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COMPLEX VALUED RAY-SINGER TORSION II

DAN BURGHELEA AND STEFAN HALLER

ABSTRACT. In this paper we extend Witten—Helffer—Sjostrand theory
from selfadjoint Laplacians based on fiber wise Hermitian structures, to
non-selfadjoint Laplacians based on fiber wise non-degenerate symmetric
bilinear forms. As an application we verify, up to sign, the conjecture
about the comparison of the Milnor—Turaev torsion with the complex
valued analytic torsion, for odd dimensional manifolds. This is done
along the lines of Burghelea, Friedlander and Kappeler’s proof of the
Cheeger—Miiller theorem.
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1. INTRODUCTION

Let (M, g) be a closed connected smooth Riemannian manifold of dimen-
sion n, and suppose F is a flat complex vector bundle over M, equipped
with a (not necessarily parallel) fiber wise non-degenerate symmetric bilin-
ear form b. The flat connection of E will be denoted by VE. Let Q(M; E)
denote the deRham complex of F-valued differential forms on M, and write
dg for the deRham differential.

The Riemannian metric g and the bilinear form b provide a fiber wise non-
degenerate symmetric bilinear form on the complex vector bundle A*T*M ®
E which will be denoted by b,. If vol, denotes the volume density associated
with g, then

B(v,w) = /M by (v, w)volg v,w € QM; E),
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2 DAN BURGHELEA AND STEFAN HALLER

defines a symmetric bilinear form on Q(M; E). Let dﬁE g.» denote the formal
transposed of dg with respect to [,

Bldgv,w) = Bv,df, ,,w),  v,w € QM;E).
The Laplace—Beltrami operator
Apgy=(dp+dy ,,)? =dpdy , +dy  dp (1)

is not necessarily selfadjoint.
In [I1] the following complex valued analogue of the square of the Ray—
Singer torsion [20] was introduced and studied:

[T(det'(Ap44.0) """ € = C\ {0} )

q

Here det’(Ag g54) € C* denotes the zeta regularized product of all non-
vanishing eigen values of the Laplacian acting on Q9(M; E). In the definition
of the determinant one can use any non-zero Agmon angle, the resulting
det’'(Ag g.p4) Will be independent of this choice.

Let X be a Morse-Smale vector field' on M, and write X' for the set
of critical points, i.e. zeros of X. Denote by C(X; E) the associated Morse
complex. The fiber wise symmetric bilinear form b induces a non-degenerate
bilinear form by on C(X; E). Recall that the integration homomorphism

Intg x : Q(M; E) — C(X;E) (3)

induces an isomorphism in cohomology, see [Z1]. Let Qg ,(A; E)(0) denote
the (generalized) zero eigen space of Ag ;. Due to ellipticity of Ag g4,
the space Qg ,(M; E)(0) is finite dimensional and consists of smooth forms
only. Since dg commutes with Ag 3 the zero eigen space €y ,(M; E)(0)
is a subcomplex of Q(M;E). As Apg gy fails to be selfadjoint, the differ-
ential on §,,(M; E)(0) will in general not vanish. However, the inclusion
Qgp(M; E)(0) — Q(M; E) induces an isomorphism in cohomology. It fol-
lows that the restriction of (@) to €, ,(M; E)(0) induces an isomorphism
in cohomology too. Because Ag 4 is symmetric with respect to 3, the bi-
linear form ( will restrict to a non-degenerate symmetric bilinear form on
Qgp(M; E)(0). We thus have a quasi isomorphism between finite dimen-
sional complexes

IntXE : Qg’b(M;E)(O) - Cb(X;E)

each of which is equipped with a non-degenerate symmetric bilinear form.
This permits to define the square of the relative torsion which we will denote
by

In
(20 (M; B)(0) 5 C(X: B)) € CF
A more detailed discussion of these facts can be found in [l Section 4].

IThat is, with respect to some Riemannian metric, X is the negative gradient of a
Morse function, and satisfies the Smale transversality condition, i.e. stable and unstable
manifolds intersect transversally.
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Recall the Mathai-Quillen form, see [I8] or [2, Section III],
U, € QY TM\ M;Ou),
and the Kamber-Tondeur form
wpp = —strg(b"'VFb) € QN (M;C). (4)

Note that wp, is closed since V¥ is flat, see [T, Section 2]. The integral

/ wgp N (=X)* ¥,
M\X

will in general not converge, but can easily be regularized, see [9, Section 2],
[T0, Section 3] or [2, Section III]. Consider the non-vanishing complex num-
ber

IntxyE

SE,g,b,X = T(ng(M; E)(O) E— Cb(X; E))

. H(det/(AE7g7b7q))(_l)qq . exp(—2/ Wi,g N (—X)*\I/g>.
; M\X

In [TT] the following result, analogous to the anomaly formula for the classical
Ray-Singer torsion [2, Theorem 0.1], has been established.?

Theorem 1.1. The quantity Sg g x 15 independent of the Morse-Smale
vector field X, independent of the Riemannian metric g and locally constant
in b. It thus depends on the flat bundle E and the homotopy class [b] of the
fiber wise non-degenerate bilinear form only, and will be denoted by Sk, -

Remark 1.2. There is a conceptual interpretation of Sg ; as the quotient
of two invariants, see [I1], Section 5.

In analogy with a result of Cheeger [12),[13], Miiller [T9] and Bismut—Zhang
[2, Theorem 0.2], the following conjecture was raised in [I1l, Conjecture 5.1].

Conjecture 1.3. We have Sg ) = 1 for every flat complex vector bundle
E and every fiber wise non-degenerate symmetric bilinear form b on E.

This conjecture has been verified in several non-trivial situations, see [
and [T, Section 5]. One purpose of this paper is to establish Conjecture
for odd dimensional manifolds, up to sign. More precisely, we will show

Theorem 1.4. Suppose M is odd dimensional. Then Sg ) = £1 for every
flat complex vector bundle E and every fiber wise non-degenerate symmetric
bilinear form b on E.3

2Strictly speaking, this was done for vanishing Euler—Poincaré characteristics only.
However, with few additional elementary arguments Theorem [[I] below can be proved
exactly as in [T}, Section 6], the crucial analytic results [T}, Proposition 6.1 and 6.2] have
been established without any restriction on the Euler—Poincaré characteristics.

3In the appendix we show how one can remove the sign ambiguity by extending Witten—
Helffer—Sjostrand theory to generalized Morse functions, a project partially realized in [I6].
One also note that an extension of the theorem above to compact manifolds with boundary
implies the result for closed even dimensional manifolds
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In fact we actually show that the strategy of proving the Cheeger—Miiller
theorem presented in [5] works here too, almost identically. However, the
spectral properties of the Witten deformation of the Laplace operators asso-
ciated with a Riemannian metric and a non-degenerate symmetric bilinear
form can not benefit from the methods described in more details in [§], based
on selfadjointness. Fortunately, the key geometric consequences continue to
hold. The other purpose of this paper is to extend Witten—Helffer—Sjostrand
theory to this non-selfadjoint situation, which may be of independent inter-
est.

This paper is organized as follows. In section Bl we will extend Witten—
Helffer-Sjostrand theory [2, B, Bl [7, &, T4} [T5] to this non-selfadjoint situation.
More precisely, we choose a Morse function f on M and fix a Riemannian
metric g which has a standard form near the critical points X of f. We
assume that the gradient vector field X := —grad,(f) satisfies the Smale
transversality condition. Finally, we assume that the bilinear form b is
parallel in a neighbourhood of X, with respect to V. In view of Theo-
rem [Tl these assumptions do not cause a loss of generality for the purpose
of computing Sg ). We then consider the family of Witten deformed flat
connections on F

Vi = VE 4 udf, u > 0. (5)
Let us write E, for the complex vector bundle E equipped with the flat
connection V¥ + udf. Since e*f : (E,,b) — (E,e 2%/b) is an isomorphism
of flat vector bundles with bilinear forms, it follows from Theorem [[T] that
SE,,[p) 1s constant in u.
Let us introduce the large analytic torsion

T = [ [ (det™ (A, 4,0)) " (6)

q

where detla(A E.g.b,q) denotes the zeta regularized product of eigen values
whose real part is larger than 1. In view of Proposition below, a4
is analytic in u for sufficiently large u. Moreover, let us write Qg (M; E,,)
for the sum of eigen spaces corresponding to eigen values with real part at
most 1. We refer to Qg (M; E,,) as the small complez, see Proposition
below. This is a finite dimensional subcomplex of Q(M; E,,), [ restricts to
a non-degenerate symmetric bilinear form By, on Qsm(M;E,), and the
restriction of (Bl) to Qg (M; E,) provides a quasi isomorphism

Intsm,u : Qsm(M; Eu) - C(X7 Eu) (7)

Let us write 7(Intgy ,,) € C* for the relative torsion of (). It is not hard to
show, see [I1l, Proposition 5.10], that

Sg.p = Sg,. b = T(Intemu) - Tlayu - exp<—2 /

wpp A (X)) (8)
M\X

The Witten—Helffer—Sjostrand estimates show that for sufficiently large u
the integration ([) is an isomorphism of complexes, and they provide an
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asymptotic comparison of the bilinear form [, on Qsm(M; E,) and the
bilinear form by on C'(X; E,). The precise statement is contained in Theo-
rem [ZT] below. This result permits to compute the asymptotic expansion of
T(Intsm,) as u — oo, see Corollary In view of (B) this yields a formula
for Sg p in terms of the free term of the asymptotic expansion of 7, as
u — o0, see Corollary

