to the claimed result (1.65).

Let : b e a morphism of co c hain complexes. Define the mapping cone

of to b e the co c hain complex ( ) := ( ( ) ( )) where ( ) =

( ) =

0

Denote b y = ( ) the susp ension of a co c hain

complex , defined b y = =

Consider the susp ension of and the morphisms ( ) : ( ) and

( ) : ( ) giv en b y ( ) = (0 ) and ( ) =

0

Then

0 ( ) 0

is a short exact sequence of co c hain complexes. The induced long w eakly exact

sequence in cohomology (cf. 1.52) b ecomes in this case

( ) ( ( )) ( ) ( )

(1 70)

Notice that ( ) is equal to ( ) and the connecting homomorphism

( ) : ( ) ( ) is giv en b y the map ( ) : ( ) ( )

induced b y f in cohomology .

′

□

□

( )

( )

( )

Lemma 1.11 (A).

Lemma 1.11 (B).

OR MANIF

OLDS WITH BOUND AR Y...

1 2

1 2 3

3 1

1 2

+1

+1

2 1 3

2

1

3

3 1

+1

1

+1

+1

3

1 3 1

+1

3 1

+1

3

+1

1

3

1

+1

3

1

+1

+1

3

+1

3 1

3

1 k

i

f g

i i i

i

i i . i i i i i i

i i i i

i

i i i

i i

i i

i i i

i

i i i

i i i

i

i i i i i

i i i

i

i

i i

i i

i

i

i i i i i

i i

C → C

C

≥ C

→ C → C → C →

C → C C → C

C → C

· ·

C C ⊕ C

C → C

C ⊕ C ⊕ C

C C ⊕ C ⊕ C

−

− −

−

C → C C → C

−

− − ·

· − · − ·

→ → C → C →

→ → C → C → f

, k ,

H f i . f

π f ρ S g

S f S S π g , ρ

f

,

S f f π j f g p g ρ S f .

π ρ

f

I d

g I d d d θ

d θ ,

d θ θ d . .

ρ I d π I d , f C

g . d f , d g ,

d f d θ I d

d

d

. .

d g d I d

d θ

d

. .

σ f ω g S

σ I d

θ ω θ I d π σ I d

ω ρ I d. σ π ρ ω I d.

N ul l π N ul l ω

N ul l π f ,

N ul l ω g S .

L et b e a morphism of c o chain c omplexes. Assume

that the c o chain c omplexes ar e of determinant class as wel l as the

morphisms Then the c o chain c omplex is of determinant class.

Pr o of.

Both and ar e homotopy e quivalenc es.

Pr o of.

:

( = 1 2)

( ) ( 0) ( )

The claimed result follo ws from applying Prop osition 1.1 and Lemma 1.9

(cf the pro of of Prop osition 1.13(i)).

Let

0 0

b e a short exact sequence of co c hain complexes. Let : ( ) , : ( )

and ( ) : b e the morphisms defined b y := ( 0) :=

0

( ) := Clearly ( ) = and ( ) = ( )

Without loss of generalit y one can assume that = , =

0

,

= (0 ) and =

0 with : satisfying

+ = 0

(1 71)

Then =

0

0 and = (0 0) as w ell as ( ) = and

( ) = Notice that ( ) resp. ( ) are giv en b y

( ) = 0 0

0 0

(1 72)

( ) =

0

0

0 0

(1 72 )

Define the morphisms of co c hain complexes : ( ) and : ( )

b y =

0

resp ectiv ely = ( 0) and notice that = and

= It remains to c hec k that and are b oth homotopic to Since

the co c hain complexes ( ) and ( ) are, as is v erified easily

, exact sequences

this will follo w from Lemma 1.12 b elo w (applied to 0 ( ) ( ) 0

resp ectiv ely 0 ( ) ( ) 0)

□

i i i

( )

− −

−

−

− −

− −

− − −

−

−

−

− −

− −

−

Lemma 1.12.

Prop osition 1.13.

GHELEA, L. FRIEDLANDER, T. KAPPELER 25

→ C → C → C →

C → C

· C ·

C → C −

C C C ⊕ C C

C C ⊕ C ⊕ C

·

C ⊕ C ⊕ C → C ⊕ C ⊕ C

− ·

−

→ C → C → C → A

· · · → C → C → C → C →

H

→ C → C → C → A

C C C → C

C

C C C → C

C f g

i

i i i i

i i i

i

i

,

i

,

i i i

i

i

,

i

,

i i

i i i i

i i i i

i

i

i i

i i i i i i

i i i i i i i i

i

,

i

,

i i

,

i

,

i i

i

i i i

i i i

i i i

f g

i

H f

i

H g

i

H δ

i

f g

i i i

i i i s

g s I d s g I d

t

I d s g d t t d .

, d d

. , d

,

f

I d

I d , g I d s s

s

I d d d θ

θ

d

.

d d

d θ θ d , θ d . .

d s θ s d , θ s d . .

t

t d d s . .

I d s g t d d t .

H H H H . . . .

.

H δ H H

H f H H

1 2 3

3 2

1

2 2

1

2

1

+1

2

1 1

1 + 1

1

1

1

1

2

1 + 1

3

+

2

1 +

3

2

+1

2

1

+1

+

+1

3

+1

3

1 + +

+1

3

+1

3

1 + 1

3

1 +

1

1

1

3

1

+1

1

1

1

1

+

+1

+1

2 2

1

1 2 3

1

( )

2

( )

3

( )

+1 1

1 2 3

1 3 3 +1 1

2

1 2 1 2

3

L et

b e a short exact se quenc e of c o chain c omplexes and let b e a morphism

so that . If is an exact se quenc e, then and ar e homotopic.

Pr o of.

L et b e an exact se quenc e of -c o chain

c omplexes of finite typ e.

(i) If , is of determinant class and is of determi-

nant class for any i, then is of determinant class.

(ii) If , ar e of determinant class and is of determi-

nant class for any i, then is of determinant class.

0 0

:

=

It is to pro v e (cf. Definition 1.14 in [BFKM]) that there exist morphisms :

suc h that = + Consider the Ho dge decomp osition

of = with =

0

0 0

In view of the exactness of are

isomorphisms. Without loss of generalit y one can assume that =

=

0

0

0 0

= (0 0 ), = and =

0

0 0

0 0

Note that

= 0 implies that

+ = 0 = 0

(1 73)

The condition that s is a morphism of co c hain complexes implies that

+ = =

(1 74)

Define : b y

=

0 0 0

( ) 0 ( )

0 0 0

(1 75)

One v erifies that = +

Let 0 0 b e an exact sequence of -co c hain complexes of

finite t yp e. Recall that it induces the long w eakly exact sequence in cohomology

(1.52)

( ) ( ) ( ) ( )

(1 52)

whic h will b e also view ed as a co c hain complex and denoted b y

0 0

( ) : ( ) ( )

( ) : ( ) ( )

□

( ) ( )

∑

Theorem 1.14.

OR MANIF

OLDS WITH BOUND AR Y...

i i i

i i,

i, i, i,

i,

i,

i i, i,

i,

i i i

i i

i i i

i,

i

i

i

i

i i i

C C C → C

C

C

C

C C

C

C C

C

C C C H

C C C H

− − → C → C → C →

H C C C

C

C C

C →

C

C C

C → C

C C C H

H g H H

d d

d d d

d

d

.

d d , d

d

d , d γ i

f

f

g S .

, , ,

T T T T .

T .

,

d

H δ i

f

H S

H H f

g

H g H H

i.

, ,

2 3 2 3

1

2

2

36

46 47

2

38

2

48

2

58

2

2

36

2

47

2

58

2

1 3

3

3

1

1

1 2 3

2 1 3

1 2 3

1 2 3

2 2

36

3

1

+1 2

+1

1

2 3

1 2 3

(iii) If , ar e of determinant class and is of deter-

minant class for any i, then is of determinant class.

Pr o of.

If thr e e out of the four c o chain c omplexes ar e of

determinant class then so is the fourth and one has the fol lowing e quality

Pr o of.

( ) : ( ) ( )

(i) Recall that

=

0

( 0 0 )

¿F rom Prop osition 1.1 w e conclude that is of determinan t class iff and

are of determinan t class. In view of Lemma 1.9 it then follo ws that is of

determinan t class, using that and are of determinan t class for an y .

(ii) By Lemma 1.11(A) (or statemen t (i) ab o v e), the mapping cone ( ) is of

determinan t class. As ( ) is homotop y equiv alen t to (Lemma 1.11(A)) it follo ws

therefore from Prop osition 1.3(B) that is of determinan t class.

