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WITTEN DEFORMATION AND THE SPECTRAL PACKAGE OF A
RIEMANNIAN MANIFOLD

DAN BURGHELEA

Dedicated to the memory of Cabiria Andreian Cazacu a mathematician I much admired

ABSTRACT. The Witten deformation associated to a Morse function f on a closed Riemannian
manifold (M, g) via Rellich-Kato theorem (see section 3) relates analytically the spectral package
of (M, g) (eigenvalues and eigenforms) to the Morse complex defined by (g, f) coupled with the
”multivariable harmonic oscillators” associated to the critical points of f. We survey this relation
and discuss some implications, including the finite subset of the spectral package referred to as
the ”virtually small spectral package” .
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1. INTRODUCTION
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A smooth map f: M — R on a closed Riemannian manifold (M, g), via Witten deformation,

provides an analytic family of self adjoint operators A?(t) with A?(0) = A? the Laplace -
Beltrami operator on g— differential forms on M, see section 3 below, for definition. This family
is ”holomorphic of type A” in the sense of Kato, cf [16].

Rellich-Kato theorem , cf [16] Theorem 3.9, organizes the eigenvalues and the eigenforms of
AI(t), for all t € R, as a countable collection A? of analytic real-valued functions A4(t) and
analytic g—differential form-valued maps wé(t) s.t. for any ¢t A9(t)(wd(t)) = M (t)wd(t) and
the collection {A\&(t),wd(t),a € A%} represent the entire spectral package of A4(t) (i.e. the
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collection of eigenvalues and eigenvectors of an operator, in this case A%(t)). We call A\ ()s and
wé(t)s branches of eigenvalues and eigenforms.

If f is a Morse function then the infinite collection A? clusters as a disjoint union of finite
collections A%(k), k € Z>p, and the set A?(c0) conjecturally empty, characterized by the property
limy o0 AN&(2)/t = 2¢3, 0 =cp < ¢ < g < -+-, ¢ — 00, whose cardinalities for each k is finite
and depends only on the set of critical points « and the scalar product g(x), the metric g provides
on T (M) . In particular if in the small neighborhood of each critical point the metric is flat
then the cardinality depends only on the number of critical points of each index, as specified by
Theorem 3.3.

The cluster corresponding to k£ = 0 is in bijective correspondence to the set of critical points
of index ¢ and determines an analytic family in ¢ € R of cochain complexes with scalar product,
all with the components and the cohomology of the same dimension. The cochain complex
corresponding to t = 0 is isometrically embedded in (2*(M),d*) equipped with the scalar
product defined by the metric g, and is left invariant by A9. The cochain complex corresponding
to t, when t — oo, is O(1/t)—isometric to the appropriately scaled geometric complex (Morse
complex) defined by the vector field (— grad, f ) and equipped with the scalar product making
the characteristic functions of critical points orthonormal, cf. Theorem 6.1.

The restriction to ¢ = 0 selects from the infinite spectral package of (M, g) a finite collection
{A&(0),wd(0), a € A%(0) C A9} referred below as the g—virtually small spectral package of (M, g)
associated with f which has remarkable topological and geometrical properties, cf. Theorem 6.2.

It is important to note that the collection of virtually small eigenvalues which is of cardinality
cq = §C74(f) does not necessary consists of the smallest ¢, eigenvalues of A?, however they are
the restriction at t = 0 of the eigenvalue branches \%(¢) whose restriction to ¢ large enough
exhaust the first smallest ¢, eigenvalues of A%(t). In different words, they become, by analytic
continuation in ¢, the smallest ¢, eigenvalues.

Note also that, in view of analyticity, the restriction of wg(t) to an arbitrary small neighbor-
hood of ¢y determines completely wé(t) for any ¢ and then wZ (0).

Observation: In view of Propositions 5.2 and 5.1, the restrictions of wé(tg) when a € A%(0)
and o € A7\ A2(0) for tg very large are very different, as one can read off from Proposition (5.2)
and Proposition (5.1) respectively; one expects this be manifest in some way for the restriction
at t = 0 and provide a way to recognize the collection A%(0).

The purpose of this largely expository paper is to present these observations as a starting
point in exploring the geometric and topological applications/implications of the virtually small
spectral package.

Theorem 6.2 item (2) suggests that at least one topological invariant involving the entire
spectral package, as stated in Theorem 2.1 item (2), can be recovered from the virtually small

1One can ask what happens when ¢ — —oo. The answer is similar; if one writes A%/ () instead A(¢) in order
to indicate what smooth function is considered, then the Hodge operator * intertwines A%/ (t) with A"~/ (¢) =
A" %S (—t). This makes A%/ (—t) = A"7%7 ().
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spectral package. One expects that this is the case with many more geometric and topological
invariants,

Theorems 3.3 and 6.2 can be regarded as new statements, while the others, Theorems 3.2,
4.1, 6.1 only as some improvements of results already published.

The paper contains in addition to introduction six more sections.

- Section 2 reviews the spectral package of a closed Riemannian manifold.

- Section 3 reviews the Witten deformation and Witten-Laplace operators A?(t), the Rellich
- Kato result on analytic branches of eigenvalues and eigenforms for A?(¢) and their clustering.

- Section 4 reviews the CW structure defined by a pair (g, f) and the associated geometric
complex known as the Morse complex.

- Section 5 sketches the proof of Theorems 3.2 and 3.3.

- Section 6 discusses the cluster A%(0) and sketches the proof of Theorems 6.1 and 6.2.

- Section 7 formulates a few conjectures and problems.

