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Abstract In this paper we review the definition of the monodromy of an angle valued
map based on linear relations as proposed in [3]]. This definition provides an alterna-
tive treatment of the Jordan cells, topological persistence invariants of a circle valued
maps introduced in [2].

We give a new proof that homotopic angle valued maps have the same mon-
odromy, hence the same Jordan cells, and we show that the monodromy is actually a
homotopy invariant of a pair consisting of a compact ANR X and a one dimensional
integral cohomology class ¢ € H(X;Z).

We describe an algorithm to calculate the monodromy for a simplicial angle val-
ued map f : X — S!, X a finite simplicial complex, providing a new algorithm for
the calculation of the Jordan cells of the map f.

Contents

T e 177 1
.......................................... 3
B Monodromy] . . . . . .. 7
4~ The calculation of Jordan cells of an angle valuedmap|. . . . . .. ... ... ... ...... 15
5 Appendices|. . . .. ... 23

1 Introduction

Absolute neighborhood retracts (ANRs) are topological spaces X which, whenever
i : X — Y is an embedding into a normal topological space Y, there exists a neigh-
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borhood U of i(X) in Y and a retraction of U onto #(X) cf [11]. The reader un-
familiar with the notion of ANR should always think to the main examples, spaces
homeomorphic to simplicial complexes or CW complexes. In fact any ANR (compact
ANR) has the homotopy type of a finite simplicial complex).

Let X be a compact ANR & € H'(X;7Z) and & a field with algebraic closure %.
The r—monodromy, r € Zx, is a similarity (= conjugacy) class of linear isomor-
phism T8 (1) 1 V,.(X,€) = Vi(X;€), cf deﬁnition The Jordan decomposi-
tion of a square matrix permits to assign to each 7'(*¢) (7") the collection 7,.(X; £) of
pairs (A, k), A € B\ 0,k € Z>4, referred to as Jordan cells in dimension 7.

If f: X — S' is a tame map as in [2]] and & the cohomology class defined by f
then the set J,.(X; {¢) coincides with the set of Jordan cells 7,.( f) considered in [2]]
in relation with the topological persistence of the circle valued map f.

Recall that topological persistence for a real or circle valued map f : X — R
or f: X — S! (S! = R/27Z) analyses the changes in the homology of the levels
f71(0),0 € R or S'. It records the detectability and the death of homology of the
levels in terms of bar codes cf [2], or [4]. In case of a circle valued map in addition
to death and detectability there is an additional feature of interest to be recorded, the
return of some homology classes of f~1(0), when the angle 6 increases or decreases
with 27r. This feature is recorded as Jordan cells which were introduced in [2], and
describe what the topologists refer to as the homological monodromy or simply the
monodromy.

In [3] we have proposed an alternative definition for Jordan cells and for mon-
odromy based on linear relations. For background on linear relations the reader can
consult [[13] or [3] section 8.

In this paper we review this definition, provide a new geometric proof of its ho-
motopy invariance (without any reference to Novikov homology used in [3]) and
propose a new algorithm for the calculation of J,.(f) = J,(X;&y), for X a finite
simplicial complex and f a simplicial map.

In the present approach the monodromy is first defined for a continuous map
f: X — S! and a weakly regular angle 0 € S' (see the definitions in section 3).
Note that not all compact ANR’s admit enough many angle valued maps with weakly
regular angles cf [8]. Note also that for a simplicial map all angles are weakly regular.

Proposition 3] shows that the monodromy proposed is independent of the weakly
regular angle, remains the same for maps which have weakly regular angles and are
homotopic and does not change when one replaces the map by its composition with
the projection X x K — X when K is an acyclic compact ANR. These facts ul-
timately show that the monodromy can be associated to a pair (X,¢ € HY(X;Z)),
X any compact ANR, and the assignment is a homotopy invariant of the par (X §).
All these facts are established in section 3, based on elementary linear algebra of
linear relations summarized in section 2. The algorithm for calculating 7,.(f) for f
a simplicial angle valued map is discussed in section 4. This algorithm can be also
used for the calculation of the Alexander polynomial of a knot and of some type
of Reidemeister torsions, useful topological invariants. These topological invariants
can be regarded as particular cases of monodromy or derived from monodromy, cf

subsection (3.4).
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In section 3 we notice that a generalization of the homological monodromy dis-
cussed in this paper can be obtained when the singular homology H, is replaced by a
vector space valued homotopy functor F' which is half exact in the sense of A. Dold
cf [9]. This F'— monodromy is not investigated in this paper but it might deserve
attention.
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2 Linear relations

Fix a field x and let & be its algebraic closure.

2.1 Generalities

Recall from [13]] and [3]:

— A linear relation R : V; ~~ V5 is a linear subspace R C V; x V5. One writes
v1 Ruy iff (Ul,’UQ) S R, v; € V;.

—Two liner relations Ry: V3 ~» Vo and Rs: Vo ~~» V5 can be composed in an
obvious way, (v1(Ry - Rq)vs iff Jvs such that v Rjv and ve Rovs. The diagonal
A C V x V is playing the role of the identity.

—Given a linear relation R : V; ~» V5 denote by R' : V4 ~» Vi the relation
defined by the property vy R v, iff v1 Rvy. Clearly (Ry-Ro)t = R; ~RJ{ and BT = R.

The familiar category of finite dimensional vector spaces and linear maps can
be extended to incorporate all linear relations as morphisms. The linear map f :
Vi — V4 can be interpreted as the relation ” graph f C V; x V,” denoted by

R(f) |, providing the embedding of the category of vector spaces and linear maps
in the category of vector spaces and linear relations. This extended category remains
abelian.

—The direct sums R' @ R" : V{ @ V|’ ~ Vi @ V' of two relations R : V| ~» Vj
and R” : V" ~~ V' is defined in the obvious way, (v}, v])(R' @& R")(v},vy) iff
(vi R'vf) and (v{ R"vY).