(iii) Applying again Lemma 1.11(A) and (B) one concludes that the mapping cone

( ) is of determinan t class and homotop y equiv alen t to Th us Prop osition

1.3(B) implies that is of determinan t class.

log ( ) = log ( ) + log ( ) + log ( )

(1 75)

( 1) log (0 0)

In view of Prop osition 1.13 it remains to pro v e, apart from form ula (1.75),

that is of determinan t class if and are of determinan t class. Notice that

the follo wing statemen ts hold:

(i) If is of determinan t class then is of determinan t class whic h implies that

( ) is of determinan t class for an y (cf Lemma 1.9(A)).

(ii) If is of determinan t class then ( ) is of determinan t class (Lemma 1.11(B),

Prop osition 1.3(B)). Moreo v er, b y Prop osition 1.13(i), the morphisms ( )

( ) are of determinan t class whic h is equiv alen t to ( ) b eing of determi-

nan t class (cf (1.70)).

(iii) If is of determinan t class then ( ) is of determinan t class (Lemma 1.11(B),

Prop osition 1.3(B)) and, b y Prop osition 1.13(i), ( ) : ( ) ( ) is of

determinan t class for an y

Com bining (i)-(iii) one concludes that if are of determinan t class, then

is of determinan t class.

T o pro v e form ula (1.75) consider the comm utativ e diagram

( )

( ) i,

i,

i ,

i ,

∑ ∑ ∑

∑

∑

∑

∑ ∑ ∑

74

48

+1 43

+1 35

− − − −− −

−

− − −

− − −

GHELEA, L. FRIEDLANDER, T. KAPPELER 27

.

d d d

.

.

d , d d

i

T .

T

d d d d ,

H d H d H d d

i

d d d .

T

T

d .

d α γ β d γ

α β

d α γ β . .

T α β γ ,

→ C → C ⊕ C ⊕ C − → C →

↓ ↓ ↓

→ C → C ⊕ C ⊕ C − → C →

→ C → C → C →

→ C → C → C →

− − −

−

− − − −

− − → C → C → C →

− → C → C → C →

− −

H − − − −

,

i α

,

i

,

i

,

i β

,

i

i i i

,

i α

,

i

,

i

,

i β

,

i

i i i

,

i

,

i

,

i

,

i

,

i

,

i

i i i i,

i i i i,

i

i i

i

i i

i

i i

i

i i

,

i

,

i

,

i

i i

,

i

,

i

,

i

i i

i,

i, i , i i,

i, i

i , i,

i, i , i i,

i i

i, i

i, i

i

1

0

0 2 0 2 + 2

(0 0 )

3

1 2 3

1 +

+1

0

0 2 +0

+1

2 ++

+1

2 +

+1

(0 0 )

3 +

+1

1 2 3

1 +

+1

2 +

+1

3 +

+1

1 2 3

1 2 3 2

36

1

3 2

2

36

+1

1 2 3

1 +

+1

2 +

+1

3 +

+1

1 2 3

2

36

2

36

+1 31 26

2

36

+1 31 26

2

36

+1 31 26

12 12

(1 76)

0 0

(1 77)

0 0

Notice that and establish a w eak isomorphism of determinan t class b et w een

the complexes (1.76) and (1.77). By Lemma 1.9 b oth complexes (1.76) and (1.77)

are of determinan t class. By Prop osition 1.3, for an y

log ( 0 0 ) (1 78)

= log ( 0 0

)

log V ol( ) + log V ol( ) log V ol( ) log V ol( )

where w e used that ( ) = 0 = ( ) and ( ) = . Rearrange terms in

(1.78), m ultiply b y ( 1) and sum o v er to obtain

( 1) log V ol( ) ( 1) log V ol( ) + ( 1) log V ol( )

(1 79)

= ( 1) log (0 0)

+ ( 1) log (0 0)

( 1) log V ol( )

Recall form ula (1.60), = . Using that b oth and are

w eak isomorphisms of determinan t class and, according to Lemma 1.6 whic h states

that and are isomorphisms w e conclude from (1.4) that

log V ol = log V ol + log V ol + log V ol (1 80)

Substituting (1.80) in to (1.79) and taking in to accoun t that

log ( ) = ( 1) log V ol( ) ( 1) log V ol( ) + ( 1) log V ol( )

□

− − −

− − −

∑ ∑

∑ ∑

∑

∑

∑ ∑

∑ ∑

∑ ∑

∑ ∑

∑

OR MANIF

OLDS WITH BOUND AR Y...

T T T .

T α β

β α

T

T .

T .

α β

T α β . .

i i

T T T T

α α

α α

β β

β β

T T T T

C − C C

− H − − − −

− − −

− → C → C → C →

− − → C → C → C →

→ C → C → C →

−

→ C → C → C → −

C C C H

− − − −

− − − −

− −

− −

C C H − − → C → C → C →

1 2 3

+1 31 26

12 12

1 2 3

1 +

+1

2 +

+1

3 +

+1

1 +

+1

2 +

+1

3 +

+1

+1 43 +1 35

1 2 3

74 48

2 1 3

31 12

74 43

12 26

35 48

1 3 1 2 3 i i

i ,

i i

i,

i i

i,

i i

i,

i i

,

i

,

i

,

i

i i

,

i

,

i

,

i

,

i

,

i

,

i

i , i ,

,

i

,

i

,

i i, i,

i i

i, i

i,

i

i, i

i,

i i

i,

i i

i,

i i

i,

i i

i,

i one obtains

log ( ) log ( ) + log ( )

(1 81)

= log ( ) ( 1) log V ol ( 1) log V ol

( 1) log V ol + ( 1) log V ol

+ ( 1) log (0 0)

( 1) log (0 0)

By Lemma 1.10,

log (0 0)

(1 82)

= log V ol( ) log V ol( )

and

log (0 0) = log V ol log V ol (1 83)

Changing the index of summation from + 1 to where necessary

, one obtains

log ( ) = log ( ) + log ( ) + log ( )

( 1) log V ol ( 1) log V ol

( 1) log V ol ( 1) log V ol

+ ( 1) log V ol + ( 1) log V ol

+ ( 1) log V ol + ( 1) log V ol

= log ( ) + log ( ) + log ( ) ( 1) log (0 0)

where, for the last equalit y , w e used again Lemma 1.10. This pro v es (1.75).

(

′

∼

′

∼

∼

∼

+

1

( )

+

0

0

+

0

0

0

0

1

1

GHELEA, L. FRIEDLANDER, T. KAPPELER 29

A

E → A

∇ · · E

E ∇ F

A

\ ∈

∪

⊂

− −

⊕ ×

̸∅

×

×

⊕

×

∪

∪

∈ O

O {O ∈ }

C O F

A

A C p

y

y

g

y C r h

y y

D

j j

j j j

g

y

y h

y

q

h q

comb

q

comb

q q q q

q

q q comb

q

q

−

−

′

−

− − ∈

− −

− −

′

−

′

′ ′ ′ ′ ′ ′′ ′′

′ ′′ ′ ′′

′ ′ ′

−

′ ′′

±

′ ′′

′

′ ′

′ ′ ′

∼ ∼ ∼ ∼

∼

∼

′ ′

∼

∼

∼

∼

−

∼

−

∗

−

∗

−

∗

2. T orsions for compact manifolds with b oundary.

2.1 Reidemeister and analytic torsion.

M , g

M , ∂ M , ∂ M

M

, p y

,

τ h, g M

M ∂ M W y C r h

g r ad h,

S, ∂ M S ∂ M W W .

S, ∂ M M , ∂ M

τ h, g M M , ∂ M , ∂ M

τ h, g M M , N ,

τ h , g , τ h , g ,

τ h h , g g M N .

τ

τ τ . M , ∂ M , ∂ M ∂ M ,

h h h ∂ M N ,

τ

h ∂ M N ,

h , τ h, g g

τ

τ

τ . τ

τ τ τ .

M M M

M . M M M M . h

h M , g g M .

g r ad h

y C r h ,

W y C r h

M , ∂ M , τ , , , δ

δ δ δ δ .

δ δ .

ϵ >

Let ( ) b e a compact Riemannian manifold with b oundary and

( ) a b ordism. F urther let b e a unital v on Neumann algebra and

b e a bundle of -Hilb ert mo dules of finite t yp e equipp ed with a flat

connection with the prop ert y that the inner pro ducts ( ) of = ( ) are

parallel. Suc h a pair ( ) will b e denoted b y and refered to as a parallel flat

bundle of -Hilb ert mo dules.