2. SPECTRAL PACKAGE OF A RIEMANNIAN MANIFOLD (M™,g)

Let M™ be a closed differential manifold equipped with a Riemannian metric g. The differ-
ential structure on M provides

o Q"(M™) - the vector space of differential forms of degree r,
e X (M) - the vector space of smooth vector fields,

both modules over Q(M) = D(M), the commutative algebra of smooth functions,
A QU (M) x Q7 (M) — Q" (M) - the exterior multiplication, Q°(M)— bilinear map,
e 1 (M) — Q*71(M) - the contraction w.r. to X € X (M), Q°(M)— linear map,
d": Q" (M) — QUFL(M) - the exterior differential, a differential operator of order one,
LY : Q"(M) — Q(M) - the Lie derivative along X, X € X(M) defined by L =
a-t. sy — LS(‘H - d" a differential operator of order one.

The pair (2*,d*),* =0,1,--- is a cochain complex, known as the de-Rham complex, with de-
Rham cohomology H’, (M) := kerd”/imgd"~!. The de-Rham theorem establishes a canonical
isomorphism from de-Rham cohomology H',z(M) to the singular cohomology with real coeffi-
cients of M, isomorphism obtained via integration of r—differential forms on singular smooth
simplexes.

For simplicity we will assume M orientable. The Riemannian metric g on M provides the
Hodge star-operator +" : Q"(M™) — Q" "(M) with "~ - +" = (=1)"»=") and then the scalar
product

(w,w') = /Mw AK"w (2.1)

on each Q" (M). This in turn provides the differential operator §" : Q"(M™) — Q"~Y(M), the
formal adjoint of d"~!, defined by §" := (—1)""—D+1 yn=r+l gn=" . and then the operator
AT Q" (M) — Q" (M). This is a formally self adjoint, nonnegative definite differential operator
of order two defined by

AT — 5T+1 .dr _|_dr71 Lo
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called the r—Laplace - Beltrami operator or simpler the r—Laplacian.
Note that
*1 A= A" T

Note also that one has following commutative up to sign diagram

dq qa+1

04 Qa+1 Qa2 47 (2.2)
x4 l *4+1 l *4+2 l
Qn—a "L qn-q-19""" 1 gL

with
*4T1 . a4 — (,1)q+15n—q R

Since the homology of the second row of the diagram (2.2) is canonically identified via the
metric g to the de-Rham homology of M based on currents, the x—operator realizes the familiar
Poincaré duality from H}, (M) to HPRL(M).

Since M™ is a closed manifold then formally adjoint becomes adjoint on La(Q9(M)) the
Lo—closure of Q(M) with respect to the scalar product (2.1).

Each A" has spectrum consisting of the infinite sequence of eigenvalues, nonnegative real
numbers Ap, 0 = Aj < A} < -+ < AL < A, < -+, each with finite multiplicity, which
increase to co.

Denote by Hj C §"(M) the eigenspace corresponding to the eigenvalues el H o= ker(A" —
N Id) € Q"(M) and note that Hj, L Hj, for k # k'

Let Hy, C Hy C Q'(M) be the lattice of integral harmonic r—forms i.e harmonic forms
which take integer values when integrated on Z—cycles of dimension r, and let T := Hj /HS,Z
be the compact torus equipped with the obvious Riemannian metric induced from the scalar
product ( , ) restricted to Hj.

Denote by V" := vol,T;.. Note that VO=1Vv"= volgM™ and let

V(M,g) = (v

K3
The table
0= < AT <---< A< A1 <
Hy  H{ - Hp Hp,
with H := ker(A" =\ 1d), is referred to as the spectral package of (M, g). Note that the spectral
package corresponding to ¢ identifies via x?—operator to the spectral package corresponding to
(n—q).

Sometimes H is specified by an orthonormal base. Sometimes the table spectral package might
contain the numbers V"’s. Any finite part of the spectral package is, in principle, computable
with arbitrary accuracy but not the entire spectral package,.

Hodge theorem establishes a canonical decomposition

QM) =Q, (M) Q" (M) & Hy
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in mutually orthogonal subspaces Q" (M) = imgd™!, Q"(M)_ = imgd" ! and H = ker A” =
kerd” Nker ¢", decomposition which diagonalizes A" and satisfies " : Q"(M)+ — Q7" (M)+
and which implies the decomposition Hj = Hy , @ Hy _ with Hf , = HyNQ"(M). This shows
that a Riemannian metric realizes de-Rham cohomology canonically as a subspace of differential
forms referred to as harmonic forms and one has the morphisms of co-chain complexes

(Hg,0) —2 (Q*(M), d*) Z— (H,0)

with composition the identity.

In view of the ellipticity and nonnegativity of A" one has the well defined positive real num-
bers, the zeta-regularized determinants det A’,, det’ A", which represent the (—regularized prod-
uct of the nonzero eigenvalues of A, A", ? cf [12] and then

Tan(M7 g) = H(\/M )(71)T+1T = H(\/M )(*1)T+1

T T

referred to as the analytic torsion.

Recall that for any compact ANR X, in particular for any compact manifold, the integral
homology H,.(X;Z) is a finitely generated abelian group of a finite rank (3, whose set of finite
order elements have finite cardinality Tor;. The following two numbers are remarkable topological
invariants

X(X) =) (~1)'Bi(X) and Tor(X) = [ [(Tor:(X))"".
Note that when X = M is a closed odd dimensional manifold x(M) = 0 and when X is an
oriented even dimensional manifold Tor (M) = 1.
The following two familiar results are among the many relations between topology and the
spectral packages.
Theorem 2.1.
(1) (de-Rham - Hodge) x(M) =" ,(—1)" dim H}
(2) (Cheeger Muller) InTor(M) = —3,;(=1)" In V' + InT,, (M, g)

Item (1) derives the integer x(M) from the multiplicity of the eigenvalue 0 of A"s while item
(2) derives the integer Tor (M) from the nonzero eigenvalues of A”s cf. [12] Theorem 8.35.