One says that:

—The relation R': V/ ~ W' and R": V" ~ W' are isomorphic or equivalent
and one writes if there exists the linear isomorphisms « : V' — V" and
B:W - W'st. R"-R(a) =R(B) - R

—The relation with the same source and target R': V' ~» V' and R": V" ~» V"
are similar and one writes if there exists the linear isomorphisms « :
VI V"st. R -R(a) = R(a) - R.

Recall that two linear endomorphisms 7 : V' — Vand 77 : V' — V"’ are called
similar if there exists a linear isomorphism C' : V — V' st. C~L. T . C = T.
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One writes T ~ T” if T and 7" are similar and one denotes the similarity class of
T:V - Vby[T];s0T ~ T and [T] = [T’] mean the same thing.

As in the case of linear maps one denotes the similarity class of the relation
R:V ~» V by [R]. Clearly when T : V' — V is a linear map both notations [T]
and [R(T)] mean the same thing.

There are two familiar ways to describe a linear relation R: V' ~-» W. They are
equivalent.

1. Two linear maps V; —~= W < V, provide the relation
R(a,8) € Vi x Vo i={(v1,v2) | a(vy) = B(va)}.

2. Two linear maps V; <%— U LA Va, provide the relation
R <a,b>C Vi x V= {(v1,v2) | Fu,a(u) = v1,b(u) = va}.

In view of 1. the category of linear relation can be regarded as the category of Ko—
representations where K denotes the Kronecker quiver with two vertices a and b and
two oriented arrows from a to b, cf [[1]].

A linear relation R: V ~» W gives rise to the following subspaces:

dom(R) :={veV |3weW:vRw}=pry(R)

):
img(R) :={weW |3JveV:vRw}=prw(R)
ker(R) :=={v € V | vRO}=V x0NR
mul(R) :={w e W | ORw}=0 x WNR

Here pry and pry denote the projections of V' x W on V' and W. We have

Observation 1

1. ker(R) C dom(R) CVand W 2 img(R) 2 mul(R),
2. ker(R") = img(R) and dom(R") = img(R),
3. dim dom(R)+dimker(R") = dim(R) = dim(R') = dim dom(R")+dim ker(R).

It is immediate, in view of the above definitions and above observation that :

Lemma 1

1. A linear relation R: V ~ W is of the form R(f) for f : V. — W linear map
iff

domR =V and mulR = 0.

2. A linear relation R: V. ~~ V is of the form R(T) for T : V. — V a linear
isomorphism iff

domR =V and ker R = 0.

Let R : V ~» V be a linear relation. Define

1. D:{v eV |3 €V,ié€ZvRv1,v9 = v} The relation R restricts to a
relation Rp : D ~ D.
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(O8]

— D
- Vieg = DN(K,+K_)’
the inclusion.

K+ = {U eV | Jv;, i € ZZOanRUH—l;UO = ’U}.
K+ = {U eV | Ju;, i € Zzo,viR’Ui_;,_l,Uo = U}.

m:D — W the quotient mapand ¢ : D — V'

Consider the composition of relations

Rp =R R-R()

and define

Ryeg = R(m) - Rp - R(T) 1 Viey ~ Vyey.

Proposition 1 (¢f [3])

1.

There exists a linear isomorphism T : Vieg = Vreg such that Rycq = R(TH).

2. IfR: V ~Vand R': V' ~ V' are similar relations, i.e. there exists an isomor-

AN W

phism of vector spaces w : V — V' such that R’ = R(w) - R- R(w™?!), then T®
and TT are similar linear isomorphisms (precisely, T® = w-T®.w™! for some
induced isomorphism w ).

-1 _
g = Wy
. ( @ )7‘6!] - reg EB reg*

Suppose R; : Vi~ Vip1,i=1,2,---kwithVy = Viyyythen(R; -+ Ri—1-- Ry~
Rk : Rk—l e Ri+1)reg ~ (Rk : Rk—l e RQ : Rl)reg~

In view of the definition of R, it is immediate that :

Observation 2

1.

Ifa, B : V. — W are two isomorphisms then TP = g=1 . o

2. If f 'V — V is a linear map and Vy is the generalized eigen-space of the

eigenvalue 0 then f(Vy) C Vo, f induces f : V/Vy — V/Vy and TRU) ~ f -
V/Vo = V/ V.

The following rather technical Proposition will be used in section where an

algorithm for the calculation of R(a, b),¢, Will be presented as a part of an algorithm
for the calculation of the — monodromy.

Proposition 2

1.

Consider the diagram
V—2>Ww <L 4 (1)

A

B

V/ o W/ Vl

with W' D imganimgB V' = a= (W )NB~Y(W') and o' and [3' the restriction
of cwand 3. Then R(c, B)reqg = R(, ') eg-
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2. Consider the diagram
a B

V——W~<~—V 2)
vkl
V! o / B V!

with both « and (8 surjective. Define

V' =V/kera, W = W/B(ker o)

p: W = W'p' : V — V' the canonical quotient maps
a: V' — Winduced from o, o/ =p-@

B’ induced by passing to quotient from 3.

Then R(cv, 8)reqg = R(&/, ') reg-

For the reader’s convenience the proofs of Propositions [T] and 2] are included in Ap-
pendix 1.
2.2 Jordan cells, characteristic polynomial and its characteristic divisors

Recall that a Jordan matrix is determined by a pair (A, k), A\ € R and k a positive
integer and when A # 0 is is called Jordan cell. 1t is defined by:

A1l 0---0
0 X 1
TNk)=1{00 . . 0
IS W |
0--- 0 0 A

Any invertible square n X n— matrix is conjugated with a direct sum of Jordan cells
(by Jordan decomposition theorem , cf [[10]) with A eigenvalue of the matrix. In differ-
ent words any conjugacy class of linear isomorphisms 7" : V' — V, denoted by [T, is
determined by a unique collection of pairs = Jordan cells 7 ([T]) or J(T'). Any such
collection determines and is determined by the collection of monic polynomials

PT(2)| P (2)| Py (2)] -+~ P4 (2)

where PT(z) = det(2I — T) and P (2) is the greatest common divisor of all (n —
1) X (n — 4)— minors of zI — T, cf [10].