Giv en a generalized triangulation = ( ) of , the collection of the unstable

manifolds in , , asso ciated to the critical p oin ts ( ), and the

flo w, induced b y pro vides a relativ e CW-complex structure on the pair

of spaces ( ), = whose op en cells are giv en b y

The inclusion of pairs ( ) ( ) is a homotop y equiv alence. Notice

that if = ( ) is a generalized triangulation for = ( ), then

= ( ) is a triangulation for . F urther if resp. are t w o closed

manifolds and = ( ) resp. = ( ) are generalized triangulations,

then := ( + ) pro vides a generalized triangulation on The

CW-complex structure induced b y is the pro duct of the CW-complex structures

induced b y and Notice that if ( ) is a b ordism and = then

:= + is not constan t on the b oundary comp onen ts and therefore

is not a generalized triangulation as defined in the in tro duction. Ho w ev er it is

p ossible to mo dify in an arbitrary small neigh b orho o d of so that the

new function h has the same critical p oin ts as := ( ) is a generalized

triangulation and the relativ e CW-complex structure induced b y is the pro duct

of the relativ e CW complex structure induced b y and the CW complex structure

induced b y The generalized triangulation will b e refered to as a pro duct

triangulation =

Denote b y = the disjoin t union of the connected comp onen ts of a

manifold Let b e the univ ersal co v er of and in tro duce = Let

b e the lift of to and b e the pull bac k of the Riemannian metric on

Then the gradien t v ector field satisfies the Morse-Smale condition as w ell.

F or an arbitrary critical p oin t ( ) c ho ose an orien tation of the de-

scending manifold and let := ; ( ) . Giv en this c hoice one con-

structs, as in [BFKM, section 4], the co c hain complex ( ) )

of -Hilb ert mo dules of finite t yp e.

Denote b y Δ the com binatorial Laplacians

Δ := +

Here denotes the adjoin t of Observ e that Δ is a b ounded, nonnegativ e

selfadjoin t -linear op erator on and for an y 0 one can define its regularized

determinan t in the v on Neumann sense, b y the follo wing Stieltjes in tegral

−

−

−

+

+

+

+

D

R

D

D R

D comb

q

comb

q

∫

( )

∑

(

( )

∫

( )

0

Δ

Δ

0

+1

+1

+ +

1

1

1

1

( 1)+1

1 2

1

# #

2

# #

#

1

#

1

∞

→

−

∗

∗

−

′ ′′ ′ ′′

′ ′′ ′

E

′′

E

∗

−

−

−

∗

−

−

−

∗

−

∗

− −

OR MANIF

OLDS WITH BOUND AR Y...

·

∞ → ∼

−

F

− ·

O

E A E →

E

∇ E

E A

∇ ∗ E →

E ∗ ⟨· ·⟩

E ⟨ ⟩ E

⟨ ⟩ ∧ ∗

∧ ≡ ∧

E × E → E ⊗ E →

E → E

− ∗ ∗

E E E

E { ∈ E ∗ }

E { ∈ E ∗

∗ }

N comb

q

comb

q

N comb

q

λ

comb comb

comb

q q comb

q

comb h

q

q q

q

q q

d q

q

q q

M

q k q k q k

q q q

q

q d q

d q

q q

q

q

q

∂ M ∂ M

q

q

∂ M ∂ M

∂ M q

∂ M d q det ϵ λ ϵ dN λ

N λ

det

f f , f g

f λ g λ

T T M , ∂ M , τ ,

T q det .

T

M q d M

M

q

M , d

g J M

M J ,

M ω , ω ω , ω M

ω , ω ω ω .

M M M M .

d M M d ,

d d .

M M M

M ω M i ω i ω .

M ω M i ω i ω .

i d ω i d ω log (Δ + ) := log ( + ) ( )

where ( ) is the sp ectral distribution function asso ciated to Δ .

The function log (Δ + ) is an elemen t in the v ector space consisting

of equiv alence classes [ ] of real analytic functions : (0 ) with iff

lim ( ) ( ) = 0. (The elemen ts of represen ted b y the constan t functions

form a subspace of whic h can b e iden tified with , the space of real n um b ers.)

W e then define = ( ) as the follo wing elemen t in

log =

1

2

( 1) log (Δ + )

One can sho w that log is indep enden t of the c hoice of orien tations .

T o define the analytic torsion w e first ha v e to in tro duce some more notation.

Denote b y Λ ( ; ) the -mo dule of all smo oth -forms and let : Λ ( ; )

Λ ( ; ) b e the exterior differen tial induced b y the exterior differen tial on scalar

v alued -forms and the co v arian t differen tiation giv en b y the connection on .

Then Λ ( ; ) ) is a co c hain complex of -mo dules. The Riemannian metric

together with the connection induce the Ho dge -op erators : Λ ( ; )

Λ ( ; ), denoted b y . The op erator induces a scalar pro duct on

Λ ( ; ), with giv en b y in Λ ( ; )

= (2 1)

where

is defined b y the comp osition

Λ ( ; ) Λ ( ; ) Λ ( ; ) Λ ( )

Denote b y : Λ ( ; ) Λ ( ; ) the formal adjoin t of i.e

= ( 1)

Define the submo dules Λ ( ; ) and Λ ( ; ) of Λ ( ; )

Λ ( ; ) := Λ ( ; ); = 0; ( ) = 0

(2 2)

and

Λ ( ; ) := Λ ( ; ); = 0; ( ) = 0;

(2 3)

( ) = 0; ( ) = 0

D

D

+ +

( ( ) q

q

q q

±

±

− −

1

+

1

+

# #

1

# #

1

∫

∑

( )

( )

( ) ( )

−

−

−

− − −

∗

−

∗

− −

E → E × E × E × E

→ ∗ ∗ q q q q d q d q

∂ M ∂ M q

∂ M ∂ M d q

∗ ∗

±

±

∗

−

∗

−

∞

− − −

−

∗

−

−

−

−

−

#

2

1

1

Δ + =0

Δ +

Δ +

0

1 Δ

+1

2

2

2

2 1

+

+

2

B M ∂ M ∂ M ∂ M ∂ M .

ω i ω , i d ω , i ω , i d ω .

E → E

→

E

A

− | −

R

·

F

− ·

E E

⟨· ·⟩ E A

E E

H E { ∈ E }

E

∗

E → − E

H E → H − E

−

A

H E A

E → E

∂ M

∂ M

q

q

q q q

q

q

N q ϵ s N q

q q ϵ

ϵ s tϵ

N t

N q

an an

an

q q

q

q q

q

q

j q

q q

q

q

q

j

q

j d q

j

q d q

q

q q q

q

GHELEA, L. FRIEDLANDER, T. KAPPELER 31

: Λ ( ; ) Λ ( ; ) Λ ( ; ) Λ ( ; ) Λ ( ; )

(2 4)

( ) ( ) ( ) ( ) i M ∂ M

i ∂ M M

q M

d d d d .

ϵ >

det ϵ d

ds ζ s ϵ tr P

P ζ s

e s > d/

ζ s

s t e tr e dt.

det

T T M , ∂ M , g ,

T q det .

L M M

, L M

M j , L M .

M ω M d ω d ω .

M , j ,

M M

M M .

M M , ∂ M , ∂ M

∂ M ∂ M

q

M

P λ M M where : Λ ( ; ) Λ ( ; ) are the pullbac ks induced b y the em b ed-

dings : .

Consider the Laplacians acting on -forms in Λ ( ; ),

Δ := +

The op erators Δ are essen tially self-adjoin t, nonnegativ e, elliptic and -linear.

F or an y 0 one can define its regularized determinan t in the v on Neumann sense,

log (Δ + ) = ( ) log( )

where denotes the orthogonal pro jection on to the n ull space of Δ and ( )

is the meromorphic con tin uation of the function defined for ( ) 2 b y the

form ula (cf. [BFKM])

( ) =

1

Γ( )

Then log (Δ + ) is an elemen t in the v ector space in tro duced ab o v e and

the analytic torsion = ( ) is defined as the follo wing elemen t

in

log =

1

2

( 1) log (Δ + )

Denote b y Λ ( ; ) the completion of Λ ( ; ) with resp ect to the scalar

pro duct . Λ ( ; ) is an -Hilb ert mo dule. Notice that the completions

of Λ ( ; ) ( = 1 2) giv e the same space Λ ( ; )

In tro duce the space of harmonic forms,

( ; ) := Λ ( ; ); = 0; = 0

It is an immediate consequence of the definition of Λ ( ; ) = 1 2, that the

Ho dge op erators induce isometries (P oincar ´ e dualit y)

Λ ( ; ) Λ ( ; )

( ; ) ( ; )

(Recall that is obtained from the b ordism ( ) b y in terc hanging

the role of and .)

By the theory of elliptic differen tial -op erators one concludes that, for an y ,

( ; ) is an -Hilb ert mo dule of finite v on Neumann dimension (in fact it is

of finite t yp e). Denote b y ( ) : Λ ( ; ) Λ ( ; ) the sp ectral pro jections

corresp onding to the Laplacian Δ and the b oundary op erator

− +

−

−

∗

−

−

∗

−

−

∗

Prop osition 2.1.