3. WITTEN DEFORMATION AND THE SPECTRAL PACKAGE OF A TRIPLE (M, g, f)

Let f: M — R be a smooth function. The Witten deformation is a one parameter family
of scaled de-Rham complexes, precisely the family of cochain complexes (Q*(M),d*(t)), t € R,
with the differential

di(t)w = e dl (et w) = diw + tdf Aw, w e QI(M).

2 AL = Aoy (s
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The Laplacians A9(t) := d9=1(t)-69(t)+ 691 (t)-d?(t) with 69(t) := (—1)Ma-DFln—atl. gn—aq(¢).
*? referred below as the Witten Laplacians can be expressed in terms of the Laplacians A? as
follows:

Al(t) = AT+ t(L% + L£%) + ]| X2 (3.1)
These operators remain self adjoint, nonnegative elliptic operators on Lo(Q%(M)), the Lo—
completion of Q9(M). Here L% its formal adjoint of L% given by £% = (—1)(nHhatl yn—a
.L}iq . *q'

Hodge decomposition continues to hold for any ¢, namely
QM) = QL (M)(t) & QL(M)(t) & Hp(t)

with mutually orthogonal Q7 (M)(t) = imgd '(t), Q" (M)(t) = imgd ™' (t) and Hj(t) =
ker A"(t) = ker d"(t)Nker 6" (¢), decomposition which diagonalizes A" (t). Note that in view of the
isomorphism of (Q*(M),d*) and (Q*(M),d*(t)) we have the isomorphism of their cohomology
and then the equality

dim H; = dim H{j(t). (3.2)
Note that the diagram 2.2 can be enhanced by replacing d* by d*(t) and §* by 6*(¢).

As a consequence of (3.1), by a result of Rellich - Kato, Theorem 3.9, chapter 7, in [16] one
has Theorem.3.1 below.

Theorem 3.1. (Rellich - Kato)

There exists a collection of nonnegative real-valued functions & (t) unique up to permutation
and a collection of norm one q— differential form-valued maps wi(t) € Q4(M), analytic int € R,
indexed by a € A, A countable set, each with holomorphic extension to a neighborhood of the
real line R € C 3 s.t.

(1) AT(e)l(t) = MO (1),

(2) for anyt the collection \&(t) represent all repeated eigenvalues of A4(t) and the collection
wa(t) form a complete orthonormal family of associated eigenvectors for the operator
A(0),

(3) exactly B, = dim HI(M;R) eigenvalue functions A& (t) = 0 for any t, all other are strictly
positive for any t.

The analytic functions A% (¢) and the analytic differential form-valued maps wd(t) are called
eigenvalue branches and eigenform branches and the collection {\&(t),wa(t),a € A} is called
the spectral package of (M, g, f).

We are interested in these branches when f: M — R is a Morse function on M. This means

that for any = € Cr(f) := {x € M | df, = 0} in some local chart ¢, : U, — R™ U, open

3holomorphic extension means extensions A7(z) € C , w%(z) € (M) ® C for z in a neighborhood of R in C
which for ¢ € R is a real number and w?(t) € Q(M) ® 1
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neighborhood of z, ¢, open embedding with ¢, (z) = (0,,0,---0) one has
front(@nma, - mn) = fla) = 1/2 Y @i+1/2 Y af. (3.3)

1<i<k k+1<i<n
In this case z is called critical point of Morse index k. Denote by Cri(f) C Cr(f) the set of
critical points of Morse index k. A chart ¢ with such property for a critical point is called Morse
chart in which case the coordinates (x1, o, - x,) are called Morse coordinates.

From now on, mostly for simplicity in estimates, we will assume that in a small neighborhood
of critical points, there exists a Morse chart ¢ s.t. the metric g is given by g¢; j(1,- - zp) = 0; ;.
Such metric is called flat near critical points. We believe this assumption can be removed or at
least weakened.

The following result is credited to E. Witten; a proof will be sketched in Section 5 following
close [7] section 5 where a similar statement under more general hypotheses is treated.

Theorem 3.2. Suppose (M,g) is a closed Riemannian manifold and f : M — R a Morse
function with ¢, critical points of Morse index q. There exists constants Cq,Co,C3 and Ty
depending on (M, g, f) s.t. for any t > T
(1) SpectAy(t) N (Cre=%2t Cst) =0 and 1 € (Cre2t, Cst),
(2) for t > Ty the number of eigenvalue branches M4 (t) with Ni(t) € [0,Cre=2t) counted
with multiplicity, is exactly cq the number of critical points of Morse index g,
(3) any eigenform branch wd(t) with eigenvalue branch N&(t) < 1 for t > Ty localizes at the
set Cr(f)g, i.e. limy oo [JWa (1), a0y = 0 for any open neighborhood U of Cry(f).

As a consequence exactly ¢, eigenvalue branches A\ (t) go exponentially fast to 0 when ¢ — oo,
in particular lim; o M&(t)/t = 0 and all other go more than linearly fast to oo, in particular
limy 00 A& () = 00. Tt can be shown that A% (¢) < ¢; + cot + c3t? cf [15]. Also, as a consequence,
if AZ(t) is bounded for t > 0 (say A4(¢) < 1) then \4(t) goes exponentially fast to 0 when t — oo.