Note that the polynomials P (2)| Pl (2)|Pf (2)|--- PT_,(2) do not involve the
algebraic closure % . The precise relation between them and the elements of 7 ([T])

is given in [10].

Definition 1 The Jordan cells of the linear relation R: V' ~» V is the collection

T ([T Fres)).

' P(2)|Q(z) means that there exists a polynomial R(z) such that P(z) = Q(2) R(2).
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3 Monodromy

In this section the homology of a space X is the singular homology with coefficients
in a field  fixed once for all and is denoted by H,.(X),r =0,1,2,--- .

An angle is a complex number § = ¢ € C,t € R and the set of all angles is
denoted by S* = {0 = ¢ | t € R}. The space of angles, S', is equipped with the
distance

d(02792) = 1Hf{|t2 — t1| | eitl = 91, e”z = 02}

In this paper all real valued or angle valued maps f : X — Ror f: X — S!
are proper continuous maps with X an ANR. The properness of f forces the space
X to be locally compact in the first case and compact in the second.

—Avaluet € Ror @ € S is weakly regular if f=1(t) or f~1(6) is an ANR,
hence a compact AN

— A map f whose set of weakly regular values is not empty is called good and a
map with all values weakly regular is called weakly tame. If X is compact then a real
valued map f is always good for trivial reasons.

— An ANR X whose set of weakly tame maps is dense in the space of all maps
with the C°—fine topology is called a good ANR.

For this paper the concepts of good map, tame map and good ANR will be consid-
ered under the hypothesis that the space is compact, in which case C°—fine topology
is the same as the familiar compact open topology.

There exist compact ANR’s (actually compact homological n-manifolds, cf [8])
with no co-dimension one subsets which are ANR’s, hence compact ANR’s which
are not good ANR’s.

— The spaces homeomorphic to simplicial complexes, finite dimensional topo-
logical manifolds, or Hilbert cube manifolds (see Appendix 2 for definitions) are all
good ANR’s. The first because any continuous map can be approximated by simpli-
cial maps w.r. to a convenient subdivision, the last by more subtle reasons explained
in Appendix 2.

As pointed out in introduction, the r—monodromy is first defined for good maps
and involves an angle #, which is a weakly regular value. It will be shown that the
angle is irrelevant. It will be also shown that the r—monodromy depends only on the
cohomology class £y associated with the map f.

Once some elementary properties are established, it will be shown that the r—
monodromy can be associated to any angle valued map and provide homotopy in-
variants of any pair (X, ¢ € H*(X;Z)) for X any compact ANR.

The following observations will be useful.

Proposition 3

1. Twomaps f,g: X — S* with D(f, g) = sup,cx d(f(z),9(z)) < m are homo-
topic by a canonical homotopy, the convex combination homotopy.

2 A compact ANR has the homotopy type of finite simplicial complex.
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2. Suppose X is a good ANR, f,q : X — S' are two homotopic angle valued maps
and € > 0. Then there exists a finite collection of maps fo, fa, - fi, fi+1, Such
that:

a) fo=f, ft41 =9,
b) f; are weakly tame maps fori =1,2,-- -k,
¢) D(fi, fir1) <e.

Indeed if f and g are viewed as maps with values in C then the map h¢(z) =
%%, 0 <t < 1, provides the desired homotopy stated in item 1. The
condition D(f(x),g(x)) < m insures that |tg(x) + (1 — ) f(x)| # 0.

Item 2. follows from the local contractibility of the space of maps when equipped

with the distance D.

3.1 Real valued maps

For f : X — R areal valued map and o € R denote by:

X/, the sub-level X/ := f~1((—o00, a)); if a is weakly regular value then X/ :=
7 ((—o0, a])is an ANR,

X§, the super-level X := f~1([a, 00); if @ is weakly regular value then X :=
f~1([a,00)) is an ANR.
For f: X - Randg: X — Rmapsa < bs.t. f~(a) C g~!(—o0,b) denote by

fo .
XI9 = X{n X3¢

If b is a weakly regular value for g and a is weakly regular value for f then X 6’: Jisa
compact ANR. This insures that H, (¢~ (a)), H,(f~*(b)) and HT(X({”g) have finite
dimension.

Denote by Rg’g (r) the linear relation defined by inclusion induced linear maps
11(r) and i (1)

i2(r)
A

Ho(g (@) 2 Ho(X19) <20 b, (571(0))

Proposition 4 Lett) < to < t3. Suppose that t1 is weakly regular for f, to is weakly
regular for g and g=*(t2) C f~1((t1,t3)). Then one has

R (r) - RES, = RLY (r).

Proof The verification is a consequence of the exactness of the following piece of
Meyer—Vietoris sequence

st
i1 Dy

i —i
H(X[%,) @ Ho(X(,) ————— H(X]],
3)
whose linear maps involved in the sequence and in the commutative diagram
below are induced by obvious inclusions.

H, (g7 (t2))
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Ho (X0

Iy Iz
i1 i2

H (71 (0)) — H(XE5,,) <—— H, (g7 (t2) ——> Ho(XEY,,) <—— H, (/" (t2))
1 2

)]
Note that in and @), in order to lighten the notion, ’r”” was dropped off. We will
continue to do so when there is no possible ambiguity.

Indeed for x € H,.(f~'(t1)) and y € H,(f'(t3)) the commutativity of the
diagram (4) implies that wR]%, y iff i1(ji(x)) — i2(ja(y)) = 0.

By the exactness of the sequence (3) one has i1 (j1(x)) —i2(j2(y)) = 0iff there
exists u € H,(g'(t2)) such that (i} & i%)(u) = (j1(x),52(y)). This happens iff

xR{;%u and uRtgz’f;By. which means xR{l’ﬁgy.