( ) ( )

( )

( )

( )

( )

( ) ( ) q

q q q

q q

q

q q q

q q

q

q q q

q q

( ) ( )

( ) ( )

( )

(

( )

) (

( )

)

E H E ⊕ E ⊕ E

E H E ⊕ E ⊕ E

E H E ⊕ E ⊕ E

1

1

1

+1

1

1

1

1

2

+1

2

1

2

1

2 1

1

2

2

+1

2

∞

−

−

∗

−

−

∗

−

−

∗

−

∗

−

∗

−

∗

∗

−

−

′

∗

−

−

−

∗

−

∗

M M d M d M H D

M M d M d M H D

L M M L d M L d M . H D

≤ ≤

A

−

H E E E A

E H E E

E A E

⟨· ·⟩

E E

E → E E

− E

− ∈ E

− −

∈ E

∈ E ∈ E

− − ∈ E

∈ E ∈ E

·

∗

1

1

2

+1

2

1

1

1

1

+1

1

1

1

;

2

1

;

1

1

; ;

1

1

; ;

;

2

1

;

1

1

;

+1

1

1

1

;

1

2

;

+1

2

#

1

1

;

#

;

q q q

q q

q

q q q

q q

q

q q

q ϵ q q

q q

q

q q

q q ϵ q q

q q

q q ϵ

q q q ϵ

q q q q

q q ϵ

q q q ϵ

q ϵ q

q q ϵ q

q q ϵ q

ϵ q q q

q q ϵ q

q q ϵ q

∂ M q

q q ϵ

∂ M q q q ϵ

OR MANIF

OLDS WITH BOUND AR Y...

Λ ( ; ) = ( ; ) closure Λ ( ; ) closure Λ ( ; ) ( )

Λ ( ; ) = ( ; ) closure Λ ( ; ) closure Λ ( ; ) ( )

Λ ( ; ) = ( ; ) Λ ( ; ) Λ ( ; ) ( ) q d

C

M , d M d M

M M , d M

d M M .

, .

H D H D H D .

ω M M

ϵ >

G M M , P ϵ M

I d P ϵ M .

G I d P ϵ . ω M

ω P ϵ ω d d G ω d d G ω

ω P ϵ P ω P ω d d G ω d d G ω . .

G ω M

d G ω M d G ω M . .

H D

ω ω P ϵ P ω . ω M

d G ω M d G ω M .

d d

i d d G ω i d d G ω . .

(Ho dge de c omp osition) F or any , ther e exist ortho gonal

de c omp ositions of -pr e Hilb ert mo dules

wher e the wor d closur e r efers to the closur e with r esp e ct to the usual top olo gy.

and

Pr o of.

0

Firs observ e that ( ; ) Λ ( ; ) and Λ ( ; ) are -

submo dules of Λ ( ; ) and ( ; ) Λ ( ; ) and

Λ ( ; ) are -submo dules of Λ ( ; ) In eac h of the t w o cases the three

spaces are, due to Stok es’ theorem, pairwise orthogonal with resp ect to More-

o v er ( ) follo ws from ( ) or ( )

Th us it remains to c hec k that an arbitrary elemen t in Λ ( ; ) or Λ ( ; )

can b e decomp osed as stated. With this in mind, w e in tro duce for 0 the op erator

: Λ ( ; ) Λ ( ; ) whic h v anishes on the subspace ( )Λ ( ; ) and

is equal to Δ (considered with b oundary conditions defined b y the b oundary

op erator (2.4)) on ( ) Λ ( ; )

Notice that Δ = ( ) Th us, for Λ ( ; ), one has

= ( ) + +

and therefore

( ) (0) = (0) + +

(2 5)

Since Λ ( ; )

Λ ( ; ) and Λ ( ; )

(2 5 )

One concludes that (2.5) is a decomp osition of t yp e ( ) for

= ( ( ) (0)) Let us sho w that if Λ ( ; ) then

Λ ( ; ) and Λ ( ; )

In view of (2.3),(2.5’) and = 0 it remains to c hec k that

= 0 and = 0

(2 6)

D

□

+ +

+ +

( )

( )

∑

−

−

− −

−

′

′

′

′

−

∗

−

∗

− −

∗

−

∗

−

−

∗

−

− − − −

−

∗

−

−

∗

−

→

∞

−

−

′

− −

−

∗

−

−

GHELEA, L. FRIEDLANDER, T. KAPPELER 33

∗ ∗ − ∗ − ∗ ± ∗

− − −

∗ ∈ E ∗

∈ E ∗ ∗

∗ ∈

E

− −

E −

E { ∈ E }

E

A

E → C O F

C →

H

F

−

O

F

O

− O

1

1

; ; 1 ;

; 1

1

; 1

1

;

# #

1

#

#

2

#

1 ; 1

#

;

#

1

1

; 1

#

1

; ;

2

1

0

1

#

( )

( )

( ) ( +1)

( ) q

q q ϵ q

q q q ϵ q d q q q ϵ

q q q ϵ q q

q q ϵ q q

q q ϵ

∂ M ∂ M q

∂ M q

∂ M q q q

∂ M d q q q ϵ d q

∂ M

q q ϵ

∂ M q

q q ϵ q

∂ M q q ϵ q ϵ

q

ϵ q

q ϵ ϵ q

q q

∂ M

q

q q

g

q q q

h

q q q

q q q q

comb

q

q q

q

q met

met

met

q q

N

q q

met h

Re Re

Re comb met

h

g

g

g h d d G ω d d G ω ω P ϵ ω d d G ω

d d G ω d d G ω ω P ϵ ω d d G ω .

i ω i ω ω M , i P ϵ ω

i P ϵ ω P ϵ ω M i d d G ω d i

d G ω i d d G ω d i d G ω G ω

M .

H D H D ω ω P ϵ

P ω . ω ω M C

H D H D

M , ∂ M ω M i ω . .

M , ∂ M , d I nt

q τ h, g

g r ad h

I nt M , ∂ M M , ∂ M , τ ,

δ I nt I nt d π π

N ul l

π I nt

θ T

T M , ∂ M , g , τ ,

T det θ θ .

T .

T T M , ∂ M , g , τ ,

T T T .

M

g r ad h

g r ad h.

g r ad h . k h

Observ e that

= Δ = ( )

and

= Δ = ( )

But = 0 and = 0 (as Λ ( ; )) ( ) = 0 and

( ) = 0 (as ( ) Λ ( ; )) and =

= 0 and = = 0 (as

Λ ( ; ))

Consequen tly the decomp ositions ( ) and ( ) hold for = ( ( )

(0)) Note that lim = in Λ ( ; ) with resp ect to the top ology

and all spaces in ( ) and ( ) are closed in this top ology .

Define

Λ ( ; ) := Λ ( ; ); = 0

(2 7)

Notice that (Λ ( ; ) ) is a sub complex. The in tegration on the

-cells of a generalized triangulation = ( ), whic h is giv en b y the unstable

manifolds of , defines an -linear map

: Λ ( ; ) ( ; )

so that = . Denote b y the canonical pro jection :

(Δ ). By a theorem of Do dziuk [Do] of de Rham t yp e, generalized for

manifolds with b oundary

, the map , restricted to , is an isomorphism

of Hilb ert mo dules. Denote its in v erse b y . Define the metric part =

( ) of the Reidemeister torsion b y

log :=

1

2

( 1) log ( )

log is indep enden t of the c hoice of the orien tations The Reidemeister

torsion = ( ) is defined as an elemen t in b y

log = log + log

In the remaining of this subsection w e will discuss the b eha vior of the torsions with

resp ect to the P oincar ´ e dualit y and the pro duct form ula for torsions.

Supp ose is orien ted. Then the orien tations of the unstable manifolds cor-

resp onding to the gradien t v ector field induce orien tations on the stable

manifolds of These manifolds can b e iden tified with the stable manifolds

of ( ) with the orien tations Since the critical p oin ts of index of

D

D

D

D

D

−

−

− ∗

− −

−

∗

∗

−

−

∗

−

−

−

−

−

−

− −

−

− −

−

′

+

+1

;

( )

1;

; ;

+

;

;

( )

( )

( ) ( )

( ) ( )

+1

+

+1

+

+1

+

+

+

+

OR MANIF

OLDS WITH BOUND AR Y...

Prop osition 2.2.

Prop osition 2.3.

2.2 Determinan t class.

− −

C F → C F

· − ·

C F

C F

H E

F − F

F − F

F − F

F A

F A −

A

A A⊗A F ⊗F A−

{ F } { F }

{ × × × F ⊗F }

× × ⊕ F ⊗F F

F F F

× × ⊕ F ⊗F F

F F F comb

q q d q

D

comb

q q τ q d q

d q τ comb

q

q τ q τ

D

q τ q τ

q

τ q ,τ q

τ q q ,τ

comb

q ,τ q

τ q

τ

comb

q comb

q ,τ comb

d q ,τ

q d q

τ comb

q q

τ

comb d

comb D

an d

an

met d

met D

N N N N

N N

N

N

an N N

an N N an

Re N N

Re N N N Re d k h

J M , ∂ M , τ M , ∂ M , τ

J δ δ J .