Unfortunately we are unable at this time to calculate directly this constant
term and check whether Sg ) is one or not. However, in Section Bl we show

that for two systems (MLE,g, b, f) and (M, E, §,b, f) with M and M of the
same dimension, F and F of the same rank, f and f with the same number
of critical points in each index

lOg TNa,u — IOg %la,u

has an asymptotic expansion whose free term is computable as integral of
local quantities, see Theorem Bl This is done as in [5]; precisely, combining
the fact that the Witten deformation is elliptic with parameter away from
the critical points with a Mayer—Vietoris formula for the zeta regularized
determinants of elliptic operators, yields a result as formulated in Theo-
rem Note that we have an unambiguously defined logarithm, given by

the formula:
>, AT
s=0
A€Spec Ay, q,Re A>1

0
log Tja . = Z(—l)qq%
q

Playing with its symmetry, as in [5], we derive that, for odd dimensional
manifolds,

2 _ Q2
Spp) = SE,[E]'

We will then use this to give a proof of Theorem 4l

2. WITTEN-HELFFER—-SJOSTRAND THEORY

Let f be a Morse function on a closed connected smooth manifold M
of dimension n. Fix a Riemannian metric ¢ on M so that the vector field
X = - gradg( f) satisfies the Smale transversality condition. Let X C M
denote the set of critical points of f, and denote by ind(z) € {0,1,...,n}
the Morse index of a critical point z € X. For every critical point x € X
we fix an open neighbourhood U, of z and a diffeomorphisms (Morse chart)
0r = (pk,...,0"): U, — R" so that ¢, (x) = 0 and

F=f@-5 3 Wiy 3 e Q
i<ind(z) ¢>ind(x)

in a neighbourhood of x. We will assume that every x € X admits a neigh-
bourhood on which the Riemannian metric takes the form

g=>_dg} @dpl. (10)

i=1
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Finally, we will assume that, in a neighbourhood of X, we have
VFb = 0. (11)

Recall the family of integration homomorphisms () associated with the
Witten deformed flat bundles E,, see (H). For u > 0 let us introduce the
scaling isomorphism

T C(XaEu) - C(XaEu) (12)

defined by

() = (g)n/ﬂx—q/?

The aim of this section is to provide a proof of the following

w, w e CUX; Ey).

Theorem 2.1. For sufficiently large w, the restriction of the integration
map

Intu,sm: Qsm(M§ Eu) - C(X7 Eu) (13)

s an isomorphism of complexes. Moreover, there exists a constant € > 0 so
that

(M Inty, sm)«Bu,sm = bx + O(e™) as u — 00.

Theorem ] generalizes the classical Witten—Helffer—Sjostrand theorem
for selfadjoint Laplacians, see [14], [15], 2], B] and [8, Theorem 5.5], to
this non-selfadjoint situation. The proof of this result will be similar to
the one in [§]. A few additional arguments, however, are necessary since
the Laplacians A, := Afg, 41 are not necessarily selfadjoint. A key step is
to establish a widening gap in the spectrum of A,, as u — oco. A finite
number of eigen values will exponentially fast approach 0, while the real
part of the remaining will grow linearly with w. For the precise statement
see Proposition below. This justifies the term small complez.

In order to spell out two corollaries let us introduce the notation

X = (~1)"dim C*(X; E) = x(M)rank(E)

V= 3 (~1)7qdim C(X; E) = 37 (19| X, | rank(E)

q q
where |X;| denotes the number of critical points of index q.
Corollary 2.2. There exists a constant € > 0 so that, as u — 00,

T(Intysm) = (%) %X_Xl(l +0(e™")).

Proof. In view of Theorem 1] the integration (I3)) is an isomorphism of
complexes, assuming w is sufficiently large. Hence, we have

T(Intwsm) = sdet ((b/\()_l ((Intu,sm)*ﬁu,sm)) . (14)
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Here the right hand side denotes the super determinant® of the composition

(Intu,sm)*ﬁu,sm / (bX)71
_— -

and the non-degenerate bilinear forms are considered as isomorphisms be-
tween the vector space C(X;E,) and its dual, C(X;E,)’. Note that as
isomorphisms C(X; E,) — C(X; E,)’ we have

(Intu,sm)*ﬂu,sm - ((nu Intu,sm)*ﬁu,sm) o 775
From ([) we thus conclude
(It ) = sdet ( () ™ (g Wtuom)oBum) ) - (sdet )% (15)

From Theorem BTl we obtain a constant € > 0 so that, as u — oo,

Sdet((bx)_l ((Tlu Intu75m)*/3u7sm)> — 1 + O(C_é:u)'
One readily checks:
(sdet Tlu)2 _ <Z) XX
u
Combining the latter two with (IH) completes the proof of the corollary. O

Corollary 2.3. There exist (unique) constants ay € C*, aj,ay € C with
the following property. There exists a constant € > 0 so that, as u — oo,

Tlau = ag - €™ - u® - (14 O(e™")).

These constants are given by:

wEp A\ (—X)*‘I’g)
M\X

ay = 2rank(E)/ df N(=X)"¥,
M\X

azg =5x —x'

Proof. Combining Corollary with () we obtain a constant € > 0 so that

u

TNa,u = SE,[b} . (;) 2 -eXp (2 /M\X WEu,b/\(_X)*\I’g> . (1+O(€_€u)) (16)

as u — oo. From VFub = VEb — 2udf ® b, see (@), we obtain

b VB = b7V E — 2udf ® 1 (17)

4rf @i : V¥ — V¥ is a linear endomorphism of a graded vector space which preserves
the grading, then its super (or graded) determinant is given by sdet(y) = ], (det npk)(fl)k.
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Therefore, see @), wg, » = wgp + urank(E£)df and thus
/ WE,b N (—X)*\I/g
M\X

= / wpp N (=X) ¥, + urank(E)/ df N (=X)*"¥,.
M\X M\X

Combining this with (@) the corollary follows. O

A formula for the Witten perturbed Laplacian. Recall that for every
critical point € X' we have fixed a Morse chart

0r = (0L, ..., ") Uy — R™
Choose p > 0 so that with
Boi=gi'({z € R |l < p}),  weX,

equations (@), (I0) and (Il hold on B, for every critical point z € X.
We assume p was chosen sufficiently small so that the closures of B, are
mutually disjoint. It will be convenient to further assume, by choosing p
sufficiently small, that for all z,y € X with ind(x) = ind(y), we have

0 ifex#y

. 18
(,D;I(Rmd(w)) N B:c if g = y ( )

W;mBy:{

This is possible in view of the Smale transversality property of X. Here W~
denotes the unstable manifold of z. Set

B:= | B.. (19)
TEX

For each x € X we introduce the smooth radial function

n

r2: B, — R, r2 = Z((pé)z (20)
i=1

Over B,, x € X, we decompose the cotangent bundle as
T*M|Bz = V:c_ ® Vx+7
where the subbundle V,~ C T*M|p, is spanned by di,, 1 <i < ind(z), and
the subbundle V" C T*M|p, is spanned by dy’, ind(z) < i < n. Let us
write A := A*T*M. We obtain an induced decomposition
Alg, = A, ® AJ, where AL = AVE
Let us write
N e I'(end(A))
for the grading operator acting by multiplication with ¢ on AYV.F. We
will denote the operators N, ® id+ ®idg and id,- QN ® idg acting on
A® E|p, by N; and N too.
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Lemma 2.4. There exists a zero order operator L € T'(end(A ® E)) so that
for all u > 0 we have

Ay = Ao + ul + u?|df|?.
For every critical point x € X we have
Llp, = 2(N; +ind(z) — N; ) —n,

T

and, foru >0,
Ay = Ay —un +u’r? + 2u(N; + ind(z) — N, ) over B,.

Proof. As in the selfadjoint situation this can be verified in coordinates, see
[I5]. Alternatively, one can give a conceptual proof based on the observation,
see [2, Section IV], that the Laplacians A, are the squares of Dirac operators
associated to Clifford super connections on A ® E. O

Remark 2.5. Let € X be a critical point. Use the flat connection V¥ and
the (flat) Levi-Civita connection to identify Q(By; E) = C*®°(B;, A ® E).
Then, via this identification, we have

0%v
AOU:—Zw, UGOOO(B‘T,A(@E%)
Compatible Hermitian structure. We will now introduce a Hermitian
structure on the vector bundle E. It is possible to choose such a Hermitian
structure to be compatible with the symmetric bilinear form. To this end
we start with

7

Lemma 2.6. There exists a fiber wise complex anti-linear involution v — ©
on E such that, for ey and es in the same fiber of E, e1 # 0, we have

b(él, 52) = b(el, 62) and b(el, 51) > 0.
Moreover, this involution can be chosen to be parallel over B, see (Id). That
is, for e € E|p we have
vEe - VEe =0.