Denote by Als = A%(0) := {a € A9|lims_,o A&(t)/t = 0} which is the same as the set of
branches which go exponentially fast to zero. These ¢, eigenvalue branches are called virtually
small and the collection {\&(t),wd(t),a € A} the virtually small spectral package of (M, g, f).

Since A%(—t) for f is the same as AY(t) for —f, when t — —oo exactly f,_, eigenvalue
branches go exponentially fast to zero the other more than linearly fast to co. As a consequence,
as shown in a paper in preparation, if A?(¢) is bounbded then A\(t) goes exponentially fast to 0
when t — +o00.

Theorem 3.3.
If the metric g is flat near the critical points of the Morse function f then:
(1) the set A%\ A%(c0) is in bijective correspondence with the collection of symbols
{a=(z,I,P) € Cr(f) x I x (Z>0)" | o(cx) > 0} where
€ Cr(f), I €T ={(j1,J2, Jg) | 1 S j1 <jo2 <--+jg <n},
P = (p1, - pn),pi € Z>o and
o(a) = 32 pi + q + index(z) — 2Ninden(w) (1) with Ny(I) := #{j <k | j € I}.
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(2) each N (t) satisfies
lim A (t)/t = 20(c)

t—o0
(3) each wi(t) localizes at x.

A proof of Theorem 3.3 can probably be derived from [17] Theorem 1.1, or from [11], section
11.5 formula (11.36). A proof on the lines of the proof of Theorem 3.2 is suggested in Section 5
and will be detailed in a paper in preparation.

4. CW-COMPLEX STRUCTURE ASSOCIATED WITH (M, g, f) AND THE GEOMETRIC COMPLEX

For (M", g, f) with (M™, g) a closed Riemannian and f : M — R a Morse function denote by
7y (t) the trajectory of the vector field X = — grad, f with 7, (0) = 0.

For z € Cr(f) the set W := {y € M | lim¢_, 1007, (t) = z} is called the stable/unstable set
of z and is a submanifold diffeomorphic to R"~*/R¥.

One says that the vector field X above is Morse-Smale if for any x,y € Cr(f) the unstable
set W, and the stable set W, are transversal which implies that T (z,y) = (W, N W,[)/R 4
the space of trajectories from z to y, is a manifold of dimension ind(x) — ind(y) — 1. For any
string of critical points x = yg,y1, - ,yx with

lnd(yO) > lnd(yl) >y, > lnd(yk)7
consider the smooth manifold of dimension ind(yg) — &,

Z(yo,y1) % =+ L(yk—1,y) X Wy,

and the smooth map

dyor,en - LYo, Y1) X -0 X T(Yk—1, Y) X Wy, = M,

defined by iy, yy ey (V1,5 sV, Y) = Gy, (y), Where i, : W — M denotes the inclusion of W
in M.

Theorem 4.1.
1)For any critical point x € Cr(h) the smooth manifold W has a canonical compactification

W to a compact manifold with corners 5 and the inclusion iy has a smooth extension iy :

Wx_ — M so that :
(a) the k— boundary is (Wg )i = Uz, ) Z(@91) X - X T (yh—1,98) X Wy,

4R acts freely by translation along the flow defined by — grad, f

5Recall that an n—dimensional manifold X with corners is a paracompact Hausdorff space equipped with a
maximal smooth atlas with charts ¢ : U — ¢(U) C R} with R} = {(x1,z2, - zn)|z: > 0}. The collection
of points of X which correspond (by some and then any chart) to points in R™ with exactly k coordinates
equal to zero is a well defined subset of X, called the k—boundary, and denoted by Xj. It has a structure of
a smooth (n — k)—dimensional manifold. The subset X = X; U Xy U--- X, is a closed subset which is a
topological manifold of dimension (n — 1) and the pair (X,0X) is a topological manifold with boundary 0X.
A compact smooth manifold with corners with interior diffeomorphic to the Euclidean space, will be called a
compact smooth cell and is homeomorphic to the compact unit disc of the same dimension. When dim W, =3
in order to establish this result apparently one needs the recently proven Poincaré conjecture.
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(b) the restriction of iy to Z(z,y1) X --- X T (Yr—1,Yk) X Wy, 18 iz gy -
2) W is homeomorphic to the compact disc of dimension index(x).

A proof of this result is contained in [3] see also [8]. As a consequence one has

Proposition 4.2.
If M is a closed manifold then the following holds true:
(1) for any z,y critical points with ind(z) — ind(y) = 1 the set T (x,y) is finite,
(2) the canonical embedding 1, : W, — M extends to a smooth map iy : W; — M where
W; is a compact smooth manifold with corners (see Theorem /.1 above) which makes
M = Uzecr(pyW, a CW complex with open cells W, x € Cr(f),
(3) if for any x € Cr(f) one chooses an orientation O, of W then to any v € T (x,y), with
indz —indy = 1, a sign €(y) = £1 can by defined 6 as explained in [3]. The incidence
I(z,y) of the cell W, and W, is exactly 3 e, €(7)-
Note that changing f into — f one obtains an other CW structure of M whose cels are the stable
sets of the critical points z of f, i.e. of dimension n—ind z with I (y, ) = (=)1"= 1= [f (z, ),
q = ind(x).

The geometric complex associated with —grad, f and integration maps.

Define C* := Maps(Cri(f),R) with a base provided by the characteristic functions E,,
z € Cr(f), " and the linear maps 9 : C* — C*+1 defined by

8k(E:r) = Z I(z,y)Ey,
z€Cri(f)
T e C?"k+1(f), y € Cri(f).