δ δ M , ∂ M , τ

M , ∂ M , τ δ δ .

I nt π I nt M , π

N ul l , I nt I nt .

J N ul l N ul l

J I nt J I nt

T M , ∂ M , τ T M , ∂ M , τ

T M , ∂ M , g T M , ∂ M , g

T M , ∂ M , g , τ T M , ∂ M , g , τ .

M , ∂ M , ∂ M

g τ

N

g τ

τ

.

M , ∂ M , ∂ M , N ,

M N , ∂ M N , ∂ M N ,

T M N , ∂ M N , g g , χ M , ∂ M

T N , g χ N T M , ∂ M , g .

T M N , ∂ M N , g g , τ , χ M , ∂ M

T N , g , τ χ N T M , ∂ M , g , τ . .

The fol lowi ng identities hold in

(i)

(ii)

(iii)

L et b e a b or dism e quipp e d with a R iemann-

ian metric , a gener alize d triangulation and a p ar al lel flat bund le of -Hilb ert

mo dules of finite typ e. L et b e a close d manifold e quipp e d with a R iemannian met-

ric , a gener alize d triangulation and a p ar al lel flat bund le of Hilb ert

mo dules of finite typ e. Denote by a pr o duct triangulation and by the von Neu-

mann algebr a Then is a p ar al lel flat bund le of Hilb ert

mo dules of finite typ e.

If the p airs and ar e of determinant class, so is the

p air and the fol lowing e qualities hold:

are the critical p oin ts of index of one obtains isometries of Hilb ert mo d-

ules : ( ; ) ( ; ) ( whic h induce P oincar ´ e

dualit y) and v erifies that

= ( 1)

(2 8)

where resp. are the differen tials in the co c hain complexes ( ; )

resp. ( ; ) and denotes the adjoin t of As in section 4 of

[BFKM] denote b y the restriction of to ( ; ) where is

the orthogonal pro jection on (Δ ) and b y ( ) the adjoin t of

F orm ula (2.8) implies that ( (Δ )) = (Δ ) The same argu-

men ts as in [BFKM] Prop osition 5.15 lead to

(2.9) = ( )

By using 2.8 and 2.9 one obtains

:

log ( ; ) = ( 1) log ( ; );

log ( ; ) = ( 1) log ( ; );

log ( ; ) = ( 1) log ( ; )

( )

=

^ ^

( )

( )

^

log ( ( )

^

) = ( ; )

log ( ; ) + ( ; ) log ( ; )

(2 10)

log ( ( )

^

) = ( ; )

log ( ; ) + ( ; ) log ( ; )

(2 10 )

The pro of of Prop osition 2.3 is iden tical to the one of Prop osition 4.1 in [BFKM].

F ollo wing [BFKM, section 4.1] w e in tro duce the follo wing

∫

∫

±

−

↾

↾

↾ ↾

+

+

+ 1 2 comb

k

k

∂ M

∂ M

i i i i

∂ M ∂ M

i i i i i i

−

−

−

−

−

−

−

−

−

±

−

−

±

−

− −

−

−

−

−

−

−

−

− −

′

−

+

1

0

Δ

+

1

0

Δ

+

+

+

+

+

+

+

+

+

+

+ 1 1 2 2 +

1 2 + 1 2

+

+

+

+

+

+

GHELEA, L. FRIEDLANDER, T. KAPPELER 35

Definition.

Prop osition 2.4.

Definition.

Prop osition 2.5.

{ F }

≤ ≤

−∞

{ F }

≤ ≤

−∞

{ F }

{ F }

{ F }

{ F }

F

{ F } { ∅ F } { F }

F

{ F }

{ F } { ∅ F }

F

F

F

F F F

F

F F

F

F F

× { F }

{ × × × F }

F

∅ F

M , ∂ M , ∂ M , τ , c

k d

< λdN λ .

M , ∂ M , ∂ M , g , a

k d

< λdN λ .

M , ∂ M , ∂ M , g , a

M , ∂ M , ∂ M , τ , c

M , ∂ M , ∂ M ,

τ M , ∂ M , ∂ M , τ ,

c

M , ∂ M , ∂ M ,

M , ∂ M , ∂ M , , M , , ∂ M , , ∂ M ,

M , ∂ M , ∂ M ,

∂ M ,

M , ∂ M , ∂ M , M , ∂ M , ,

M , ∂ M , ∂ M ,

M , ∂ M M , ∂ M

M , ∂ M , ∂ M , i ,

∂ M , ∂ M , . M , ∂ M , ∂ M ,

M M M ∂ M ∂ M

M M , ∂ M , ∂ M ,

M , ∂ M , ∂ M ,

N

M N M . M , ∂ M , ∂ M ,

M N , ∂ M N , ∂ M N ,

M , ∂ M , ∂ M ,

M , , ∂ M ,

M , ∂ M .

M , ∂ M M , ∂ M . τ h , g

([GS]) The triple is of -determinant

class iff is of -determinant class.

(1) If the system is of determinant class

then the long we akly exact se quenc es in c ohomolo gy with c o efficients in asso ciate d

to and ar e of determinant class.

(2) Supp ose that the systems have the pr op erty

that L et b e the system

wher e is obtaine d by glueing to along and define d by

on . If the systems ar e of determinant class then so is

the system .

(3) Supp ose that e ach c onne cte d c omp onent of a close d R iemannian manifold is

simply c onne cte d and let denote the pul lb ack of by the c anonic al pr oje ction of

on Then the p air is of determinant class iff the

p air is.

(4) The system is of determinant class iff the system

is of determinant class.

Pr o of.

(1) The triple ( ) is said to b e of -determinan t

class iff for 0

log ( )

(2) The triple ( ) is said to b e of -determinan t class iff for

0

log ( )

As in [BFKM] Prop osition 5.6, one can conclude from w ork of Gromo v-Sh ubin

[GS] and using Hellfer Sj¨ ostrand theory (cf. also [Ef1],[Ef2]) that the follo wing

result holds:

( )

( )

Prop osition 2.4 allo ws us to in tro duce the follo wing

(i) The pair ( ) is said to b e of determinan t class

if there exists a generalized triangulation suc h that ( ) is of

-determinan t class.

(ii) The system ( ) is said to b e of determinan t class if the three

pairs ( ) ( ) are of determinan t

class.

Notice that a system ( ) b eing of determinan t class implies that

the t w o pairs are of determinan t class as w ell as, b y P oincar ´ e

dualit y , that the t w o pairs ( ) and ( ) are of deter-

minan t class.

( )

( ) ( )

( ) ( = 1 2)

( ) = ( ) ( )

=

( )

( )

~

( )

( )

~

( )

( )

(1) W e v erify the statemen t for ( ) Similar argumen ts can b e used

for ( ) and ( ) Cho ose generalized triangulations = ( ) of

↾

↾

↾

↾

′

−

′

′

−

− −

′

′

0 1 2

1 2

0 + 1

+ 1 g

g

g

h h

q

q

h h ∂ M

h

h

∂ M

h h h

q

q

q

h q

h q

q

h ∂ M

q

∂ M q q

OR MANIF

OLDS WITH BOUND AR Y...

−

′

− −

− − −

−

′

−

−

−

∗

−

∗ ∗

− −

−

′ ′ ′′

∗ ′

∗ ∗ ′

∗

−

−

′

−

′

−

′

−

′

−

−

−

∗

∗

−

+

+

1 1

1

1 + 1 1 2 2

2

2 2 + 2

0 0

0

+ 1 2 0 1 2

0

+ 1 1 2

1 2 1 2

0 1 2

1 + 1 1 1 2 2 2 2

+ 1 0

+ 1 0

+1

1 + 1 1 1

+1

2 2 2 2

1 + 1 2 2

+

\ ∪

\

O O

O C O F

A F

→ C O F → C O F → C O F →

∅

C O F A

C O F C O F

C O F

{ ∅ F }

{ F }

{ F }

∪ ∪

O O O O

C O F A−

→ C O F ⊕C O F → C O F →

→C O F →

F → F ⊕ F

C O F

C O F

∅

{ F }

∂ M τ h, g M , ∂ M , ∂ M . g r ad h

∂ M g r ad h M ∂ M X S ∂ M

S τ g r ad h

M ∂ M g

∂ M

τ .

τ τ .

τ X , τ , , δ

X , τ

M , ∂ M , τ , X , τ , ∂ M , τ ,

M , ∂ M .

τ h , g M , , ∂ M

M , τ ,

X , τ , . M , τ ,

X , τ ,

M , ∂ M

M , , ∂ M ,

M , ∂ M , ∂ M , .