Proof. The fiber wise non-degenerate symmetric bilinear form b provides
a reduction of the structure group to Oy(C), where k = rank(F). The
natural inclusion Og(R) — O(C) is a homotopy equivalence, hence the
structure group can be further reduced to O(R). Note that the subgroup
O(R) C Ox(C) consists of those matrices whose action on C*¥ commutes

with the standard complex conjugation on C*. The existence of the desired
complex anti-linear involution on E follows immediately. O

We fix a complex conjugation as in Lemma B2l Then
(61,62> = b(el,ég) (21)

defines a fiber wise (positive definite) Hermitian structure on E. We will
write |e| for the associated fiber wise norm. Note that

b(ei,e2) =b(e1,e2), (€1,62) = (e1,e2) and |e|=|e|. (22)
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Moreover, this Hermitian structure is parallel over B, with respect to V.

Remark 2.7. Note that F':= {e € E | € = e} is a real subbundle of E, and
that there is a canonical isomorphism F ® C = E. The restrictions of b and
(-,-) to F coincide, and define a (positive definite) Euclidean structure on F'.
We can understand both, b and (-, -), as complexifications of this Euclidean
inner product, once complexifying to a bilinear form and once complexifying
to a sesquilinear form.

The fiber wise Hermitian structure on F induces a Hermitian inner prod-
uct on the Morse complex C(X;FE,) in an obvious way. For aj,as €
C(X;E,) we will denote this by (a1,a2)x. Similarly we will write |a|x
for the associated norm, a € C(X;FE,). Moreover, the fiber wise com-
plex conjugation on E induces a complex conjugation on C(X;E,). For
a,ai,ay € C(X; E,) we have, see ([Z21l) and (22),

(a1,a2)x = bx(a1,az) (23)
as well as
by(a1,a2) =bx(ar,a2), (ai,a2)x = (a1,a2)x and |a|lxy =lalx. (24)

Using the Riemannian metric g, we obtain an induced fiber wise Hermitian
inner product on A*T*M ® E which will be denoted by (v,w),, v,w €
Q(M; Ey). Then

(v, w)) == /M(v,w>g volg, v,w e Q(M; E,)

is a Hermitian inner product on Q(M; E,,). We will write ||v|| for the associ-
ated Ly—norm, v € Q(M; E,). The complex conjugation induces a complex
conjugation on Q(M;E,). For v,w € Q(M;E,) we clearly have, see (ZII)

and (22),
(v, w) = B(v, w) (25)
as well as
B(v,w) = v, w), (v,@) = (v,w) and o] = v]. (26)
From S(Ay,v,w) = B(v, Ayw) we thus also obtain
(Auvw) = (A7) = (0. 50T),  voweQDME).  (20)

Remark 2.8. It follows from Lemma B4 that, over B, the Laplacian A,
commutes with the complex conjugation, that is

Ay = Ayw, w € Q(M; E,), suppw C B.
From (Z7]) we thus get
(Ayv,w)) = (v, Ayw)), v,w € QUM; E,), suppw C B.

It also follows from Lemma B4l that over B, the Laplacian A, coincides with
the selfadjoint Witten Laplacian associated to the compatible Hermitian
structure, see [2] or [§].
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Construction of approximate small eigen forms. In this section we
will construct as in [I4], cf. also [§], finite dimensional subspaces V, C
Q(M; E,) which approximate Qg (M; E,) as u — oo. The estimates in the
section show that A, has small norm on V,, and is large on the orthogonal
complement of V,.

For a critical point x € X and e € E, we let ¢ € I'(E|p,) denote the
unique parallel section, i.e. VFé = 0, satisfying é(z) = e. Moreover, we
introduce the differential form

Q = dgy A~ AdpE) € QMO (ByR).

Choose a smooth function o: R — [0, 1] such that o(¢) = 1 for all ¢t < p/3
and o(t) = 0 for all ¢ > 2p/3. For u > 0, consider the smooth form, see
m?

Gu,e = (00 rm)e_“ri/2§2; ® e € Q(By; Ey). (28)
Since ¢, has compact support contained in B,, we can consider it as a
globally defined form, ¢, . € Q(M; E,,).

Definition 2.9. For u > 0 we let V,, C Q(M; E,) denote the finite dimen-
sional subspace spanned by the forms ¢, . where x runs through X and e
runs through (a basis) of E,.

Observation 2.10. The complex conjugation preserves V,,. The 3- orthog-
onal complement of V,, coincides with its Hermitian orthogonal complement.
It will be denoted by V- C Q(M; E,).

Proof. The first assertion is immediate from the definition of V,, and the
fact that the complex conjugation is parallel over B, see Lemma The
second claim then follows from (ZH). O

For k € N let ||w]||c denote the (a fixed) C¥-norm of w € Q(M; E,). The
following estimates follow easily from the structure of A, in the neighbor-
hood of critical points, cf. Lemma -4l and Remark

Lemma 2.11. There ewist constants w1 > 1 and €1 > 0 so that for all
kEeN, u>wuyy and v €V, we have

[Agoller < e+ o],

Proof. Let x € X and e € E,. An elementary computation, see Remark 25,
shows

(Ag —un + u%i)e‘“rimﬁg ®e=0.
We conclude, see ([25), that

supp((AO —un + uzrgzc)gbu,e) C R,

where R, = ¢;'({z € R" | p/3 < |z] < 2p/3}). Note that there exist
constants C, > 0 and & > 0 so that, for all u > 0,

(Ao — un + u%i)tﬁchk < Cre™=el.
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Together with (N + ind(x) — N )Q, = 0 and the formula in Lemma 7]
we see that, for all u > 0,
[Aubue|lcn < Cre™"le]. (29)
Clearly,
lucl? = [ (oorae ool = [ oflae sl

By

and so there exist constants C > 0 and €” > 0 so that for all u > 1
[ gu.cll = (x/u) el < Ce"e].

Combining this with (29) we find constants u; > 1 and €14 > 0 so that for
u > ug, x € X and e € E, we have

HAuﬁbu,eHCk < e R By e

The lemma now follows from the fact that for z1,29 € X, x1 # z9, and
e1 € By, ex € B, the forms ¢, ., and ¢, ., have disjoint support. O

Lemma 2.12. There exist constants us > 1 and 9 > 0 so that for u > us,

v eV, and w € Q(M; E,) we have
[(Ayv, wh| < e = Jofl[lw]] and  [{(v, Ayw)| < e o[[Jw].

Proof. The first statement follows immediately from the Cauchy—Schwarz
inequality and Lemma E.TTl for £ = 0. To see the second inequality, recall
from Observation that V,, is invariant under the complex conjugation.
Hence (1), the first statement and (26]) imply

(v, Aww)| = [(Aup, w)| < e |[0]|[@]] = e™=*|[v][[Jw]] O
Introduce the smooth cut-off function, see [20) and (285,

x: M —1[0,1], x(y):= ZO’OT‘m-

Note that x = 1 in a neighbourhood of X and supp x C B, see ([[J).

Lemma 2.13. There exist constants uy > 1 and €5 > 0 so that for any
u>us and v’ € V- we have

Re((Ay(xv'), xv") > ehulxv'||*. (30)

Proof. 1t suffices to establish the result in R™ and for the standard Witten
Laplacian only, see Remark This is done in [8, Appendix A.2, equa-
tion (5.7)]. O

Lemma 2.14. There exist constants ug > 1 and 6%’ > 0 so that for all
w € Q(M; E,) with suppw C {y € M | x(y) # 1} we have

Re((Ayw, w)) > efu?w]*.
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Proof. Since Ay + Aj is a selfadjoint operator whose principal symbol is
positive definite it follows, see [22), Corollary 9.3], that Ay + Afj is bounded
from below, i.e. there exists a constant C' > 0 so that for all w € Q(M; E,,)

2Re(Agw, w)) = (Ao + Ap)w, w)) > —Cllwlf. (31)

Using the fact that on {y € M | x(y) # 1} the function |df|? is strictly pos-
itive, we conclude from Lemma 4] that there exists a constant £ > 0 so
that for sufficiently large v and all w € Q(M;E,) satisfying suppw C

{y € M| x(y) # 1} we have
Re(Ay — Ag)w, w)) > eu®|w|. (32)
Combining Bl and [B2) the lemma follows easily. O

Lemma 2.15. There exist constants u4 > 1 and C§" > 0 so that for any
u>uy and w e Q(M; E,) we have

Re((Ay(xw), (1 = x)w)) > ~C§'[w]. (33)

Proof. Tt suffices to show this inequality for w’ € Q(M; E,) with suppw’ C
B. Indeed, choose a smooth cut-off function n: M — [0, 1] with suppn C B
and suppy C {y € M | n(y) = 1}. Consider v’ := nw. Since ny = x we
have A, (xyw') = Ay(xw), and since n = 1 on supp A, (xw) we obtain

(Aulxw), (1 = xJw)) = (Au(xw’), (1 = x)u’).
Moreover, note that [|w'|] < |w|. Hence, if the desired inequality holds
for all w' € Q(M; E,) with suppw’ C B, it will remain true for arbitrary
w € Q(M; E,) with the same constant C4’ > 0. In view of Remark 28 the
Laplacian A, coincides with the standard selfadjoint Witten Laplacian over
B. For the latter operator this estimate can be found in [g]. 0

The above lemmas imply

Proposition 2.16. There exist constants uz > 1 and €3 > 0 so that for all
u > u3 and v’ € V5 we have

Re((A/,v') > 53u||1/||2.