In view of Proposition 4.2 one has 9**1 - 9¥ = 0. In view of Theorem 4.1 for w € Q"(M) and
indz = r one has fWJ t*(w) < oo and then one obtains the linear maps Int” : Q"(M) — C".

In view of Stokes theorem and Theorem 4.1 one has 9 - Intt = Int*+!. d* which makes
Int* : (Q"(M),d*) — (C*,0*) a morphism of cochain complexes which by de-Rham theorem
is a quasi-isomorphism. In the diagram below all arrows are quasi-isomorphisms (i.e. induce
isomorphisms in cohomology).

(s (M) (1), d* (1)) ~— (Q*(M), d* (t)) = (2*(M), d*) = (¢, %)

\[ntr (t)/

For future needs one considers the scaling S*(t) of the geometric complex, precisely the
isomorphism S*(t) : (C*,0%) — (C*,0%(t)) with SU(t) : C9 = Maps(Crq(f),R) — C9 =
Maps(Crq(f),R) defined by

SI(t)(E,) == (n/t)n"20/ et g, (4.1)

6 (by comparing the orientation @, to the orientation defined by the tangent to v plus the orientation O,
7 given by E.(2) = bz,2,2,2 € Cri(f),
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where F is the characteristic function of z € Cry(f) and 9%(t) = SIH1(¢)- 09 (S9(t)~L. Clearly
(C*,0*(t)) is an analytic family of cochain complexes in ¢ € R.

5. SKETCH OF THE PROOF OF THEOREMS 3.2 AND 3.3

The proof of Theorems 3.2 and 3.3 is based on the "mathematics of harmonic oscillator”, in
our case of multivariable harmonic oscillators cf. Propositions 5.1 and 5.2 and on a criterion for
detecting a gap in the spectrum of a nonnegative self adjoint operator in a Hilbert space H cf.
Lemma 5.3 below.

Recall from [14] that the classical harmonic oscillator, is the operator

d? 9
T2 +x°
which when considered as an unbounded self adjoint operator with domain S(R), the space
of rapidly decaying function, has the pure spectrum with eigenvalues {2j + 1,5 € Z>¢o} and
corresponding eigenfunction H; (z)e~*" with Hj(x) the j—th Hermite polynomial.
This permits to derive the eigenvalues and the eigenfunctions for

L*(R) — L*(R) (5.1)

2
—omtat bz’ : L*(R) — L*(R). (5.2)
We call the operators of the form
A+ A+DY a? (5.3)
i
on QIR™) = {w = Y ;ar(x1,x2, - x,)der} multivariable harmonic oscillator. Here I =

(jlaj?f“jq)a 1 S]l <j2a"' <jq S?’l, dx[:dle /\/\dCC]q with

2

Ay = — EI: 12271 aa—xgaf(:l:l7 coexp)drr, Aw = zl:ejaj(xh cxp)dxr, ef €R, b€ Ry
As an unbounded self adjoint operator on L?(SY(R")) with domain S¢(R") = {w € QI(R") |
ar(x1, e, x,) € S(R™)} the operator (5.3) is globally elliptic in the sense of Shubin [18], and
can be decomposed as tensor product of operators of the form (5.2) hence its eigenvalues and
eigenforms can be calculated explicitly.

In this paper we consider the operator A%¥(t) on Ly(S9(R™)) of the form (5.3) with 6?’k =
(—n+2k —2q+48{j € I | k+1 < j <q})t, b= 1> and notice that this is exactly the Witten
Laplacian for the function f; : R™ —» R

fru(zy, - xp) =c—1/2 Z x4 1/2 Z z?. (5.4)
1<i<k k+1<i<n

For I = (j1,J2,---jq) with 1 < ji < jo < ---jg < n and P = (p1,p2,---pn) with p; € Zxg
define

FUI,P)=) pitqt+k—28{jel|1<j<k} (5.5)
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Since A%F(t) is of the form (5.3), one can calculate its eigenvalues and eigenforms using the
eigenvalues and the eigenfunctions of (5.2) and obtain

Proposition 5.1. (¢f [6])

The eigenvalues /\qﬂ’k(t) and their corresponding eigenforms w%’k(t) (x) abbreviated wg’k(t) of the
globally elliptic operator A (t) are indexed by pairs B = (I, P) € T x (Z>o)™ with o*(I,P) >0
and are exactly

(1) AS*(t) = 2t o (B)
(2) Wi (t) = Hyy (Vir) -+ Hy, (VEwy)e 1072y

In view of the above one has.

Proposition 5.2. For any q integer between 0 and n and N € Zx

(1) the collection of pairs (I, P) with o*(I, P) = N, is finite,

(2) if N =0 then k = q, hence ker A(t) = ker A?4(t), and there is only one pair (Iy, Py),
In = (1,2,---q) and Py = (0,0,---,0) s.t Xi(t) := /\?(’3130 = 0 with the corresponding
etgenform

WI(t) 1= whip (1) = (t/m)"/ A 20T day A - A day.

The main criterion to recognize a gap in the spectrum is the following lemma whose proof
can be found in [5] Lemma 1.2.

Lemma 5.3. Let A: H — H be a densely defined (not necessary bounded ) self adjoint non-
negative operator in a Hilbert space (H,<,>) and a,b two real numbers so that 0 < a < b < 0.
Suppose that there exist two closed subspaces H1 and Ho of H with HHNHy =0 and H1+Hs = H
such that
(1) < Awy, 21 > < al|lz1]? for any x1 € Hy,
(2) < Axg,x9 > > bl|x2||? for any xo € Ha.

Then spectA(\(a,b) = 0.