∂ M ,

τ h , g M , ∂ M , ∂ M τ h , g M , ∂ M , ∂ M

τ h , g ∂ M ∂ M . τ , τ , τ

τ g Y ∂ M S S

S S τ τ .

, , τ , τ , τ

τ , Y , τ , , δ

M , ∂ M , τ , M , ∂ M , τ , Y , τ ,

∂ M , τ , .

H ∂ M , τ H M , ∂ M , τ H M , ∂ M , τ ,

M , ∂ M M , ∂ M

Y , τ ,

Y , τ ,

M , , ∂ M

M , ∂ M , ∂ M , and = ( ) of ( ) The descending manifolds of in

and of in pro vide a cell structure for the space = ,

where is the union of all op en cells of (i.e. of all descending manifolds of

in ). By an arbitrary small c hange of the metric whic h k eeps the CW-

complex structure of isomorphic to the unp erturb ed one, one can arrange

that the cell structure is in fact a CW-complex structure, denoted b y ~ Cho ose

orien tations resp. for the cells of resp. These orien tations define

orien tations for the cells of ~. Consider the co c hain complex ( ( ~ ; ) )

of -Hilb ert mo dules of finite t yp e asso ciated to the CW-complex ( ~) and .

The short exact sequence of co c hain complexes

0 ( ; ) ( ~ ; ) ( ; ) 0

induces a long cohomology sequence whic h is w eakly exact, hence a co c hain com-

plex. This complex will b e called the cohomology sequence of the pair ( )

Differen t generalized triangulations giv e rise to isomorphic (but not necessarily

isometric) co c hain complexes. Using sub divisions, one can sho w that an y gener-

alized triangulation = ( ) of the b ordism ( ) pro duces a co c hain

complex ( ; ) of -Hilb ert mo dules whic h is homotop y equiv alen t to

( ~ ; ) By h yp otheses, ( ; ) is of determinan t class and there-

fore, b y Prop osition 1.3(B), ( ~ ; ) is of determinan t class as w ell. Th us,

b y Theorem 1.14, the cohomology sequence of the pair ( ) is of determinan t

class.

(2) W e v erify that the pair ( ) is of determinan t class. Similar

argumen ts can b e applied to the pair ( ) (Notice that, b y as-

sumption, is of determinan t class.) Cho ose generalized triangula-

tions = ( ) for ( ), = ( ) for ( ) and

= ( ) for = The op en cells of pro vide a CW-complex

structure ~ (if necessary

, mo dify sligh tly) for the space =

where resp. are the union of the op en cells of resp. Cho ose orien tations

for the cells of whic h define orien tations for the cells of

~ and consider the asso ciated co c hain complex ( ( ~ ; ) ) of Hilb ert

mo dules of finite t yp e. Consider the short exact sequence of co c hain complexes

0 ( ; ) ( ; ) ( ~ ; )

( ; ) 0

Notice that the connecting homomorphisms in the induced cohomology sequence,

( ; ) ( ; ) ( ; ) are

the sum of the connecting homomorphisms in the cohomology sequences of the pairs

( ) and ( ) and hence of determinan t class b y (1) and Prop osition

1.1 (C). Therefore, Prop osition 1.13 (i) together with the made assumptions implies

that the complex ( ~ ; ) is of determinan t class. By Prop ostion 1.3(B), the

homotop y equiv alence of ( ~ ; ) with the co c hain complex asso ciated to an

arbitrary generalized triangulation of the b ordism ( ) implies that the pair

( ) is of determinan t class.

(3) follo ws from Prop osition 1.2.

R

R

±

− + 1 2

↾

↾ ↾

□

−

−

∗

−

−

∗

( ) ( )

( ) ( )

E H E ⊕ E ⊕ E

E H E ⊕ E ⊕ E

; 1

1

1;

+1

1;

1

; 1

1

2;

+1

2; 1 q

q t q q

t q q

t t

q

q t q q

t q q

t t

−

−

− − − −

− − −

−

−

−

−

−

′

−

∗

−

−

−

∗ ∗

∗

∗

∗

+

[ ]

[ ]

+

1 1 + 1

2 2 + 2

+ + +

[ ]

+

+ 1 1 2 2

+

+

+

1

( 1)+1

;

;

1 1;

a,b

a,b

i i i

i

∂ M a,b

i i i i

∂ N ∂ N

q

q

q th

q th

q

q d q

d q

j t j t

q

q q

q q q

t

M M cl osur e d t M cl osur e d t M , H D

M M cl osur e d t M cl osur e d t M H D

F or any and , ther e exists an ortho gonal

de c omp osition of -pr e Hilb ert mo dules

{ F }

∅ F

{ F } F

F × →

× × × F

∅ ⊔ × − × {− } × { }

× × { } ∅

⊔ × × { } × { }

G A− F

F ⊔

G

G G

G

G

F

∧

− ∗ − ∗

E ≡ E H E

E E

∈ ≤ ≤

A

2.3 Witten deformation of the de Rham complex for manifolds with

b oundary.

Prop osition 2.1’.

GHELEA, L. FRIEDLANDER, T. KAPPELER 37

Λ ( ; ) = ( ; ) ( ) Λ ( ; ) ( ) Λ ( ; ) ( )

Λ ( ; ) = ( ; ) ( ) Λ ( ; ) ( ) Λ ( ; ) ( )

M , ∂ M , ∂ M

M , , ∂ M ,

N , N

p N a, b N a, b

N a, b , N a, N b

i , N , ∂ N , ∂ N

N , ∂ N , ∂ N M , , ∂ M ∂ M , , ∂ M , ∂ M

N , ∂ N , ∂ N ∂ M , , ∂ M , ,

∂ M , , ∂ M , ∂ M

M

A B

N , ∂ N , ∂ N

∂ N , ∂ N ,

N , ∂ N , ∂ N ,

N , ∂ N , ∂ N ,

M , ∂ M , ∂ M , .

τ h, g M d t

d

d t e d e d tdh . .

d t d t

M M t j , M

d d d t

d t M M t

t q d

(4) In view of the definition of a system b eing of determinan t class it suffices to

pro v e that the pair ( ); is of determinan t class if the system

( ) is of determinan t class. First notice the follo wing t w o facts:

(i) The disjoin t union of t w o systems of determinan t class is a system of determinan t

class and

(ii) if is a pair of determinan t class ( a closed manifold) and denotes

the pullbac k of b y the pro jection : [ ] ([ ] a compact in terv al on

) then ( [ ] ; ) is a system of determinan t class.

F or = 1 2 define b ordisms ( )

( ) := ( ) ( [ 1 0] 1 0 )

( ) := ( [0 1] 0 1 )

( [0 1] 0 1 )

and whose parallel flat bundle of Hilb ert mo dules are equal to on and

to ( ) on the other comp onen ts. (Recall that denotes the disjoin t

union of t w o sets A and B.)

The statemen ts (i) and (ii) ab o v e imply that the systems ( ; ) are of

determinan t class. Since ( ) = ( ) one can glue these

t w o systems to obtain a system ( ) whic h b y (2) is of determinan t

class. The result follo ws once w e observ e that ( ) is isomorphic to

( )

Giv en a triangulation = ( ) of , consider the Witten deformation ( )

of ,

( ) = = +

(2 11)

Noticing that ( ) = ( 1) ( ) w e define the spaces

Λ ( ; ) Λ ( ; )( ) ( = 1 2) and ( ; ) b y replacing in the definition

(2.2) - (2.3) the exterior deriv ativ e and its adjoin t with ( ) resp ectiv ely

( ). W e p oin t out that Λ ( ; ) = Λ ( ; ) is indep enden t of .

Using the same pro of, the ab o v e Prop osition 2.1 can b e generalized as follo ws:

0

R

− − + +

0

1

∞

′

− ′

− ′

−

−

−

−

−

( )

(

( )

) (

( )

)

( ( )

−

−

∗

−

−

−

− − −

∗

−

∗

− −

0 0

0

0

2;

1

0

1

1

2;

1

1

1

2;

E H E ⊕ E ⊕ E

E → E × E × E × E

→ ∗ ∗

2 ; 2 1

1

2;

2

+1

2;

1

+

1

+

# #

1

# #

1

( )

( ) ( )

∫

( )

( )

( )

( )

( )( )

( ) ( )

( )

( )

( ) q

q t q q

t q q

t t

q q q q d q d q

∂ M ∂ M q

∂ M ∂ M d q

−

∈

∞

≥ ≤ ≤

∩ ∅

E → E

−

≥ −

− E → E

A E

E E

E − E

E ⊆ E A

E E

E

E

C C O F

L M M L d t M L d t M . H D

B t M ∂ M ∂ M ∂ M ∂ M .

ω i ω , i d t ω , i ω , i d t ω .