Proof. Suppose v/ € Vb and write v/ = v} + v} with v} := xv’ and v} =
(1 — x)v'. In view of Remark 28 and since suppvj C B we have

(Ayvy, 1) = (vh, Ayvh)) = (Aur], vh).
Therefore Re((A, v}, v])) = Re((A,v],v) and thus
Re((A ', v") = Re((Ayv, v1) + 2Re(Ayv], vh) + Re((Ayvh,vh).  (34)
By Lemma we have
Re((Ayvy, o) > equlloy|®, u> . (35)
Since suppvh C {y € M | x # 1}, Lemma T4 implies
Re((Ayvy, v) > equ’|[vh]?, > uj. (36)
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From Lemma 2Z.T5 we get

Re((Ayvp,vh) > —C5|[V'1% u >y (37)

Combining B4), (B4), B6]) and B7) we obtain
Re((Ayv',v") > ehullvi]|* + efu?||v;||* — C'[["]|? (38)
for all u > max{uj,us,u4'}. Note that adding ||v'||* = [|vj]|* + [|v5]* +

2Re((v], vh)) and 0 < [lo — 05[> = [[of]|* + [|v3]|* — 2Re(vy, v3)) yields
2 2 2
IW'I* < 2([l0 17 + lla]l7)-

Combining this with ([BX) the statement of the proposition follows immedi-
ately. O

The spectral gap. The estimates in the preceding section permit to es-
tablish a widening gap in the spectrum of A,, as u — oo. For the precise
statement see Proposition ZZI8] below. This result is a generalization of a well
known “separation of the spectrum property” in the selfadjoint situation,
see for instance [8, Proposition 5.2]. We start with the following resolvent
estimate.

Lemma 2.17. There exist constants ugy > 1 and €4 > 0 so that for all
u>uy, A€ C and w e QM; E,) we have

min{|\| — e™*** e4u — Re A }[Jw]| < [[(Ay — Aw]|.
Proof. For u > 0 let us write
T QUM E,) =V, and Tt Q(M; E,) — Vi
for the orthogonal projections onto V,, and V.-, respectively. Let
au= (232
denote the decomposition of A, with respect to Q(M; E,) = V, @ V.-, More
precisely, we have:

Al,u: Vi — Va A1,u = 7"'uAu’Vu

AV VuL — V, Ao, = WuAu|VuL
Asy: Vi — VuJ‘ Az, = Wi_Auh/u
A47u2 VUJ_ — VUJ_ A47u = ﬁi‘Auh/uJ_

Define operators
R 0 0 R Al,u A2,u
Ay = (0 At ) and B, = (As,u 0 ) .

Clearly, A, = A, + By. {From Lemma we can see that for u > ug and
w € Q(M; E,) we have

[ Buwl] < 272 [w]]. (39)
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Indeed, using 7, B,w = m,Ayw and - Byw = 7 Ay (7,w) we obtain:
| Buwl|? = (muBuw, Ty Byw)) + (mif Byw, 7 Byw)

(Ayw, 1y Byw)) + (A (myw), w7 Byw))

e~ |w|| ||y Byw|| 4 €752 || mw| |7k Buaw||

< 2e7 2 wl|| Buwl|

IN

From Proposition and the Cauchy—Schwarz inequality we get

(A = N IV]] = [((Agu = A", 0 )] = [((Ay = M, o))

> Re(((Ay, — MV, 0") = Re((A, ") — Re A[v/||2 > (e3u — Re M) ||/
and thus

[(Agu = A0’ = (e3u — Re A)[[V/]|
for u > us, all A € C and v’ € V;-*. We conclude that
I(Au = Awl = min{|\], 5u — Re A (10)

for u > ug, all A € C and w € Q(M; E,). Combining ([BY) and #0) we find
1(Au =Nl = [(Aw = Nw|| = | Buw|| = (min{[A[, e3u —Re A} — 2e7°2") ||w]|

for sufficiently large u, all A € C and w € Q(M; E,). The statement now
follows with an appropriate choice of €4 and uy4. O

Proposition 2.18. Let ¢4 > 0 be the constant from Lemma [Z.14 Then,
for sufficiently large u, we have

Spec(A,) C{AeC||A <e ™™} U{X e C|ReA > equ}.

Proof. Suppose A € Spec(A,). Then there exists w € Q(M; E,,) with (A, —
AM)w = 0 and ||w]| # 0. Assuming u is sufficiently large, see Lemma EZT7, we
conclude min{|A| — e7*4%, e4u — Re A} <0, and the statement follows. [

Approximation of the small complex. We will now show that, as u —
00, the subspace V,, C Q(M; E,,) approximates Qg (M; E,,) well with respect
to every C*-norm on Q(M;E,). For the precise statements see Proposi-
tion E2ZT] and Proposition below. Recall that Qg (M; E,) denotes the
sum of eigen spaces of A, whose corresponding eigen values have real part
at most 1.

For s € N and w € Q(M; E,) let ||w||s denote the (a fixed) Sobolev s-
norm. We continue to write ||w|| = [Jwl||o. We will start with the following
improvement of the resolvent estimate in Lemma EZT71

Lemma 2.19. Let uy > 1 and ¢4 > 0 be the constants from Lemma [Z_17
For every s € N there exists a constant Cys > 0 so that for all u > uy,
A€ C and w € Q(M; E,) we have

min{ || — e ", equ — ReA}wlls < Cus(u? + [A)*(Ay — Nw|ls.  (41)
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Moreover, there exists a constant 64,28 > 0 so that for all u > ug, A € C
and w € Q(M; E,) we even have
min{|A| — e " equ — Re A} |wllas < Cuas(u? + [A))*[(Au — Nwl|2s. (42)
Proof. We will construct the constants Cy s > 0 by induction on s. For
s = 0 the statement was proved in Lemma ET7 The induction is based on
an argument that is used in the selfadjoint situation too, see [8, proof of
Proposition 5.4] or [2, proof of Theorem 8.8].
From the ellipticity of Ag we get constants C > 0 so that for all w €
Q(M; Ey)
[wlls+1 < [lwllss2 < Co([Aowlls + [[wlls)- (43)
From Lemma 4] we obtain constants C? > 0 such that for all u > u4 and
w e Q(M; E,)
Combining () and () we obtain constants C7 > 0 so that for all u > uy,
A€ C and w e Q(M; E,) we have

hwlless < €2 (1A = Mwlls + (2 + N s ). (45)
By induction we may assume that there exists a constant Cy, > 0 so that
@) holds. Combining @) with @H) and using min{|A| — e™*1* gqu —
Re )\} < |A| we find a constant Cy 411 > 0 so that for all u > ug, A € C and
w e QM; Ey,)
min{])\] —e M eu— Re)\}Hst-i-l < C478-i-1(u2 +IADTTH(AL = Awlfs
Now use ||(Ay — Nw|ls < |[(Ay — AM)wl[s+1 to complete the induction. The

proof of (A2 is similar. O
Let Qu: Q(M; Ey) — Qsm(M; E,) denote the spectral projection.

Lemma 2.20. For every s € N there exist constants us s > 1 and €5, > 0
so that for all u > us s and v € V,, we have
1Quv — v]ls < e™=5= ||
Proof. By Proposition T8, for sufficiently large u, we have Spec(A,)NS! =
() and hence @, is given by the Riesz projector
1

(A = Ao)wlls < CLw?|[wl]s. (44)

U — A . - Au -t .
Qu=g5 LA =B dA
Since (A — A,)7t = A"t = X"\ - A,) 1A, we obtain, for v € Q(M; E,),
_ —1y _ A -1
Quv —v = 5 /51 AT (A= Ay) T AyudA. (46)

From Lemma ZT9 and Lemma ZTT] we easily infer the existence of constants
us,s > 1 and €5, > 0 so that for all s € N, u > us 4, A € S and v € V,, we
have

”)‘_1()‘ - Au)_lAuUHs <e ol

The lemma now follows easily by combining this estimate with (E&]). U
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Proposition 2.21. There exist constants ug ) > 1 and €3 > 0 so that for
keN, u>ugy and v €V, we have

[Quv — vllor < e [Jv]].

Proof. This follows from Lemma and the Sobolev embedding theorem.
O

In the selfadjoint case the following estimate is an immediate consequence
of Proposition ZI8 In our situation we will have to use the resolvent esti-
mate from Lemma

Lemma 2.22. For every s € N there exist constants uy s > 1 and €7, > 0
so that for all u > uy s and all w € Qs (M; E,,) we have

[Aywlls < e [wl]s.

Proof. Let ¢4 > 0 be the constant from Lemma ZT7 and set p, := 2e~4"%.
Assume u > 0 is sufficiently large so that all eigen values with real part
at most 1 are contained in the interior of the circle p,S! of radius p,, see
Proposition Then

AuQu = Quidy = —

" 2ni

/ AN —Ay) (47)
puS?

For A € p,S' and sufficiently large v, Lemma EZT9, see (@II), provides the
estimate

AN — Ay) " wl|s < 204 5(u? + 2)*|w]s, w € QUM; Ey).
Combining this with (7)) we obtain, for w € Q(M; E,),
1AL Quwlls < 2Cy 5(u? + 2)° pul|ws.
Choosing €7 s > 0 and u7,, > 1 appropriately we get
[AuQuwlls < e ||lwls
for all u > uy s and w € Q(M; E,,). The statement follows immediately. O

Proposition 2.23. For sufficiently large u the restriction of the spectral
projection Qy: Vi — Qsm(M; Ey) is an isomorphism.