Lemma 5.3 will be applied to H = Ly(Q4(M)), A = A%(t) for the proof of Theorem 3.2 and
A =1/t-A%t),t > 0 for the proof of Theorem 3.3 with H; described explicitly and Hy := Hi".
For Theorem 3.2 the subspace H; will be of dimension ¢, = §C7,(f). To construct H; we
first construct for any n > 0 the form @?%7(¢t) € QI(R™) with support in the ball {|z| < n},

|z| = />, 2%, which agrees with w?(t) given above on the ball {|z| < 1/2} and satisfies <

QO(t), 0% (t) >= 1® and place this form as a form @Tg(t) on M in a neighborhood of each

critical point y € Cri(f).
Choose a smooth function ~,(u), n € (0,00), u € R s.t.

8The scalar product { , ) on S9(R™) is induced by the Euclidean metric on R".
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1ifu<n/2
To(u) = { = } (5.6)

Oifu>n
and define first 7, : R” — R by 7, (z) = v,(|z|) and then @?"(t) € Q(R") by

(1) = (1/F(1)) -5y - (1)
with
_ 71_n/4 2 x e—t\:}c|2 Ty ---do, 1/2. )
ult) = ¢/ ([ 3al)e ¥ da o) (57)

The following proposition can be obtained by elementary calculations in coordinates in view
of the explicit formula of A% (t), its eigenforms and of Propositions 5.1 and 5.2(cf. [7], Appendix
2)".

Proposition 5.4. For a fized r € Z>( there exist positive constants C,C",C", Ty, and €y so that
t>1Ty and € < €y imply

(1) |%Aw(ﬂdq’e(t)(x)| < Ce " for any & € R and multiindez o = (ay,--- , ap)
with |a| =1+ + o, <1

(2) < APE($)R(t) (2), 0P (t)(2) > > 2t|q — k|

(8) If w L ©0P¢(t) with respect to the scalar product < .,.> then

<Ay 0> > C't|wl)?

In order to place w?"(t) on M one proceeds as follows.

By hypothesis, in a neighborhood U, of each y € Cr4(f), one chooses Morse charts ¢, : U, —
R™ s.t. in these coordinates f has the form (5.4) and the metric g given by g; = d;;. Choose
€ > 0 small enough s.t the inverse image of the open discs of radius slightly larger than 2e
are disjoint neighborhoods of the critical points and consider the smooth forms wj () € Q4(M)
defined by

wg(t)|M\¢;1(D2€) =0, wg(t”@;l(D%) = o, (WPE(1)). (5.8)

For any given ¢ the forms wi(t) € Q4(M), y € Cry(f), are orthonormal. Indeed, if y,z €
Crqy(f), vy # 2z, wi(t) and wi(t) have disjoint support, hence are orthogonal, and because the
support of wj(t) is contained in charts as specified above satisfy < wy(t),wg(t) >= 1.

One considers the linear map J9(t) : C7 — Q%(M) defined by J9(t)(E,) = wy, (t). Clearly
Jq(t) is an isometry, thus injective.

Proof of Theorems 3.2: (sketch). Take H; := J%(t)(CY) and Hy = Hi, let Ty, C,C", C"
be given by Proposition 5.4 and define
Cr = inf [lgrady (2.

5.9
Cy = Sélj\l:; ((L=grady f(2) + L—graa, r(2)|l 9

9A conceptual derivation of this proposition can be also obtained in view of Propositions 5.1 and 5.2
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for M/ = M \ Uyecr, () @y (Do)

Here ||grady f(2)|| resp. [|(L—grad,f(2) +L_grad,s(2)|| denote the norm of grad, f(z) € T.(M)
resp. of the linear map (L_grad,f + L-grad,s)(2) : AqTZﬁ(M) — AqTZﬁ(M) with respect to the
scalar product induced in T? (M), the dual to T, (M). Note that if X is a vector field then Lx+Lx
is a differential operator of order zero, hence an endomorphism of the bundle AIT*(M) — M,
whose space of smooth sections is Q9(M).

We can use the constants Ty, C, C’, C", C4, Cy to construct C"” and ¢; so that for ¢ > Ty and
€ < €1, one has < AY(t)w,w >> Cst < w,w > for any w € Hy (cf. [7], page 808-810).

One applies Lemma 5.3 for a = Ce~ "t b = C"t with t > Ty. This concludes the first part
of Theorem 3.2. and also establishes that ¢, is larger or equal to the number of eigenvalues
M(t) € [0,Ce=C") for t > Ty,

In order to check that ¢, is smaller or equal to this number let Q%(¢) denote the orthogonal
projection in H on the span of the eigenvectors corresponding to the eigenvalues smaller than
1. In view of the ellipticity of A?(t) all these eigenvectors are smooth g—forms.

Let Z9(t) := Q4%(t)-J4(t). By decreasing € and increasing Tj one can insure (via rather technical
estimates, cf. Proposition 5.4 in [7]) that Q9(t)- J9(¢) is so closed to JI(¢) that it is also injective
for t very large; hence ¢, is smaller or equal to the number of eigenvalues A& (¢) € [0,1] which
for t large enough equals to the number eigenvalues \%(t) € [0, Ce=C"*].