(wher e the wor d closur e r efers to closur e with r esp e ct to the top olo gy) and

q q

q q q q q

q tC

t C

q q q

t

q

S q

q

q q q

t

q

q

t sm q q

q

t la q q

q

t sm q

t

q

t sm q q

t la q

q

q

q

t sm q

q q

h q

OR MANIF

OLDS WITH BOUND AR Y...

Λ ( ; ) = ( ; ) ( ) Λ ( ; ) ( ) Λ ( ; ) ( )

( ) : Λ ( ; ) Λ ( ; ) Λ ( ; ) Λ ( ; ) Λ ( ; )

(2 4)

( ) ( ( ) ) ( ) ( )( ) )

C

t , t , B t

σ t S pec t , B t t , B t ,

C > , C > t > t t q d,

σ t e , C t .

t

e < < C t

Q t M M ,

Q t

π i λ t dλ

t t λ t

λ t M M

S λ

M

M Q t M

M I d Q t M .

M M

M , d t M , d t

M , ∂ M , d t

M , d t

M , ∂ M , τ , , δ

Consider the differen tial b oundary op erator

One v erifies that, for an y Δ ( ) ( ) is an elliptic b oundary v alue

problem whic h is essen tially selfadjoin t and nonnegativ e. Hence the sp ectrum

( ) := Δ ( ) ( ) of Δ ( ) ( ) is con tained in [0 ). F ollo wing

the pro of of Prop osition 5.2 in [BFKM] one concludes that there exist constan ts

0 0 and 0 so that for and 0

( ) ( ) =

Cho ose so large that

1

and in tro duce the orthogonal pro jections ( ) : Λ ( ; ) Λ ( ; )

( ) :=

1

2

Δ ( )

for , where Δ ( ) is view ed as a map

Δ ( ) : Λ ( ; ) Λ ( ; )

and is the circle in the complex -plane, cen tered at 0, with radius 1.

In tro duce the follo wing -submo dules of Λ ( ; ),

Λ ( ; ) := ( ) Λ ( ; )

and

Λ ( ; ) := ( ) Λ ( ; )

Notice that Λ ( ; ) Λ ( ; ) is a -Hilb ert submo dule of finite v on

Neumann dimension. F urther Λ ( ; ) ( ) and Λ ( ; ) ( ) is a sub-

complex of Λ ( ; ) ( ) .

Let us no w describ e Λ ( ; ) ( ) in more detail.

Recall that the co c hain complex = ( ; ) is giv en b y

R

↾

↾

( )

∑

∑ ∑

;

+1

;

;

′ ′

′

′

′

′ ′ ′ ′

′ q

q j

q

q j

q j

q j

q j

∈

≤ ≤

≤ ≤

∗ ′ ′

′

∈

∈

′

−

Definition.

Theorem 2.6.

( )

;

;

;

;

; ; ;

;

1

1

; +1;

0

;

;

;

2 2

2

;

;

=1

2

= +1

2

( )

( )

;

GHELEA, L. FRIEDLANDER, T. KAPPELER 39

C ⊕ E

{ ≤ ≤ }

≤ ≤ ≤ ≤

E ∈ E

A− ∈ C

≥

E E A

≡

∈

⊆ \

{ ∈ | | } →

× W → E

−

E

W A

∩ ∅

Assume is a system of -neighb orho o ds such that, for

any and

C r h x j m h

q q j m C r h e i ℓ

x C r h

E

E x δ e

δ δ

δ E γ E .

t t

φ t M M

H U U

x C r h

U M ∂ M H x

B x x < α φ B U

B

φ x

φ, h

h x h x x x

φ g g

φ H

U φ B

U H

H

h

U H

q j j

U W q

x C r h x

q q j q

q q q j,i

x q j q x

q j,i q

q j,i q j j j q j,i

j j q

q q i,j

i m

j ℓ q ij,i j q i j

q i,j q

t sm q

t sm

q j x

q j q

q j q j

α d

α q j

α U

q j

q j q

k k d

k q k

U

q j α

x x C r h

j

x x C r h

x

q j

=

where ( ) = ; 1 denotes the set of critical p oin ts of whic h are

of index . Giv en and 1 := # ( ), denote b y (1 ) an

orthonormal basis of ( ) . (Recall that is assumed to b e a free

Hilb ert mo dule (cf in tro duction).) Define b y

( ) =

where denotes the Kronec k er delta. With resp ect to this basis, is giv en b y

( ) =

Generalizing results of Helffer-Sj¨ ostrand, one constructs for an orthonormal

base ( ) of Λ ( ; ) to conclude that Λ ( ; ) is a free -Hilb ert mo dule

of finite t yp e.

Let us recall from [BFKM] the notion of a -neigh b orho o d of a

critical p oin t ( ):

is said to b e an -neigh b orho o d of if there exist

a disc := ; 2 and diffeomorphisms : and Φ :

with the follo wing prop erties:

(i) (0) = ;

(ii) when expressed in the co ordinates induced b y is of the form

( ) = ( )

1

2

+

1

2

;

(iii) the pullbac k ( ) of the Riemannian metric is the Euclidean metric;

(iv) Φ is a trivialization of .

F or later use, w e call the co ordinates pro vided b y -co ordinates and define

:= ( ).

A collection ( ) of -neigh b orho o ds is called a system of

-neigh b orho o ds if, in addition, they are pairwise disjoin t.

T aking in to accoun t that is not necessarily a self indexing Morse function one

obtains the follo wing v ersion of Theorem 5.7 in [BFKM]. (W e recall that w e assume

throughout this section that the ’s are free -Hilb ert mo dules.)

( )

=

=

;

2

2

4

;

+1

+1

;

2

4

;

′

′

′

−

′

′

′ ′ ′ ′

′ ′

′ ′ ′ ′

′

−

−

∈ \

−

−

− | |

≤ ≤

≤ ≤

− −

−

−

∼

−

− x

q ,j

q j

d q

q j

q

q ,i q i

d k

q j

( ) (

( )

)

( ) ( ) ( ( )

∑

(

( )

)

( )

( )

( )

( )

( )

≥

≤ ≤ ≤ ≤ A

E

≥ ≤ ≤

‖ ‖ ≤

∩

∧ · · · ∧ ⊗

A

E → C O F

E

C O F

E

C O F

→ ∞

OR MANIF

OLDS WITH BOUND AR Y...

;

;

1 0 1 ;

1

;

;

;

4

2

1 ;

( )

;

( )

;

;

1

1

; +1;

;

;

1 2

;

( ) ( )

;

( ) ( )

;

; ;

W x

g r ad h.

t t t > t φ t

j m , i ℓ

M

C > , η > t t , r ℓ,

φ t x C e .

H U W , q φ t

φ t x t

π e dx dx e

t

.

I nt e φ t t

π e E

t

.

d t φ t η t φ t

η

η t t

π γ e .

f t M M , ∂ M , τ ,

f t φ t π

t e I nt e φ t . .

f t M , d t

M , ∂ M , τ , , δ . f t

φ M E

M , ∂ M , τ , ,

f t I d

t t .

q j q j

g

q j,i

q

q

t sm

x M U q j,r tη

x

q ,j q j,r

q j,r d/

t x /

q q j,r

q th

q j,r th x

q j,r

q q j,r

j m

r ℓ q j r ,j r q j ,r

q j r ,j r

q j r ,j r

/

q j r ,j r t h x h x

k k

t sm k

h

k k j r th x k th

k j r

k k

t sm k

k

h k k

k ir i,r k

t sm k ir i,r

k

h

k

( )

1 1

Λ ( ; )

0 0 1

sup ( )( )

( )

( )( ) = + 0

1

( ) = + 0

1

)

( ) ( ) = ( ) ( )

( ) = + 0(1)

Consider the isomorphism of -Hilb ert mo dules

( ) : Λ ( ; ) ( ; )

giv en b y

( ) ( ) := ( ) ( ( ))

(2 12)

Then the maps ( ) pro vide an isomorphism b et w een Λ ( ; ) ( ) and

( ; ) As a consequence of Theorem 2.6 (iv), ( ), when

expressed with resp ect to the basis ( ) of Λ ( ; ) and the basis ( )

of ( ; ) is of the form

( ) = + 0(

1

) ( ) wher e denotes the desc ending manifold asso ciate d to the critic al p oint

and the gr adient flow

Then ther e exists such that for , the elements , c onstructe d in

[BFKM] with form an orthonormal b asis of the -Hilb ert

mo dule with the fol lowi ng pr op erties:

(i) Ther e exist so that for

(ii) When expr esse d in -c o or dinates on the -forms satisfy

the fol lowi ng estimate

(iii) With r esp e ct to this b asis,

(iv) With r esp e ct to this b asis

and the c o efficients satisfy

D

( ) ( )

∑

(

∑

) (

∑

)

(

∑

)

∑

(

∑

)

∑

−

′

−

− −

− −

−

−

−

−

− −

−

−

− −

−

−

−

+

+

+

+

0

+1

=1

=0 =0

+1

=0

+1

+1

=1 =0

=0

+

1 2

GHELEA, L. FRIEDLANDER, T. KAPPELER 41

F

F

F F

E E

F F

F

{ F }

F A−

{ F }

F F

F → ∞

F

F − F

−

−

−

−

− −

F

F − − −

{ F }

U ∪ U → U

2.4 Asymptotic expansions and a comparison theorem.

Theorem A.