3.2 Angle valued maps

Let f : X — S be an angle valued map. Let u € H'(S';Z) = Z be the generator
defining the orientation of S*. Here S! is regarded as an oriented one dimensional
manifold. Let f* : H'(S';Z) — H'(X;Z) be the homomorphism induced by f in
integral cohomology and £ = f*(u) € H'(X;Z). It is a well known fact in homo-
topy theory that the assignment f ~ & establishes a bijective correspondence be-
tween the set of homotopy classes of continuous maps from X to S* and H*(X;Z).

The cut at 9 (with respect to the map f : X — S!)
For § € S!, a weakly regular value for f, define the cut at § = ¢ to be the space

Yﬁ, the two sided compactification of X \ f~1(0) with sides f~1(6). Precisely as a
set Y;ﬁ is a disjoint union of three parts, Yg = 1O MU LS\ ULFLH)(2),
with f=1(0)(1) and f~1(0)(2) two copies of f~1(0).

The topology on Y(J; is the only topology which makes Yg compact and the map
from X to X defined by identity on each part continuous and a homeomorphism on
the image when restricted to each part. The compact space Yg is a compact ANR.

We have f~1(0) X< (6) with iy,iy the obvious inclusions
which induce in homology in dimension r the linear maps (between finite dimen-
sional vector spaces)

H(f71(0) 2 T, (X)) <2 H,(7710))

These linear maps define the linear relation R(i1(r),i2(r)) := R{; (r) and then the
relation (R(J; (7)) reg-
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Definition 2 The »— monodromy of f : X — St at § € S!, for 6 a weakly regular
value, is the similarity class [(Rg (7))reg) of the linear relation (Rg (7))reg, €quiva-
lently the similarity class of the linear isomorphism

TR Vieg(R) (1)) = Vieg (R] (7).
We will abbreviate the linear isomorphism TR to Tgf (r) and denote the similarity
class of the linear relation Rg(r)reg by [T(,f(r)] as well as [(Rg(r))reg].
Foramap f : X — S* and K a compact ANR denote by

fr: X xK =St

the composition of f with the projection of X x K on X. Note that if ¢ is a weakly
regular value for f then it remains a weakly regular value for f - and (X x K) g K=

Yﬁ x K. Therefore, in view of the Kunneth formula (expressing the homology of the
product of two spaces) one has

‘/reg(RZXXK(T)) = ‘/reg(Rg(r - l)) ® Hl(K)

_ 3
TQfK(’I‘) = @l Tgf(r — l) X IdHl(K)
where Idp, (i) denotes the identity map on H;(K).
In particular if K is contractible then
() ()] = [T ()] ©)
and if K = S! then
7 T (0)]ifr =0
) = e Ol . )
[Ty (r)® Ty (r —1)]ifr > 1.

Proposition 5

1. If 01 and 05 are two different weakly regular values for f then [Tef1 (r)] = [Tef2 (r)].

2. If X isa good ANR and f,g : X — S! are two homotopic maps with 01 a weakly
regular value for f and 65 a weakly regular value for g then [T(_f1 (r)] = [Ty, (r)]-

3.Iff: X = Sltand g : Y — S! are two maps with 0, weakly regular value for
f and 0y weakly regular value for g then [Tefl (r)] = [T5,(r)] if [TeflSl (r)] =
[Tos" (7).

4. Iff: X = S'and g : Y — S' are two maps with 0, weakly regular value for f
and 0y weakly regular value for g, and w : X — Y is a homeomorphisms such
that g - w and f are homotopic then [Tefl (r)] = [Tg,(r)].
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Proof of 1.: For X a compact ANR and & € H'(X;Z) consider 7 : X — X an
infinite cyclic coverlﬂ associated to &.

Any map f : X — S* such that f*(u) = &, u the canonical generator of H!(S?),
has lifts f : X — R, which make the diagram below a pull-back diagram

p

R——S! (8)
Tf Tf
X 1sX.

Here p(t) is given by p(t) = e € S.

Consider §; = e'*1, 0, = e'*2 € S! two different weakly regular values for f (i.e.

withits —t; <7 hence t] < to <ty 4 27 < ty + 2m). We apply the discussion in
the subsection [3.1|to the real valued map f X — R and note that

_ pf.f f.f f.f
Rf R t1+27r th,tlJr?ﬂ’ R{l ,]:52
and

R Rt2 to+2m Rt1+27r to+2m th t1427m:

Usmg the linear isomorphisms induced by , the linear relations Rt » 252( r) and
Rt1+27r t»42x () can be identified to the linear relation R’ := Rgl (r): H.(f71(61)) ~
H,.(f~*(62) while th t1+27r( 7) to the linear relation R” = RgQ (r): H.(f71(62)) ~
H, (f71(02))-

Therefore Rgl = R" R and R , = R’ - R”, which in view of Proposition(S)
imply that (Rgl)reg ~ (R(’;z)reg.

Proof of 2.: In view of Proposition [3]it suffices to prove the statement under the
following additional hypotheses:

1. Atleast one of the maps f or g is weakly tame,

2. D(f,g)<m

3. The angles 6; = €' and 0y = €2 satisfy |ty — t; — 7| < 7/4.

Since f and g are homotopic {; = £,. For any infinite cyclic cover X — X associated
with & = &y = &, both f and g have lifts f and g as indicated in the diagrams below

p

R——S! —S )

AR

X=X X s X.