About the proof of Theorem 3.3

A proof of Theorem 3.3 can be obtained in similar way using Lemma 5.3 applied to the same
Hilbert space H, operator A = (1/t)-A4(t), and H; the finite dimensional vector space spanned
by the forms @& (t), a = (v, 8) = (v, 1, P), with z € Cr(f) and 0 < o(a) = 0"4%(3) < N derived
from JJ‘I]:iIEd(m) (t) in a similar manner the forms @7 (¢) were derived from the forms &4(t). As before
one choses Hy := Hf and one produces the constants C1,Cs, €1, €2, T such that for ¢ > T the
hypotheses of Lemma 5.3 are satisfied for ¢t > T with a = 2N+C1-t7, b = 2N+2—C5-t~ 2. One
establishes first an analogue of Proposition 5.4 where the forms w?¢(¢) are replaced by w?:];ﬁe(t)
with o*(I, P) < 2N and inequalities (1), (2), (3) able to insure that for ¢ > T, strictly below
the line x(t) = t,y(t) = t(2k + 1) in the complex plane, there are exactly #{(¢, P) | o(I,p) = N}
eigenvalue branches and all other eigenvalue branches are strictly above this line. Moreover each
eigenvalue branch (below this line) has lim;_, o AY(¢)/¢ convergent to 2k, k' < N. Details will be
provided in a paper in preparation. So far we are unable to decide if there exists branches with
A4(t)/t unbounded.

6. VIRTUALLY SMALL SPECTRAL PACKAGE OF (M, g, f)

For each ¢ denote by Afs, Al , Al o, Al , the subsets of A7 defined by

la> Y Yvs,00

(1) Als :=={a € A?] o(a) = 0},
(2) A% = {a € AT | o(a) #0},
(3) Al = {a € Al | Xi(t) = 0},
(4) Ay = {a € Al | Na(t) # 0}
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Note that A%, is the same as the cluster A?(0) considered in the introduction. Clearly Als =
‘A'zq)s,O U A?)s,-l-'

Let QI(M)ys(t), QI(M)ys0(t), QUM )ys () be the span of wé(t) with o € Afs, A7, o, Al 4,
respectively; let Q9(M);,(t) be the orthogonal complement of Q9(M),s(t) in QI(M). The first
three are finite dimensional subspaces of Q¢(M) of dimension c¢,34(M), c¢q — B4(M) and all four
are equipped with a scalar product, the restriction of the scalar product on Q2(M). All these
subspaces are preserved by d*(t) and left invariant by A%(¢) and in view of Hodge decomposition
for Ad(t), Q1(M) = Q1 (M) (1) & Q0 , (M)(t) &, (M) (1)

In particular, one has (Q,(M)(t), d*(t)), (Q,(M)(t),d*(t)) C (Q*(M),d*(t)) and
(s o(M)(),0), (s (M)(t),d*(t)) C (Q*(M)(t)vs,d*(t)) inclusions of sub complexes and
each is an analytic family in ¢ of cochain complexes. One has

(55,0 (M)(2),0) (s 1 (M) (2), d(£)) =(2"(M)(t)us, d"(¢))
(255 (M) (1), d* (1)) ® (e (M)(2), d(£)) =(°(M), d"(2))-

Consider the compositions

(6.1)

L(t)*

Ints, ()
/ \n—t*(t)\s"\

(U (M)(1), d*(8) = (@ (M), (1) 2 (C*,0%) 2 (€, 0" (1)
with LI(t) = S9(t) - Intis(t) and S9(t) given by (4.1). All these complexes are equipped with
scalar product; on C? one considers the scalar product which makes the base E, € C? orthonor-
mal.

Ifo: (V,(,)v) = (W,(,)w) is a linear map between two finite dimensional vector spaces with
scalar products define Vol(yp) := (det(pf - ©))'/? which is different from zero iff ¢ is injective.
Define

al(t) ;= Vol(Intl (t))

analytic function in ¢ which has holomorphic extension to a neighborhood of R in C.

Theorem 6.1.
If the vector field (— grad, 1) is Morse-Smale and the metric g is flat near the critical points
then there exists T s.t. fort > T the following holds true.
(1) Intis(t) is an isomorphism of cochain complezes,
(2) there exists a family of isometries R1(t) : C1 — QI(M),s(t) of finite dimensional vector
spaces so that Li(t) - R1(t) = Id + O(1/t), hence Li(t) is an O(1/t)—isometry.

Because of item (1) a?(t) is an analytic function with finitely many zeros and then
a(t) := [ a9(t)"1" is a priory a meromorphic function with finitely many zero and poles.

About the proof of Theorems 6.1
Item (1) follows from item (2) in view of the definition of L9(t). The isometry R?(t) is given
by :
RI(t) := T(t) - (Z(0)* - T9(0) 2, T9(t) = QU(t) - J(1) (6.2)
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where Z9(t)* denotes the adjoint of Z9(t). Note that Z9(t), for t > T, is a linear bijective map
between f.d. vector spaces with scalar product.

The verification of item (2) involves a number of estimates and is quite technical. It is a
particular case of Theorem 5.5 item 5. in [7]. The result can be also recovered from the work of
Helffer an Sjostrandt [21] but the proof in [7] is different.

The following result is due to Y. Lee and the present author, cf. [9)].

Theorem 6.2.
If — grad; is Morse-Smale and the metric g is flat near critical points then the following holds.

(1) The meromorphic function a(t) = [[(a?(t))"Y" has no zero and no poles and has a
holomorphic extension to a neighborhood of R in C.
(2) If M™ is a closed odd dimensional manifold then

log Tor(M) =1/2 (=1)"q( > WAL(0)) +1Inal (0) = Y (~1)'InV".

q ozEAgS’+

Proof. Observe

(1) I p(t) : (V(£), (,)vy) = (W(t),(;)w)) is continuous/analytic family of isomorphisms
between finite dimensional vector spaces equipped with scalar products '° then the func-
tion Vol(p(t)) is continuous/analytic in ¢.