Theorem B.

q q

sm la

q

t sm q q

t la q

sm

la

q

q

sm

la

d

j j j

met

d

q q

q d

q q

q

d

q q

q d

j d

q q

q ,j j

q ,j q ,j

I

q ,j

I I

q ,j

I

q ,j

I I

q ,j

sm

comb d

q q

q q

j j j j

j j j

j j j j

M , ∂ M , ∂ M g τ h, g

T M , ∂ M , g , h, t

t d t g t

T M , ∂ M , g , h, t T M , ∂ M , g , h, t

M , d t M , d t .

T M , ∂ M , g , h, t T M , ∂ M , g , h, t

T M , ∂ M , g , h, t

M , ∂ M , ∂ M , t

d t g

M M , ∂ M , ∂ M g

τ h, g

M , ∂ M , ∂ M ,

T M , ∂ M , g , h, t T M , ∂ M , g , h, t

T M , ∂ M , g , h, t t

a a t b t o .

T M , ∂ M , g , h, t

T M , ∂ M , g , h, T M , ∂ M , τ , g ,

π d q

β d q

β t

q β t p t o

p p p p p

M p ∂ M

T M , ∂ M , g , h, t

T M , ∂ M , τ , q m ℓ β t t π o .

M , ∂ M , ∂ M , j ,

τ h , g

∂ M C r h M

L et b e a b or dism, a R iemannian metric,

a gener alize d triangulation and a p ar al lel flat bund le of Hilb ert

mo dules so that the p air is of determinant class. Then the

fol lowi ng statements hold:

(i) The functions , and

admit asymptotic exp ansions for of the form

(ii) The asymptotic exp ansion of is of the form

wher e c an b e written as a sum, with b eing a lo c al term

on and b eing a lo c al term on .

(iii) The asymptotic exp ansion of is of the form

Assume that the p airs ar e of

determinant class and ar e gener alize d triangulations so that ther e exist

neighb orho o d s of in and a diffe omorphi sm with

Supp ose that ( ) is a b ordism, a Riemannian metric, = ( )

a generalized triangulation and a parallel flat bundle.

Denote b y log ( )( ) the analytic torsion defined b y the Laplace

op erators Δ ( ) asso ciated to ( ) and the metric . F or large enough let

log ( )( ) and log ( )( ) b e the torsion of the

sub complex Λ ( ; ) ( ) resp ectiv ely Λ ( ; ) ( )

Both,

log ( )( ) and log ( )( ) are elemen ts in the v ec-

tor space and log ( )( ) is a real n um b er. In the case the pair

( ) is of determinan t class the Laplace op erators Δ ( ) asso ci-

ated to ( ) and the metric are of determinan t class. As in [BFKM] one pro v es

the follo wing t w o theorems:

= ( )

= ( )

( )

log ( )( ) log ( )( )

log ( )( )

+ + log + (1)

log ( )( )

log ( )(0) log ( )

+ (log ) ( 1)

2

4

+ ( 1)

2

4 log

+ ( 1) + ( 1) + (1)

= +

log ( )( )

log ( ) +

1

2

( 1) ( )(2 log + log ) + (1)

( ) ( = 1 2)

= ( )

( ) Ψ :

j

R

± ±

−

↾ ↾

↾ ↾

( )

( )

∫ ∫

∫ ∫

( )

Corollary C.

1 1 2 2

1 1 2 2

3

3 + 3

± ±

∗

− −

− −

\ \

\ \

−

± ±

OR MANIF

OLDS WITH BOUND AR Y...

≤ ≤

∘ U

F − F

F − F

→ ∞

−

F F

−

F

F F

{ F }

F F F

F F

→ ⊂ −

{ F }

F − F

F − F

− F F q q

la la

la la

M C r h M C r h

M C r h M C r h

j ∂ M j ∂ M

j j j

j j j j

∂ M ∂ M

i i i i

i i

i i

i i i

an an

met met

1 2 1 2 2 1

2 1 1

1 1 1 1 1 2 2 2 2 2

1 1 1 1 1 2 2 2 2 2

( )

0 1 1

( )

0 2 2

0 1 1 0 2 2

1 2 1 2 1 2

( )

0 1 1

( )

0 2 2

3 3 + 3 3

3 3

3 3 3

1 2 1 2 1 2

1 2

3 3 3 3

3 3 3 3

3

3 3 3

3

1 1 1 1 2 2 2 2

1 1 1 1 2 2 2 2

1 1 1 1 2 2 2 2

∂ M ∂ M C r h C r h q d g g

h h

F T T M , ∂ M , g , h , t T M , ∂ M , g , h , t

T M , ∂ M , g , h , t T M , ∂ M , g , h , t

t

a h , ϵ , x a h , ϵ , x

a h , ϵ, x a h , ϵ, x d

A M , M , τ , τ , ,

a h ϵ , x a h ϵ , x .

M , ∂ M , ∂ M , j ,

∂ M ∂ M

N , N

M M M M .

A M , M , τ , τ , ,

h h

h M h M a , b

h a, h b g M

i , , h h h N g

g g N g g

∂ M h , g

N N , , i ,

F T T N , g , h , t T N , g , h , t

T N , g , h , T N , g , h ,

T N , τ , g , T N , τ , g ,

, for , as wel l as

and on .

Then the fr e e term

of the asymptotic exp ansion of

for is given by

wher e and ar e densities (forms of de gr e e ) and ar e given

by explicit lo c al formulas; the differ enc e of the two inte gr als has to b e taken in the

same way as in [BFK, se ction 0, R emarks after The or em 3].

Assume in additio n to the hyp otheses in The or em B that ther e exists

a system with the fol lowing pr op erties :

(i) and

(ii) the p air is of determinant class wher e denotes the close d manifold

obtaine d by gluing to and is given by on and by on

Then

Pr o of.

Ψ( ) = Ψ ( ) = ( ) 0 Ψ =

Ψ =

log ( )( ) log ( )( )

log ( )( ) log ( )( )

( = 0 ) ( = 0 )

( ) ( )

In tro duce

( )

:= ( ; = 0 ) ( ; = 0 )

( ) ( = 1 2)

= = ;

~

~

( ) = 0

Let a b e the minim um of (whic h is also the minim um of ) and let b b e

its maxim um. Cho ose a smo oth function : with ( ) [ 1 + 1]

as w ell as = = (cf. Figure 1), and a metric on so that,

for = 1 2 together with defines a Morse function

~

on and together

with defines a metric ~ on . F urther c ho ose (if necessary

, mo dify in an

arbitrary small neigh b orho o d of ) so that (

~

~ ) is a generalized triangulation

for . Since ( = 1 2) are, b y assumption, of determinan t class, one

concludes from Theorem A

log ( ~

~ ~

)( ) log ( ~

~ ~

)( )

= log ( ~

~ ~

) log ( ~

~ ~

)

log ( ~ ~

~

) + log ( ~ ~

~

)

□

( )

( ) ( )

( )

F − F

F − F

F F

F

F F

F

F F

F F

1 1 1 1 2 2 2 2

1 1 1 2 2 2

1 2

1 2 1 2 1 2

1 2 1 2 1 2

GHELEA, L. FRIEDLANDER, T. KAPPELER 43

sm sm

comb comb

an j j j comb j j j

met j j j j

j j j j sm j j j j

la j j j j

F T T N , g , h , t T N , g , h , t

T N , g , T N , τ , .

N N

T N , g , T N , τ ,

T N , τ , g , .

F T T N , g , h , t F T T N , g , h , t

F T T N , g , h , t

A

A N , N , τ , τ , , .

A M , M , τ , τ , , .

and

log ( ~

~ ~

)( ) log ( ~

~ ~

)( )

= log ( ~

~

) log ( ~

~

)

As and are b oth closed manifolds of determinan t class w e conclude from

[BFKM] that

log ( ~

~

) = log ( ~

~

)

+ log ( ~ ~

~

)

Com bining the ab o v e equalities with the iden tit y

log ( ~

~ ~

)( ) = log ( ~

~ ~

)( )

+ log ( ~

~ ~

)( )

one obtains, with defined as ab o v e,

( ~ ~

~ ~

) = 0

In view of the fact that A is lo cal, one concludes that

( ) = 0