3 An infinite cyclic cover is a map 7 : X 5 X together with a free action p : Z X X — X such
that 7(p(n,x)) = m(x) and the map induced by 7 from X/Ztw X isa homeomorphism. The above
cover is called associated to € if any f : X — R which satisfies f(u(n,z)) = f(z) + 27n induces a
map from X to R/277Z = S! representing the cohomology class & ;= &. For two infinite cyclic covers

X o X representing £ there exists homeomorphisms w : X1 — Xo which intertwine the free
actlons w1 and po and satisfy g - w = 7.
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_ Under the additional hypotheses one can find lifts f and § such that g~ 1(t5) C
St ty +27) and f (¢ 4 2m) C g (t2, t2 + 27). We apply the considerations
in subsection to the real valued maps f,g : X — R and conclude that :

Rgl = R{1’£1+2ﬂ' = Rgz){ctH“?ﬂ’ : RZ{%Q
and o . o
Rzz = Rf;?tz+2ﬂ’ = Rl]fcl,i?ﬂ’tfr?ﬂ ’ Rtgz’ftrﬂﬂ"
Let R := R}, ., and R .= R[S, = R]:%,., +or- Then R} = R"-R'
and Ry = R'- R" which, by Proposition(S), imply that (Rgl),reg ~ (R, )reg-

Proof of 3.: Recall that for a linear isomorphism 7" : V' — V one denotes by
J(T) the set of Jordan cells which is a similarity invariant.

First observe that if 77 : V3 — V; and 15 : Vo — V5 are two linear isomorphism
then 7(Th ® Tz) = J(Th) U T (T3).

If so [Th © To] = [T7 @ T3], hence J([T1]) U J([T3]) = J([T1]) U T([T3)),
and [Th] = [T7], hence T ([T1]) = J ([T7]), imply T ([T2]) = J ([T3]), hence [T5] =
[T5].

We apply this observation to 77 = Tef1 (r—1),T{ =Tg (r—1)and T = Tef1 (r),
T; = T, (r). Then by induction on  formula (7) implies item 3..

Proof of 4.: In view of item 2. one has [Tg*(r)] = [T(,f1 (r)]. Since w induces a
homeomorphism between X.* and Yy, then R} ~ RJ which implies [T} “] =
(T3] which implies [T} ()] = [T3, (r)].

q.e.d.

In view of Proposition [5| (1) [Tgf (r)] is independent on 6, so for a weakly tame
map f one can write [T7(r)] instead of [Tgf (r)]. In view of Proposition |5| (2) if f;
and f are two good maps with D(f1, f2)) < 7 then one has [T/ (r)] = [T72(r)].

If X is a good ANR for a map _f choose a weakly tame maps f’ with D(f, f') <
7/2 and in view of Proposition [5| (2) [T/ (r)] provides an unambiguous definition
of the r—monodromy for the map f. Indeed for two such maps f| and f} one has
D(f],f})) < = and then Proposition [5| (2) guaranties that [T/1(r)] = [T'/2(r)].
Moreover,if f and g are homotopic then [T/ (r)] = [T9(r)]. Then for X a good ANR
and £ € H'(X;Z) one chooses f, with £; = ¢, and one defines

[T ()] o= [T ().

In order to show that [T(*>€)(r)] can be extended to any compact ANR and it
is a homotopy invariant of the pair (X, &), E| one uses Proposition |5((3) and (4) and
the Stabilization Theorem below. This theorem is a consequence remarkable topo-
logical results of Edwards and Chapman about Hilbert cube manifolds, cf [5]. An
homological proof is also possible but requires more algebraic topology, cf [3].

# This means that for (X1,£1), and (X2,&2) pairs with X;,4 = 1,2 compact ANRs, & €
HI(X«L; Z),i = 1,2, the existence of a homotopy equivalence w : X1 — Xa satisfying w*(&2) = &1
implies [T(X1:61)] = [T(X2:€2)].
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Theorem 3 Stabilization theorem (R. Edwards and T. Chapman)

1. For any compact ANR there exists K, a contractible compact ANR, such that
X x K is a good compact ANR.

2. Given w : X — Y a homotopy equivalence of compact ANR’s there exists a
contractible compact ANR K such that w x Idgyst : X x K xS!' =Y x K x St
is homotopic to a homeomorphism w' : X x K x S' =Y x K x Sh.

The statements above are rather straightforward consequences of Edwards and
Chapman results however neither 1. nor 2., as formulated above, can be found in
their work or in [3]. They can be derived from the mathematics presented in [5] as
explained in Appendix 2. The compact ANR K claimed above, is actually the Hilbert
cube (@, the product of countable many copies of the segment [0, 1].

Extension of —monodromy to all pairs (X, &)
To any pair (X, &), X compact ANR and £ € H'(X;Z), and any r € Z>( one
defines the r—monodromy by

[TX4(r)] o= [T ()]

with £ is the pull back of ¢ by the projection of X x K — X. In view of the equality
if X was already a good ANR then [T%:¢(r)] = [TX*K:4(r)].

To verify the homotopy invariance consider f; : X; — S* representing the co-
homology class &;. Since w*(€2) = &; the composition fo - w and f; are homotopic
and then in view of item 2. of Stabilization Theorem one has the homeomorphism w’
homotopic to w X id wst. Hence (f2) g xst - w’ is homotopic to (f1) x xst - Then by

Propositign(4) one has [T(E)KXSl (r)] = [T xxst ()] In view of Proposition
3), [T(f2)K(r)] — [T(fl)K(r)], hence [T(X17§1)] — [T(X27£2)]'
As a summary one has the following Theorem.

Theorem 4 To any pair (X,€), and r = 0,1,2,---, X compact ANR, and £ €
H'(X;Z) one can associate the similarity class of linear isomorphisms [T(*X8) (r)]
which is a homotopy invariant of the pair. When f : X — S! is a good map with
&s = & this is the r—monodromy defined for a good map f and a weakly regular
value.

The collection J,.(X;&) consisting of the pairs with multiplicity, (), k),
R, k € Z=¢, which determine the similarity class [TX€) (r)] = [®x x)e7,.6)T(
is referred to as the Jordan cells of the r— monodromy.

A€
A k)]

An example
The picture below is taken from [2] but with a different gluing map.