(2) For a cochain complex C = (C*,d*) of finite dimensional vector spaces equipped with
scalar products

dO dl
C: 0——=(C°%()o) —=(C", ()1)] —="-- €™, () —=0

one denotes by Al := §7T1.d94d971.§9, § the adjoint of d, and by det’ A% # 0 be the
product of nonzero eigenvalues of ch. The product

T(C) := [ (det'AZ) /2

is referred to as the torsion of C. For a continuous/analytic family of cochain complexes
C(t) = (C*(t),d*(t)) such that dim C?(¢) and dim HY(C(t)) are constant in ¢ for any ¢
the function T'(C(t)) is continuous/analytic in ¢.

The verifications of (1) and (2) are straightforward from definitions.

(3) Suppose that ¢ : C; — Cs, is a morphism of cochain complexes of finite dimensional
vector spaces with scalar products,. C; = (CF,d¥),i = 1,2, ¢ = {¢?: C] — CJ}.
Suppose that for any g, ¢? is an isomorphism. Then ¢ induces the isomorphism H9(¢p) :
H1(Cy) — H?(Cq) between vector spaces equipped with induced scalar product. Let

Vol(p) := [ J(vol (%))

10gop example V (t) resp.W (t) appear as images in V resp.W, of an analytic/continuous family of bounded
projectors P(t) : V — V resp. Q(t) : W — W for V resp W topological vector spaces; this give meaning to
?analytic family”
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and
Vol(H(p)) = [ [ vol(H())=1".
As verified in [4] Proposition 2.5 one has

T(C2)/T(C1) = Vol(H(p))/Vol(e). (6.3)

(4) For a continuous/analytic family of isomorphisms ¢(t) : C1(t) — Ca(t), t € R, with

dimC{(t) = dimC4(¢t) and dim H%(Cy(t)) = dim H%(C(t) constant in ¢, the real-

valued functions T'(C4(t)), T(Ci(t), Vol(e(t)), Vol(H(¢(t))) are nonzero and contin-

uous/analytic.

We consider to o(t) = Int*(t) : (Q,(M)(t),d*(t) — (C*,0%) with * = 0,1,--- ,dim M. In
view of (4) the function

T (825, (M) (1), d*(t))

T(C*,0*)
is a strictly positive analytic function and in view of (3) agrees with a(t) for all ¢ but the finite
collection which might be a zero or a pole for a(t). Hence the meromorphic function a(t) has no

-Vol(H(e(t))

zeros and no poles. This establishes item (1) in Theorem 6.2. Together with (6.3) it also implies
T (s (M)(t), d"(t))
a(t)
Evaluation at t = 0 combined with the observation that Tor(M) = T(C*,0*) implies
T(s(M), d)
a(0)

Taking ”In” one derives item (2) in Theorem 6.2.

Vol(H(p(t)) = T(C*,0%).

-Vol(H(p(0))) = Tor(M).

7. CONJECTURE, QUESTIONS, PROBLEMS

Conjecture 1. The set A%(co) is empty.

Conjecture 2. For a generic family of pairs (g, ) the positive eigenvalue - branches and
therefore their corresponding eigenform - branches have multiplicity one .

A stronger version of this conjecture asks for the same conclusion (multiplicity one for eigen-
value branches) for a generic set of smooth functions f given any metric g.

In view of [2], which implies that for generic continuous f, H"(M;R) in the presence of a scalar
product has a canonical orthonormal base determined by f, a positive answer to Conjecture 1
implies that for f generic with this base completed by wd(0),a € A%\ AZS’O, one obtains a
canonical orthonormal Hilbert space base for Lo(Q2"(M)). This can be used to reduce PDE
problems involving differential forms to ”manipulation of sequences ”, as it is the case of the
torus equipped with the flat metric (via Fourier series theory).

Conjecture 3. All numbers a9 # 0.
If Conjecture 3 holds true, not only the cohomology has a canonical realization by differential
forms (the harmonic forms), as Hodge theorem in Riemannian geometry states, but the entire
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geometric complex (C*, 9*) associated to (g, f), at least in the case the hypotheses in Theorem
6.1 are satisfied, can be canonically realized as a subcomplex (. (M),d*) of the de-Rham
complex. This provides a substantial and consequential generalization of Hodge theorem.

Question 4. We expect that for a fized metric g (under mild hypotheses) the virtually small
spectral package {\&(0),w(0), € Als}, depends on the Morse function f only up to homotopy
by Morse functions..

Such robustness conclusion is necessary in order to calculate the virtually small spectral

package with arbitrary accuracy by effective numerical methods.
Question 5 Can Observation in Section 1 be used to determine A}y inside A7

Problem 1. The works of Cheeger and Buser cf. [13] and [10] provide bounds for the first
nonzero eigenvalue of A°. One hopes to extend this to the virtually small spectral package and
also derive bounds for the eigenvalues of the virtually small spectral package.

The following two problems concern the spectral package of a Riemannian manifold (M, g).

Problem 2: Find a spectral description of the numbers V.
For V™ we have the famous Weyl law which evaluates the volume of M in terms of the growth
of the number of eigenvalues of the Laplacian A? the same as of A™.

Problem 3. A result of K.Uhlenbeck [19] shows that for a generic Riemannian metric g on a
connected closed Riemannian manifold the eigenvalues of the Laplacian A° and then of A™ are
all simple. hen for a generic metric on an oriented 2— dimensional manifold the multiplicity of
nonzero eigenvalues of A%is one for ¢ = 0,2 and 2 for ¢ = 1. Clarify the multiplicity of nonzero
eigenvalues of A4 for a generic metric on a closed manifold of arbitrary dimension.
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