Proof. Recall that Qg (M; E,) is the image of the spectral projection @,
and that 3(Quv,w) = B(v, Quw) for all v,w € Q(M; E,). Hence,

Qem(M; Ey) N (QuVi) ™ = Qe (M; E,) NV, (48)

Here (Q,V,)*# denotes the S-orthogonal complement of Q. V,, but see also
Observation It follows from Proposition and Lemma that
Quu(M; E,) NVt = 0 for sufficiently large u. Together with [@X) this shows
that Q,Vy, = Qsm(M; Ey,), and therefore Q,,: V,, — Qgm(M; E,) is onto, for
sufficiently large u. The injectivity follows from Lemma 20 with s = 0. [
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The integration on the small complex. For the sake of notational sim-
plicity let us introduce the notation, u > 0,

I, :=n,Inty |y, : V, — C(X; Ey)
Iu,sm =My Intu,sm: Qsm(M; Eu) - C(X7 Eu)
where n,: C(X;E,) — C(X;E,) denotes the scaling isomorphism intro-
duced at the beginning of this section, see ([[2). Moreover, we will write
By = Blv, for the restriction of the bilinear form /3 to V,,, and we will con-
tinue to write B, sm = Blog.(m:E,) for the restriction of the bilinear form
B to Qsm(M; Ey). Recall that we write (-,-)x and | - |x for the Hermitian

inner product and its associated norm on C'(X; F,). Finally, we recall that
by denotes the bilinear form on C(X; E,,), see (Z3)).

Lemma 2.24. For sufficiently large u the mapping I,,: V,, — C(X;Ey)
18 an isomorphism. Moreover, there exists a constant eg > 0 so that, as
U — 00,
(L) ({50 = () + O(e™Y) (49)
and
(Lu)sBu = bx + O(e™=") (50)

Proof. We claim that there exist constants ug > 1 and g > 0 so that for all
u > ug and vy, ve € V,, we have

(Lyvi, Lyvo) x — vy, v9))| < e =Y [,v1| x| Luv2| x- (51)

If such estimate is established we immediately see that I,,: V,, — C(X; E,)
is injective for w > wug. Since V,, and C(X;E,) obviously have the same
dimension, the first assertion of the lemma follows. ;From (BIl) we obtain,
for u > ug and aj, a9 € C(X; E,),

(s, azhae = (I a1, I az)| < Jar|xlazl

from which we infer [@d). Combining the last equation with 3), @24,
@3) and using the fact that I,,: V, — C(X; E,) intertwines the complex
conjugations we also obtain, for a1,as € C(X; E,),

b1, az) = Bull; a1, 17 a2)| < el |xlazlx

and thus (B0).
It thus remains to establish the estimate (EII). To do so, suppose z € X
and set ¢ := ind(x). For e1, ey € E, we have, see (25,

(Onersus) = [ (@or2e e eahvoly = [ oflale " dsfer, 2

T

and thus there exist constants C’ > 0 and £’ > 0 so that for all v > 1 and
€1,e9 € E,

[(Guers Buca)) = (m/0)" (o1, e2)| < C'e™ e es] (52)
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Further, keeping ([I8), ({) and (@) in mind, we have for ej,es € E,,
<Iu¢u,el 7Iu¢u,eg>X

2
_ <<W/u>n/4—q/2 / <aorx>e—ur%/2eu<f—f<w>m;> (e, 2)

Wz NBy
~(wpur( [ o<|z|>e—“2dz)2<e1, e2)

and hence there exist constants C” > 0 and €” > 0 so that for all © > 1 and
€1,e9 € E,

[(Tubuers Lbuea) e — (7/u)"Her, )] < C"e ™ fenleal.  (53)

Note that this estimate also implies, for e € F, and u > 1
(/)2 = e )el? < Luef3- (54)

Combining (BZ), (B3) and (Bd) we find constants ug > 1 and g > 0 so
that for all u > ug, x € X, and ey, ey € E, we have

‘<Iu¢u,el ) Iu¢u,e2 >X - <<¢u,el 3 ¢u,ez >>‘ S e—uas |Iu¢u,el |X |Iu¢u,eg |X-

For z,y € X, x # vy, e1 € Ey, ea € Ey we clearly have (Iy¢ye,, luPue,) =
0 = (Duer> Pures)), see [[F). The estimate (BI) now follows easily, see Defi-
nition Z9, and the proof is complete. O

Lemma 2.25. There exist constants ug > 1 and €9 > 0 so that for all
u > ug and v € V,, we have

‘stmqu - Iuv|X < e U v].
Proof. There exists a constant C' > 0 so that for all u > 0 and w € Q(M; E,,)
| Int,, w|x < C|lw]|co.

To see this we use the compactification result for the unstable manifolds.
The uniformity in « is guaranteed by the relation Int, w = e~*/ Into (e w)
and the fact that the function e*/ restricted to an unstable manifold W,
will attain its maximum at the critical point z € X. The statement then
follows from Proposition 221l with k& = 0. O

Lemma 2.26. There exist constant uig > 1 and €19 > 0 so that for all
u > uyg and vy,ve € V,, we have

|Bu,sm(quly qu2) - Bu('vlva)‘ < e_alou”vlu”UQH'

Proof. From (Z3), (26) and the Cauchy-Schwarz inequality we obtain

|B(wy, wa)| < JJwa[|[|we]]
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for all wq,wy € Q(M; E,). Hence:

|B(Quw1,Quws) — B(wy, wy)|
< |B(Quwi — wi, Quws)| + | Bwr, Quuwa — ws)]
< [|Quwr — wi || Quuwal + [[wi ||| Quws — w2]|

<N Quwr — wi || ([|Quwz — wa| + [Jwzl]) + w1 ||| Quwz — ws|

The statement thus follows from Lemma with s = 0. O
We are now in the position to put the pieces together and provide a

Proof of Theorem [Zl. From (Ed) we obtain a constant C’ > 0 so that for
sufficiently large v and a € C(X; E,) we have

1 all < C'lal. (55)

Combining this with Lemma EZ2H we obtain constant & > 0 so that, as
U — 00,

Iu,stqu_l = idC’(X;Eu) + O(e—a’u)‘ (56)

Particularly, the mapping I, smQul, ': C(X; E,) — C(X; E,) is an isomor-
phism, for sufficiently large u. Hence I, sm: Qsm(M; E,) — C(X; E,) is an
isomorphism for sufficiently large u, see Proposition and Lemma
Since the scaling 7, is an isomorphism for all v > 0, we see that Int, ¢y, =
n;llu,sm: Qum(M; E,) — C(X; E,) is an isomorphism too. This proves the
first claim of Theorem 11

Next note that (BA) and (BO) provide a constant C” > 0 so that for
sufficiently large v and a € C(X; E,) we have

|(Fusm@Qu) ™" all < C"lalx. (57)
Combining this with Lemma we find a constant €” > 0 so that
(Fusm@u)+ (@i Busm — Bu) = O(e™™). (58)
From (BA) and ([B) we find a constant €” > 0 so that, as u — oo,
(Tusm@u)sBu = (TusmQuly ) (1)<Bu = bx +O(e™"). (59)

Clearly, (B8)) and (BY) imply the existence of a constant € > 0 so that, as
u — 00,

(Iu,sm)*ﬁu,sm = (Iu,stu)*(QZﬂu,sm - ﬂu) + (Iu,stu)*ﬁu - bX + O(e—su).

This completes the proof of Theorem E11 O
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A uniform estimate for the heat trace. The aim of this section is to
establish Theorem [ZZ7 below. This estimate generalizes |2, Theorem 7.7 and
Theorem 7.8] to the non-selfadjoint situation. Similar estimates can be found
in [B]. We will proceed in the spirit of [2], see also [Il, Section 9].

Let P, := 1 — @, denote the spectral projection onto the sum of eigen
spaces whose corresponding eigen values have real part larger than 1. More-
over, for a trace class operator A, let ||A|t, := tr(A*A) denote the trace
norm, see [22 Appendix A.3.4].

Theorem 2.27. There exist constants € > 0 and ug > 1 with the following
property. For every p > n/2, p € N, there exists a constant C, > 0 so that
for allt > 0 and u > uy we have

p(p+1)+2
“ “ ) (60)

exp(~tA) Pulls < Cpe™ " (m— + 55

The proof of Theorem is based on estimates for the resolvent of
A, which are uniform in u, see Proposition and 23] below. Propo-
sition is of very general nature, whereas Proposition EZ31] makes use
of the Witten—Helffer—Sjostrand estimates in an essential way. We fix an
angle 0 < 6 < 7w/4. For an operator A and sj,s2 € N we will write
[Alls,50 = SuPyz0 [ Aw|ls, /[lwlls,, where |Jw]|s denotes the Sobolev s-norm
of w.

Proposition 2.28. For every p € N there exists constants o, > 0 and
C, > 0 so that the following holds. If u > 1, A € C, |argA| > 0 and
apu? < || then X ¢ Spec(A,) and

1Ay = X)Pllo2p < Gy
For the proof of Proposition we need the following two lemmas.