Consider the space X obtained from Y by identifying its right end Y7 (a union of
three circles) to the left end Yj (a union of three circles) following the map ¢: Y; —
Y, defined by the matrix

33 0
23-1
12 3
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(0 00 T e
() i
3 O > circle 3
Y, y v,
}o 0, 0, 030, ;5 }96 }27r

The meaning of this matrix as a map is the following: Circle (1) is divided in 6 parts,
circle (2) in 8 parts and and circle (3) in 4 parts ; the first three parts of circle (1) wrap
clockwise around circle (1) to cover it three times, the next 2 wrap clockwise around
circle (2) to cover it twice and around circle three to cover it three times. Similarly
circle (2) and (3) wrap over circles (1)(2) and (3) as indicated by the matrix. The first
part of circle (2) wraps counterclockwise on circle (2).

The map f: X — S! is induced by the projection of Y, on the interval [0, 27]
which becomes S! when 0 and 27 are identified. This map has all values weakly
regular.

In this example Jo(f) = {(A = L,k = 1)}, /hi(f) = {(A = 2,k = 2)} and
Jo(f) = 0. The first and last calculations are obvious. The second will be derived by
applying the algorithm described in Section [4]

3.3 F- monodromy

For a field «, instead of the homology vector space H,.(X ), one can consider a more
general functor F), a so called Dold half-exact functor cf [9]. Recall that this is a
covariant functor defined from the category Top. of compact ANR’s and continuous
maps (or any subcategory with the same homotopy category) to the category kK —Vect
of finite dimensional vector spaces and linear maps which satisfies the following
properties:

1. F(f) = F(g) for any two homotopic maps f and g,

2. F satisfies the Meyer Vietoris property. Precisely, if A is a compact ANR with
A7 and A, closed subsets such that A1, A; and A;5 = Ay N Ay are ANR’s and
A = Ay U As then the sequence

F(Ap) —+ F(A) @ F(4) = F(4)
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is exact. Here i = F'(i1) D F (i2), j = F(j1)—F (j2), i1, i2 the obvious inclusions
of Aj5in Ay and A and 7y, jo the obvious inclusion of A; and A, in A.

Analogues of Propositions f]and [5|hold for F instead of H, since they are based only
on the Meyer-Vietoris property.

The same constructions applied to F' instead of H, work and one defines the
F — monodromy on the same lines. There are plenty of such functors and the
F—monodromy might be an invariant which deserve attention.

3.4 Comments

Theorem []is Implicit in [3]] (cf section 4 combined with with Theorem 8 .14) based
on the interpretation of the monodromy as the similarity class of the linear isomor-
phism induced by the generator of the group of deck transformations, on the vector
space ker(H,(X) — HN(X,¢€)). Here X denotes is the infinite cyclic cover of X
defined by ¢ and HY (X; £) denotes the Novikov homology of (X, &).

In [3] it is shown that the Jordan cells 7,.(f) defined in [2] as invariants for per-
sistence of the circle valued map f are the same as the Jordan cell defined above.
Since [3]] is not yet in print, for the reader familiar with the notations in [2] section 5,
we will provide a short explanations of this statement in Appendix 3.

The characteristic polynomial of [7(X+¢)(1)] for the pair (X;¢), X = S3\ K, K
an open tube around an embedded oriented circle (knot) and £ the canonical generator
of H'(S3\ K) = Z is exactly the Alexander polynomial of the knot.

The alternating product of the characteristic polynomials P,.(z) of the monodromies
[T ()],
AX; () =[] P2V,
known to topologists as the Alexander rational function, calculates (essentiallyE]) the
Reidemeister torsion of X equipped with the degree one representation of 71 (X)
defined by &, and the complex number z € C, z # 0 when interpreted as an homo-
morphism 71 (X, ) — GL1(C). This was pointed out first by J. Milnor and refined

by V. Turaev, cf [14]. A precise formulation of this identification will be discussed
elsewhere.

4 The calculation of Jordan cells of an angle valued map

4.1 Generalities

Recall that:

— A convex k — cell o in an affine space R™, n > k, is the convex hull of a finite
collection of points eg, e1, - - - e called vertices, with the property that :

5 aprecise formulation requires additional data whose explanations are beyond the purpose of this paper
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1. there are subsets with (k + 1)—points linearly independent E] but no (k +
2)—points linearly independent,

2. no vertex lies in the topological interior of the convex hull.
The topology of the cell is the one induced from the ambient affine space R™.
A k— simplex is a convex k— cell with exactly k£ + 1 vertices.
A k' —face o’ of o, k' < k, is a convex k’—cell whose set of vertices is a subset
of the set of vertices of . One indicates that ¢’ is a face of o by writing ¢’ < o.
A space homeomorphic to a convex k — cell is called simply a k — cell and the
subset homeomorphic to a face continues to be called face.

— A finite cell complex Y is a space together with a collection ) of compact subsets
o C Y, each homeomorphic with a convex cell, with the following properties:

1. If a k— cell o is a member of the collection ) then any of its faces w < o is
a member of the collection ).

2. If o and o’ are two cells members of the collection ) then their intersection
is a union of cells and each cell of this union is face of both o and ¢”.

The concept of sub complex Y’ C Y is obvious. Precisely Y is the union of the

cells in the subset )’ C ) with the property that any face of cell in )’ is in ).

A simplicial complex is a cell complex with all cells simplexes.

For a cell complex Y with cells ) denote by ) the set of the k— cells in V.

Clearly ) is the set of all vertices of the cells in ).

- Ifacell o € Y is equipped with an orientation o(c), then this orientation induces
an orientation for any codimension one face o described by the rule : first the
induced orientation, next the normal vector pointing inside give the orientation
o(o).

If each cell o of a cell complex is equipped with an orientation o(c) one has the
incidence functionT: Y x Y — {0,+1, —1} defined as follows:

I(r,0) =41 if o€V, 7 € Viy1,0 <T,0(0)]s = 0(c’),
Lo, 7)== I(r,0)=—1 ifo €Yi,7 € Vky1,0 <T7,0(0)|s # old’),
I(r,0) =0 ifono =10
(10
The incidence function determines the homology of Y with coefficients in any
field.
— Suppose that a total order < ” on the set ) of all cells of Y is given and the total
number of cells is /V. The order is called good order if:
(1) o < 7 implies o < 7.
In this case the function I(--- ,---) can be regarded as N x N upper triangular
matrix (all entries on and below diagonal are 0 ) and is referred below as the
incidence matrix of Y.
Suppose that inside Y one has two disjoint sub complexes, Y7,Ys C Y. In this
case a good order for ) (compatible with }; and )») needs in addition to (1)
above the following requirements satisfied:
2)If oy € V1 and 05 € Vs then 01 < 09 and

6 In an affine space (k + 1)— points are linearly independent if they lie in a k—dimensional affine
subspace but not in any (k — 1)—dimensional affine subspace.
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B3)Ifo’ € Y;ando € Y\ V1 U Y, imply ¢/ < 0.
Note that:

1. Given a total order of the cells in Y a simple algorithm referred below as the
Ordering algorithm permits to correct this order into a good total order.
The algorithm Ordering Algorithm is based on the inspection of the n—th cell
with respect to all previous cells. If the requirements (1)-(3) are not violated move
to the (n+1)—cell. If at least one of the three requirements is violated, change the
position of this cell, and implicitly of the preceding ones if the case, by moving
the cell to the left until (1), (2), or (3) are no more violated.

2. With the requirements 1, 2, 3 of good order satisfied the incidence matrix of Y,
I(---,--+), should have the form

A 0 X
0 A Y (11)
00 Z

with A; =1, A5 = I, the incidence matrices for Y7 and for Y5.
3. The persistence algorithm [[7], [L5] permits to calculate from the incidence matrix
(a) first, a base for H,.(Y7), then a base for H,.(Y2), then a base for H,.(Y),
(b) next, the dim H,.(Y)xdim H,(Y7) matrix A and the dim H,.(Y")xdim H,(Y3)
matrix B representing the linear maps induced in homology by the inclusions
of Y7 and Y5 in Y in any dimension 7.

The cut of a simplex at ¢ (with respect to f)

Let o be a k—dimensional simplex with vertices eg, e1, - - - e, 1.e. a convex k—cell
generated by (k 4 1) linearly independent points located in some vector space. Let
f : 0 — R be a linear map determined by the values of f(e;) by the formula
fOO tiei) = >, tif(e;) t; > 0,> t; = 1 and let t € R. Suppose that sup; f(e;) >
t and inf; f(e,) < t.

The map f and the number ¢ determine two k—convex cells o4,0_ and a (k —
1)—convex cell o’:

oy =f([too) No
o_ =f"Y(~o0,t]) N (12)
o =ftt)Nno.

An orientation o(c) on o provides orientations o(c ), 0(o_)on o4,o_ and in-
duces an orientation o’ (¢’) on ¢’ precisely the unique orientation which followed by
grad f is consistent with the orientation of o(c). Then I (o4,0’) = £1.

Recall that the map f : X — S! C C is simplicial if the restriction of ”In f”E]to
any simplex o is a linear map as considered above.

7 in view of 1-connectivity of each simplex ”In f has continuous univalent determination when the

value on one vertex of the simplex is specified
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4.2 The algorithm

The algorithm we propose inputs a simplicial complex X, a simplicial map f and an
angle 6 different from the values of f on vertices and outputs in STEP 1 twom X n
matrices A, and B, with m, the number of rows, equal to the dimension of H, (Yﬁ)
and n, the number of columns, equal to the dimension of H,.(f~1(#)). The matrices
represent the linear maps induced in homology by the two inclusions of f~1(0) =

Y =Y in Yﬁ. In STEP 2 one obtains from the matrices A, and B, the invertible
square matrices A/ and B/, such that (B..)~! A’ represents the r—monodromy and in
STEP 3 one derives from (B.)~! A the Jordan cells J,.(f).

STEP 1.

The simplicial set X is recorded by :

— the set of vertices with an arbitrary chosen total order,

— a specification of the subsets which define the collection X" of simplices.

Implicit in this data is an orientation o(c’) of each simplex, orientation provided
by the relative ordering of the vertices of each simplex, and therefore the incidence
number I(o”/, o) of any two simplexes ¢’ and o in X.

(Implicit is also a total order of the simplexes of X provided by the lexicographic
order induced from the order of the vertices.)

The simplicial map f ﬂis indicated by

— the sequence of Ny = the number of vertices, the values of f on vertices.

The map f and the angle # = e** provide a decomposition of the set X’ as X' LIX"
with X" :=={oc € X |on f~1(0) #0}and X" := X \ X”.

From these data we can derive :

— first, the collections ) with the sub collections Y(1) and Y(2) of the cells of
the complex Y = Yg and the sub complexes Y; = f~1(6) and Yo = f~1(6),

— second, the incidence function on Y x ),

— third, a good order for the elements of ).

These all lead to the incidence matrix I(Y).

Description of the cells of Y : Each oriented simplex ¢ in X"’ provides a unique
oriented cell o in V.

Each oriented k—simplex o in X’ provides two oriented k—cells o and o_ and
two oriented

(k — 1)—cells 0’(1) and o’(2), copies of the oriented cell o’. So the cells of YV’
are of five types

Y llc (1) = Xé_H,

Y llc (2) = X;i.H,

Vi =,

/ !
Vi = A
VI =Xy

Note that Y}, and )} _ are two copies of the same set X} and Y, (1) and Y}, (2)
are in bijective correspondence with the set A7 ;.

8 for simplicity one supposes that f takes different values on different vertices
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Inside the cell complex Y we have two sub complexes Y; and Y5 whose cells are
(V)r = Vi (1), (V2)r = V5.(2), two copies of the same set A ;.