Lemma 2.29. For every s € N there exists a constant Cs > 0 with the
following property. If u > 1 and A ¢ Spec(A,) then

1Au =N stz < Cs (14 (M +ud) Ay = ) s

Proof. By ellipticity there exists a constant Cy > 0 so that for every w €
Q(M; E,,) we have:

lwllss2 < Cs(I1A0wlls + Ileolls)
Co((Au = A+ A= Ay + Ao) )]s + [l )

< G (IAu = Nwlls 4+ (14 AT+ 184 = Aol o]l

< Cy (1 (1 A+ 18 = Bollss) 1 (Au = 27 s ) 1(Aw = N
Since [|Ay — Aglls.s = O(u?) we find a constant Cy > 0 so that
ollssz < Gy (14 (A + 021 (Au = 2) o ) 1(A0 = M,
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and this implies the statement of the lemma. O

Lemma 2.30. For every s € N there exist constants &g > 0 and (3; >0
with the following property. For all u > 1 and A € C with asu® < || and
|arg A| > 0 we have A ¢ Spec(A,) and

C/

Al

Proof. In view of [22, Corollary 9.2] there exists constants R > 0 and C. > 0

so that the following holds. If |A] > R and |arg A| > 6 then A ¢ Spec(Ay)
and

1Ay = A) " lss <

~/

Ag— N7 < =2 61
(80 = )7 s < 51 (61)
Choose &y > R such that for all © > 1 we have
o
Ay — Nglls.s < =u?. 62
80 = Bollas < 2 (62)

If u> 1, au? < |A|, largA| > 0 and w € Q(M; E,), then combining (&)
and (62) we obtain

[(Au = Nwlls > [[(Ag = Nwl[s — [[(Ay — Ag)w][s
20\ agu? IA|
> (F =5l = Sl
and the lemma follows. O
Proof of Proposition ZZ8. For s € N set C” := Cy(1 + (1 + &L&)(};) where
C,, @5 and (3; are the constants from Lemma and Then
||(Au - >‘)_1||S,s+2 < CN';/

forallu > 1, asu? < |\ and |arg A| > 6. Set oy, := max{dp, &2, ..., Gzp—2}-
Then
p—1 p—1
1(Au = A Plozp < [T 10Aw =X lososre < TT CF
s=0 s=0
for all u > 1, apu? < |A| and |arg A| > 0. The proposition now follows with
S e .
Let us introduce the notation:
Specgy (Ay) == {)\ € Spec(A,) ! Re ) < 1}
Spec, (Ay) = {\ € Spec(A,) | Re\ > 1}

Proposition 2.31. There exist constants € > 0, ug > 1 and for every
p € N a constant C) > 0 so that the following holds. If u > ug then (by
Proposition [Z13)

Specy, (Au) € {A € C|Re A < eu}, (63)
Speci,(Ay) € {A € C | Re A > 2eu}, (64)
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and for A € C with eu < Re X < 2cu, we have
1(Au = X)Pllo2p < CH(IA] + u?)PPHD/2,
Proof of Proposition [ZZ1. Set € := £4/4 where 4 > 0 denotes the constant

in Proposition EET8 and choose ug > 1 sufficiently large so that for u > ug

E3) and (&) hold. In view of Lemma 2T see (), we can increse ug so
that for u > ug, eu < Re A < 2eu we have

[(Au = N) " lasas < (u? + M), s=0,1,...,p—1.
Then, using Lemma 229
1Ay =N Hlas2sr2 < Cog (14 (JA] + u?)*F1) < 2C5,(|A] + u?)*H!

and we obtain

p—1 p—1
(A = N)Pllozp < T 1A = X)) Hlas2s12 < (1A] + u?)PPEI2 TT 2C0,.
s=0 s=0
The proposition thus follows with C} := Hg;é 2CYs. O

We will now use Propositions and [Z3T] to provide a

Proof of Theorem [2.Z7. We are going to use the constants oy, > 0, C;, > 0,
e >0,u >1and C) > 0 from Propositions Z2§ and B3I Increasing
ap, we may assume that oy, > €. For u > uy we consider the contour® T,

parametrized by

At R—C, Au(2) := eu + culz| — apulai.
Note that for u > ug, t > 0 and x € R we have
e Pu(@)| = gmetugetulz] and I, (2)] < V2au?. (65)

Observe that for [z| < 1 we have eu < Re A\, (7) < 2eu and |\, ()| < 3apu?,
hence Proposition 23T tells that

(@) = Au)Pllo2p < Oy (e + 1P+ (66)

for all |z| < 1 and u > ugy. Moreover, if |z| > 1 then a,u? < |\, (x)| and
|arg Ay (x)| > 7/4 > 6, hence Proposition yields

I(Au(x) = Au) Pllozp < G (67)

for all |x| > 1 and u > up. Further we have:

exp(—tA,)P, 1 e PN —=A) L dx

- 27i Ty
— D (=11
=(p2 L1 ti)_l / e A —Ay) P dA
1
— I (=1L e
O [ et ) - A) ) o
a — 00

5The angular contour bisected by the positive real axis.
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Using (B5]) we thus get
HeXP(_tAu)PUHozp

\/50[ —1)! U2 _ctu < u|z -
< V2 DU e / e (@) — M) Plogp da - (68)

2
From (B6]) we obtain
1
/ e—etu\x\H()\u(:E) o Au)_p||0,2p dz < 20;)’(3041, + 1)up(p+1), (69)
1
From (B7]) we obtain
2C 1
e—atu\x\ Ao (z) — AL)7P dzr < P 70

Combining (E8), (@) and [) we find a constant C, > 0 so that for all
u > ug and t > 0 we have

p(p+1)+2
. ) (71)

” eXp(—tAu)Pu”ogp < épe_Etu< 1 + t_p
Choose \g ¢ Spec(4y), i.e. Ag — Ag is invertible. Then, see [22, Proposi-
tion A.3.7],

[ exp(=tAu) Pullir < [|(A0 = A0) P llexl| (Ao = Ao)?[l2p.0ll exp(=tAwu) Pullo,2p-

To complete the proof of Theorem 2227 combine this with (ZI]) and note that
(Ap — Xo) P is trace class since we assumed p > n/2. O

3. ASYMPTOTIC OF THE LARGE TORSION AND THE PROOF OF
THEOREM [[4]

Given the special role of the variable u in this section we will replace the
notation Ag ., Ty €tc. by Ag(u), ma(u) ete.
We will consider functions t(u), u € (0,00) of the form

n n
ZAjuj—i-ZBjuj logu+ o(1), as u — 00,
=0 =0

and refer to Ay as the free term of ¢(u) and denote it by FT(¢(u)). Note that
log,. 11a(w) is by Corollary 3 such a function. The key result of this section
is Theorem below whose proof, although the same as of Theorem B in
[B], is supported by estimates derived in Section Bl This theorem calculates
the free term

FT(log, ma(u) — log, fia(u))
provided M and M have the same dimension, E and E the same rank, f
and f the same number of critical points in each index.
Here 7,(u) and 7i,(u) denote the large torsions associated with two sys-
tems (M, E, g,b, f) and (M, E, §,b, f) as in Section Bl which satisfy (), ()
and ([ITI).
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Asymptotic expansion of logdet for elliptic with parameter. Sup-
pose B — M is a rank k complex vector bundle over (M,g) a smooth
Riemannian manifold of dimension n, D a second order elliptic operator
of Laplace-Beltrami type (cf. [B]) (i.e. the principal symbol o(D)(&) =
—||€][?id), L: E — E a bundle map and F: M — R a smooth function.
The operator I has always 7 as a principal angle.5 We denote also by L
resp. F' the zero order (differential) operators defined by the bundle map L,
resp. the multiplication by F.

For any u € [0,00), let D(u) := DX (u) = D + ul + u?F. If F is strictly
positive then the family D(u) is elliptic with parameter in the sense of [22]
or [6].

We apply the considerations below to D = A 4 € where A := Ag 434 is
the ¢-Laplacian associated with the flat connection V¥, the non-degenerate
symmetric bilinear form b, and the Riemannian metric g as defined in Sec-
tion [l and ¢ a positive real number. The smooth function F will be |df |*
where f: M — R is a smooth function on M and the endomorphism L
given by Lemma 4l In this case the family D(u) is elliptic with parameter
away from the set of critical points of f.

With respect to a coordinate chart U C M with coordinates x1,..., Ty,
and a trivialization, E|yy = U x C* the symbol of the operator D) is given by

o(D)(z, =—H5H2+Zm )E + B(z),

where ||€]|? = 3" g¥¢%¢7, g% the Riemannian metric, o;(w), B;(z) are smooth
end(C")—valued functions. The operator D(u)|y is given by

D(u)’U = CLQ(II;,D,U) + al(x7D7u) + CL()(LE,U),

x = (21,...,2pn), D = (Dg,...,Dy,), where as_j(x,§,u) , & € R", are
end(C*)-valued smooth functions with the homogeneity property

o
a2—j (‘Ta Té-a TU) =T ja2—j (‘Ta &7 ’U,),
7 € R. Precisely a9, a1, ag are given by

ag(ﬂf,g,U) == HE||2 + ’LL2F
aj(z,&,u) =ul(x) + Za, (72)

a(](x>£¢ ):5—|—ﬁ( )

Suppose that F' is strictly positive, hence D(u) is elliptic with parameter.
As in [6] we define inductively the functions r_o_j(z,&, u, n), p € C, with

6In fact any angle 6 # 0 is a principal angle, i.e. for any = and £ # 0 the spectrum of
the finite dimensional linear map o(D)(§, ) : E; — E, is disjoint from the ray of angle 6.
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values in end(CF) by:

74—2(1'767'“7:“) = (M - ag(l’,g,'d))_
r—2—j(£7§7u7:u’) = 7‘—2(%&%#)

j-1
(Z > %3?%—1(%&u,u)D?T—z—k(f&&u,u))

k=0 |o| +i+k=j

1

with @ a multi index o = (i1,...,i,). Clearly r_p_; is homogeneous of
degree (=2 — j) in (&, u, pu'/?),
We also define the smooth complex valued function

1 00
aL,F(a;) = _W /Rn df/() dﬂtr(r—2—n(x7€7 17_N)) (73)

and as in [5], page 352, equation (3.11) a simple calculation shows

ar,r(z)+a_r p(x) =0. (74)

Suppose M is closed and (E,D, F,L) as above. We can consider the
complex valued function log det, D(u). The following result was established
in the appendix of [6], see also [17].

Theorem 3.1 ([6]). The functions ar p(z) define a density on M™. If
D(u) is invertible for u large enough then logdet, D(u) has an asymptotic
expansion of the form

Z Ajuj + Z Bjuj log u + Z Ciu™, as u — 0o, (75)
j=0 §=0 i=1
with Ag = fM aL,H.7 In particular log det, D(u) is of the form
Z Al + Z Bju logu + o(1) as u — 00 (76)
§=0 §=0

(The result proved in [6] is formulated under more general hypotheses
and with stronger conclusions). The result can be extended to compact
manifolds with boundaries and Dirichlet boundary condition and leads to
the following relative version of Theorem Bl stated under more restrictive
hypotheses (satisfied in our situation).

Theorem 3.2 ([5]). Suppose (E;,D;, L;, F;), i = 1,2, are two systems as
above. Suppose that there exist compact sets K; C M; and open neighbor-
hoods U; of of K; so that:

1) Fi|m\k, are strictly positive, and

2) there exists the diffeomorphisms p: Uy — Us, ¢: Ei|y, — Ea|y, bun-
dle isomorphism above @ which intertwines

(Erloy Dy, Lilu,, Filuy)  with  (Ea|uy, Do, Lalu,, Falu,)-

7Actually all terms A; and Bj; are integrals on M of densities explicitly computable in
each chart in terms of the symbol of D(u).
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Let V; compact domains with smooth boundaries, K; C V; \ 0V; C V; C U;
with o(V1) = Va. If D;(u) are invertible for u large enough then

log det,IDq (u) — log detDa(u)
has an asymptotic expansion of the form () with

Ao :/ ar,,F _/ ALy ,Fy
Ml\Vl MZ\V2

A relative result for the asymptotic expansion of the large torsion.
Let (M, E, g,b, f) be consisting of a closed smooth manifold M, complex flat
bundle E, Riemannian metric g, non-degenerate symmetric bilinear form b
and Morse function f. We will refer to such collection (M, E,g,b, f) as a
“system” provided ([@), (), () hold, and to a collection of neighborhoods
By.; of the critical points z4,; € qu as p-admissible neighborhoods if they
have disjoint closures and are the source of Morse charts ¢, . of radius p so
that on them ({)), (I0) and () hold. Clearly such neighborhoods exists for
p small enough.

We define B, ; = ¢y, ;(D,/2), where D, denotes the disc of radius 7 in
R™ centered at 0.

Given a collection of p-admissible neighborhoods By,; introduce the man-
ifolds

Mp:=M \ Uq’jB(;;j; My := UqJB(/];j,
where B[’]; ;18 defined as in the above definition. Both manifolds M7 and Mj;
have the same boundary, given by a disjoint union of spheres of dimension
n—1.

Fix ¢ > 0 and consider the operator Ay(u) 4+ ¢. If u is large enough, in
view of Proposition ZT8 A, (u)+¢ has 7 as an Agmon angle and is invertible.
Its symbol with respect to arbitrary coordinates (¢, ) of (M, E — M) is of
the form

az(x,€) +u?|VfI* + ar(x,€) +uL(z) +¢
where a; : B3, x R — end(A?(R%) @ CV), i = 1,2, are homogeneous of
degree i in &, where ||V f||? : B3, — R is given by

Ivir= Y gt 2L

ox; 0 ;
1<i,j<d v

and L: Ba, — end(A9(R?) @ CN).

Therefore, away from the critical points of f, this operator is elliptic with
parameter and away from the critical points we can consider the densities
ar, g associated with (A,(u)+¢); they will be denoted here by a?(f,e,x) :=
al(b, g, f,e,z). As in [B] we can establish the following intermediary results:

Proposition 3.3. Assyme that the systems (M, E b,g, f) and (M, E.b,3§, f)
satisfy dim M = dim M = n, §X,(f) = $X,(f), 0 < ¢ < n, and rank E =
rank E. Choose p > 0 so that we have p—admissible neighborhoods of critical



28 DAN BURGHELEA AND STEFAN HALLER

points for both systems. Denote by Ay(u) resp. Ay(u) the Witten Laplacians
associated with the two systems. Then, for any e > 0,

log et (A, (u) + ) — log det (A, (u) + )
has an asymptotic expansion of the form ([[A) for u — oo whose free term
equals
Eq(f,f,s) :/ al(f,e,x) — /~ al( ~,E,i’).
M M7
For any € > 0 introduce
d
1
A(frue) =5 > (1) glog det(Ag(u) + ¢), (77)

a=
which can be written as A(f,u,e) = Agm(f,u,€) + Aja(f,u,e) with
d

Z 1% g log detyr (Agm 1a,q(u) + €)

q:

and Agp /1a,q(u) = q(u)|Qq L(M:E,)- Clearly A, (f,u,e =0) = log 7f1a(u).

NI)—t

Asm/la f U, 5

Proposition 3.4. With the assumptions in Proposition [Z3, for any e >
0 the quantities A(f,u,e) — A(f,u,e) and A(f,u,e) — An(f,u,e) have
asymptotic expansions of the form ([[[A) for uw — oo which are identical. In
particular

T(A(f,u,e) — A(f,u,e)) = FT(An(f,u,€) — A(f, u,€)).
Proposition 3.5. With the assumptions in Proposition [3.4):
(i) The limit )
hII%)FT(A]a(f,U,E) - Ala(f7u75)) (78)
E—
exists and is equal to FT (log 7114 (u) — log Ti ().
(ii) This limit is given by

alf, f) = /M 1)%a?(f,2 = 0,) - /M 1)7gat(f,e = 0, ),

q
(,0~the same for both manifolds and small enough) with al(f,e,x) and
al(f,e, &) the densities considered above.

q

Combining the above propositions and ([74]) we have

Theorem 3.6. Assume that the systems (M", E,b, g, f) and (M",E.b,§, f)
satisfy $X,(f) = 4X,(f), 0 < g <n, and rank E = rank E. Then

FT (log 7a(u) — log 71a(u))

has an asymptotic expansion of the form () whose free term is

/MI )iqag(f.e /MI 1)qao(f, e =0,%)

q q
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with a9(f,e,z) and a?(f,e, %) the densities considered in Proposition [Z3
above.
(iii) When dim M = n is odd we have

a(f)f)+a(n_f)n_f) =0.

Proposition B3 is similar to Proposition 3.1 in [5] (but for non-selfadjoint
Witten Laplacians) so the proof is the same. It is actually a straightforward
consequence of the Theorem above.

The proof of Proposition B4l goes as follows. As the eigenvalues of the

operator Agy 4(u) tend exponentially fast to 0 as u — oo in view of Propo-
sition

1
log, det(Agsm(u) +¢) = mgloge + O <gae_5“>

for some positive constants o, 3, and therefore, Agm (f, u,€) — Agn(f, u, ) is
exponentially small as u — oo. Therefore for any € > 0,

A(fa u, 6) - A(f) u, 6)
and
Ala(fa u, 6) - Ala(fa u, 6)
have asymptotic expansions of the form ([73) for © — oo which are identical.
q.e.d.

Proposition is more elaborated and the remaining of the subsection
elaborate on this proof.

Proof of Proposition [Z2. To check (i) we verify that the function H (u,¢),
defined for € > 0 and u sufficiently large by

H(u,e) := Aa(f,u,e) — Ala(f,u,&?) + log 1 (u) — log Tia(u)

is of the form
T
H(uve) = Zekfk(u) +g(u7€)7 (79)
k=1

where g(u,e) = O(u~'7?) uniformly in €. The statement of Proposition
can be deduced from this formula as follows: Recall that for ¢ > 0, H(u,¢)
has an asymptotic expansion for u — oo because Ap(f,u,e) — A (f,u,¢)
and log 71,(u) and log 7i,(u) have, the first by Theorem Bl the last two by
Corollary As g(u,e) = O(u~'*?) uniformly in & we conclude that for
any € > 0, Ezzl e* f(u) has an asymptotic expansion for u — co. By taking
T different values 0 < g1 < --- < ep for € and using that the Vandermonde

determinant is nonzero

£1 ... alT

det | : S| #0

€d -+ €4
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we conclude that for any 1 < k < T, fr(u) has an asymptotic expansion for
u — oo and that for any € > 0

d
FT(H(u,e)) = Y " FT(fi(u)).
k=1

Hence lim._,o FT(H (u,¢)) exists and lim._,o FT(H (u,e)) = 0. It remains to

prove ([[9).
Recall that if

Oa(u, 1) = tr(e 2 P,)

and
1 -
2(u,8,8) i= — 570, 1a(u, e Hd 80
Goaa(.2.8) = g [ 0 0yt e (30)
then
d
log detr(Ag1a(u) +¢) = %L:ocq’la(u’ £,$). (81)

We have the estimate

Lemma 3.7. There exists a constant C1,Csy,3,> 0, 0 < § < 1, and integer
T > n so that
(i) for u large enough and 0 < u < u
0yl p) < o™ (s2)
9

—1+6

(ii) for u large enough, and p > u='*
0, (u, ) < Coe™Pur, (83)

Proof. Note that Theorem implies that there exists an integer N > n
and the constants C’, 3 > 0 so that for u large enough

0(u, )] < Cle™ ™

with v > 0. Choose 0 < ¢ < 1, (for example 6 = 1/2).

Suppose p < w1 *9. This implies pu'=% < 1; and supposing u large
enough we have p < 1/2.

As 11 < u¥ 1 hence vV < p~N(1-9)  we get

|9(u,,u)| < Cle—'\/pu/un—l—N/(l—(;) < C/E/UT,

where T' > n + N/(1 — ). This establishes (i).
Suppose g > w9 This implies p=" < v*1~9 and therefore
6—7/2 puuN/Mn < 6—7/2 u‘;uN—l—n(l—&).
Clearly for u large enough we have
e—'y/2 u‘suN—i-n—é <1

since § > 0. Take Cy = C’, 8 =~/2 and (ii) is verified. O
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To establish ([[3) we decompose the function (;1a(u, ¢, s) into two parts

1 o
I — s—1 —ep 4
Cq,la(u7 &, 8) F(S) Alﬂi 1% Hq(u, ,u)e d,u (8 )
and
1 w146
Cala(t€,8) = @/0 0 (u, e~ dp. (85)

First let us consider
1 © et —1
I I
Caralts€,8) = Cgralu,e =0,8) = m/ﬂlw ,usﬁq(u,,u)Td,u
Note that
C[]T,la(uv &, S) - C[]T,la(uv e=0, S)
is by Lemma B7(ii) an entire function of s and so is 1/T'(s).

Clearly, ﬁ! =0, & rrip or(s) = 1and 1 — e < eu. Therefore by

Lemma B we have

a
ds

s=0

(C[][,la(u7 g S) - C[]T,la(u7 €= 07 S)) ‘

e8] —ep (9]
/ 9q(u,u)€71du( < 602/ e Py = Eﬁ&e‘ﬁ“é-

—1+6 1% u—144 u

Concerning the term

d
E s:O(Cq la(uv‘gvs) Cq la( 073))7
expand (e " —1)/pu
T
(e—au_l k k 1+€T+1,ude(€7ﬂ)
k=1

where the error term is given by

= (_1)kkk—1 T+1, T
6(&#):(2 etu )/6*#-

k=T+1

Note that according to Lemma B(i) we have pu?6,(u, 1) < Cy.

Therefore
u~ 1+6

/ 150 (u, )™ T ee, p)dp
0

is a meromorphic function of s, with s = 0 a regular point and, for sufficiently
large u we have

a
ds

—1+6

. <$ /0 ' u89q(u,u)€T“uT6(6,u)du)

with C7 is independent of u and e, 0 < e < 1.

< eTH Oy 1H0
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Finally, recall that 6,(u, 1) admits an expansion for g — 0+ of the form

T
Og(u, 1) =Y Ci(w)plI=D/% 46 (u, p)
j=0

where 9;(u, ) is continuous in g > 0. Therefore, for 1 < k < T,

—1+6
e s (=D* 1 w1
@/o 1o 0q(u, p) e dp

is analytic with respect to s at s = 0 and

—1+46
I s (=% 4 ko
S:0<m/0 o Oq(u, p) == n"dp

is of the form S_1_, &* fi(u). This establishes [d). Part (ii) follows from

T
d
>

k=1

Proposition B3 and part (iii) from (Z4). O
Proof of Theorem [[L4l In this section we want to check that S% B = 1.

Consider a system (M, E, g,b, f). Clearly (M, E,g,b,—f) is also a system
and denote by 7,7 (u) resp 7, (u) the large torsion for the first resp. of the
second. Similarly we write 7(Intl, ,,) resp. 7(Intg,, ,,) for the relative torsion
of ([[3) in Section [l when applied to the first resp. second system.

Suppose now we have two systems (M, E, g,b, f) and (M, E, g, b, f), and
suppose that f and f have the same number of critical points in each in-
dex. Since dim M = n is odd we have (—X)*W¥, = —X*U . and therefore

Corollary 23 yields

() -1 (u
S/ Se = T}Eu;—fi‘gui e (L4 0(e ) (86)

with a real number 8. We know that the left side of (Bf) is constant and
T (u) - 7, ()
"R (uw) - 7 ()

has an asymptotic expansion whose free part is by Theorem equal to 0.
This implies that

log

2 2 _

We choose ]\:4 to be the sphere, E the trivial flat bundle of the same
rank as ' and b the canonical symmetric bilinear form. We note that since
dim M = n is odd, one can always provide a Morse function f on M :=

SdimM with the same number of critical points as f in each index. Since
S% o 1 we conclude that 81%3 B = 1. q.ed.
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4. APPENDIX; REMARKS ON THE PROOF OF CONJECTURE

It is likely that in Theorem [[L4] one can replace £1 by 1. For this purpose
notice that for each Morse function f one can produce a square root 5}3,[1)}, f
of Sgp) and by the same arguments as in the proof of Theorem [L4l one can
show that

! !
See.sr Spp-r =1
Clearly, if we show that S}E’[b}’ f is independent of f, then Sg ) = 1.

To define a square root of Sg ;) we use the formulas () and (). We
need two additional data: a Morse-Smale vector field X and an orientation
of the total space of the mapping cone complex associated with the quasi
isomorphism Intgy o : Qsm(M; E,) — C(X; E,). The orientation provides
a square root of 7(Intgy ). Both 7,, and exp(—2 fM\X WE, b A (—X)*\I!g)
have an unambiguous square root. We can choose X = —grad, f in which
case Intgy 4, is an isomorphism for u large enough and a canonical orientation
is implicit in the construction of the mapping cone. The product of these
square roots give our desired square root.

It is possible to show that this construction extends to generalized Morse
functions. Recall that by a result of H. Chaltin [I6] any two Morse func-
tions fi; and fo can be joined by a homotopy f; with f; Morse function
for all t € [1,2] but t,ta,...,t, and generalized Morse function for ¢ =
t1,t9,...,tr. One can even arrange that each generalized Morse function
has only one birth/death or death/birth critical point. Then the indepen-
dence of S'(E, [b], f) of the Morse function f follows for from the continuity
in t of S}L[b]’ i for a homotopy of the type provided by Chatlin result.

Recall that a generalized Morse function is a smooth function whose crit-
ical points are either non-degenerate or are birth-death/death-birth critical
points, cf. [T6]. For each ¢, let m, be the number of non-degenerate critical
points of index ¢ and m; the number of degenerate (birth/death) critical
points of index ¢. It was established in [I6] that for u large the spectrum
of Ag, ¢,,¢ decomposes in three disjoint parts Specgy, ,; SPeCpja uy SPECy, us
called small spectrum, moderately large spectrum and and very large spec-
trum. The small spectrum Specy,, ,, consists of (rank F) - m, complex num-
bers converging exponentially fast to 0, Specgy, ,, consists of 2(rank E) - my,
complex numbers whose both real part and absolute value are converging to
0o but not faster than Cu?/® and Specyj, y, the rest of the spectrum, con-
sists of complex numbers whose real part is converging to oo faster than C'u,
with C,C" some constants. Actually this was established for a flat vector
bundle equipped with a Hermitian structure but we expect the statements
hold true for a non-degenerate symmetric bilinear form also.

To define the square root of Sg ) for such generalized Morse function
one can use instead of Qg (M; E,) and Q,(M; E,,) either Qg (M; E,) and
lea(M; Eu) @ Qvla(M§ Eu) or Qsm(M; Eu) @ lea(M; Eu) and Qvla(M; Eu)
One can choose conveniently a Morse-Smale vector field, for example a
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vector field which away from the degenerate critical points is gradient like
for the generalized Morse function; in this case canonical orientations exist
for the mapping cone of the corresponding integration morphisms in both
cases. The square roots obtained by either choice are the same.

While the continuity at ¢ when fy is a Morse function is straightforward
at ¢ when fy is generalized Morse function is more subtle. It is easier to
check this continuity when there is only one birth/death or dearth/birth
critical point and this can be done separately from left and from right using
the two possible definitions of the square root.

An extension of the result Sg ) = 1 to smooth odd dimensional manifolds
with boundary combined with a product formula for Sg , (like the product
formula for for analytic or combinatorial torsion,) will imply the result for
even dimensional manifolds as well. The details of the above remarks will
be presented in a forthcoming paper.
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