Incidence of cells of Y : The incidence of two cells in the same group (one of
the five types) are the same as the incidence of the corresponding simplexes. The
incidence of two cells one in )); the other in ), or one in the group Y’ (i),i = 1,2
the other in the group )" is always zero. The rest of incidences are provided by the
formulae (10]).

The good order: Start with a good order of ); followed by )s with the same order
(translated by the number of the elements of );) followed by the remaining elements
of ). Without changing the order in the collection }; LI Vs, since no violation of the
requirements 1, 2, 3, appear, one can realize a good order for the entire collection Y
with all remaining cells being preceded by the cells of ), U V. Simply we apply the
ordering algorithm to obtain a good order.

As a result we have the incidence matrix I(Y") which is of the form

IoXx
0IY 13)
00Z2

with I the incidence matrix of Y7 and Y5.

Running the persistence algorithm cf [[7]], [L5] one obtains the matrices represent-
ing A, : H.(Y1) = H.(Y) and B, : H.(Y3) — H,.(Y) as follows.

We run the persistence algorithm on the incidence matrix A to compute a base
for of the homology of H,.(Y;) = H,(Y2) . We continue the procedure by adding
columns and rows to the matrix to obtain a base of H,.(Y). It is straightforward to
compute a matrix representation for the the inclusion induced linear maps H,.(Y;) —
H.(Y),i=1,2.

STEP 2. One uses the algebraic algorithm to pass from A,., B, to the invertible
matrices A”, B! and then to (B.)~*(A’), described in the next subsection.

STEP 3. One uses the standard algorithms to put the matrix (B’);-* A’ in Jordan
diagonal form (i.e. as block diagonal matrix with Jordan cells on diagonal).

4.3 An algorithm for the calculation of R(A, B),g

The algorithm presented below inputs two m X n matrices (A, B) defining a linear
relation R(A, B) and outputs two k X k, k < inf{m,n}, invertible matrices (A’, B")
such that R(A, B)reg ~ R(A’, B')1eg. It is based on three modifications T4, T, T’
described below. The simplest way to perform these modification is to use familiar
procedures of bringing a matrix to row or column echelon form (REF) or (CEF)
explained below, but less is actually needed as the reader can see in the presentation
of the algorithm.

Modification 77 (A, B) = (A’, B'):
Produces the invertible m x m matrix C and the invertible n x n matrix D so that
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(A A [ By1 Bio
CAD = ( 0 0 and CBD = Bot 0 )
Precisely, one constructs first C' which puts A in REF (reduced row echelon form)
such that

CA= <%1) and makes C'B = By

By)-

Second, one constructs D which puts By in CEF ( column echelon form). Pre-
cisely,

ByD = (B3 0) .

Clearly CAD and C'BD are as stated above.

Take A’ = 14127 B = Blg.

In view of Proposition[2](1) one has R(A, B)reg = R(A", B )reg.

Modification 75(A, B) = (A, B):
Produces the invertible m x m matrix C and the invertible n x n matrix D so that

(A An (B By2
CAD = Agr, 0 )andCBD— R

Precisely, one constructs C' which puts B in REF (row echelon form) such that
CB = (Bl) and makes C'A = A .
0 Az

Then one constructs D which puts A5 in RCEF ( column echelon form ), precisely
AQD = (Agl 0) .

Take A’ = 14127 B’ = Blg.

Clearly CAD and C'BD are as stated above.

In view of Proposition 2| (1) one has R(A, B)reg = R(A’, B')1eg.

Note that if A was surjective then A’ remains surjective.

Modification 73(A, B) = (A’, B'):

Produces the invertible n X n matrix D and the m x m invertible matrix C so that
A1 0 Bi1 Bya

CAD = (A21 0 and CBD = By 0

Precisely, one constructs D which puts A in CEF (reduced row echelon form) i.e.

AD = (A1 0) and makes BD = (B1 Bg) .

Then one constructs C' to put By in REF precisely,

CBy = Bgl

Take A’ = A217 B’ = B21.

Clearly CAD and CBD are as stated above.

In view of Proposition 2] (2) one has R(A, B)reg = R(A’, B')1eg.

Note that if both A and B were surjective then A’ and B’ remain surjective.

Here is how the algorithm works.

— (I) Inspect A
if surjective move to (II)
else:
- apply T} and obtain A’ and B’.
-make A = A’ and B = B’ and
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-goto (D
— (II) Inspect B
if surjective move to (III)
else :
- apply T5 and obtain A’ and B’.
-make A = A’ and B = B’ and
-go to (IT)
(Note that if A was surjective by applying T, A’ remains surjective.)
— (III) Inspect A
if injective go to (IV).
else
-apply T3 and obtain A’ and B'.
-make A = A’ and B = B’ and
- go to (IID)
- (IV) Calculate B~! - A.
(Note that if A and B were surjective by applying T3, A’ remains surjective.)

Echelon form for n x m matrices
Let  be a field.
Let M be a m x n matrix with coefficient in the field .

a1 ai2 @13 - Ain
a1 Q22 G23 *** A2n
M= @31 az2 aszs --- azn
Um,1 Am,2 am,S ot Gmon

Recall that:

a row or column is zero-row or zero-column if all entries are zero,

the leading entry in a row or a column is the first nonzero entry w.r.to the index
which varies.

Definition 3

1. The matrix M is in row echelon form, REEF, if the following hold:
(a) All zero rows are below nonzero ones.
(b) For each row the leading entry is to the right of the leading entry of the previ-
ous row.
As example the matrix M below is in row echelon form

00azzzOx
000fzxxx
M=1000000~x
00000000
00000000

with a, 5,y # 0 and x various (possibly zero) elements in x.
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2. The matrix M is in column echelon form, CEF, iff the transposed matrix M is in
REF i.e. the following hold:
(a) All zero columns succeed nonzero ones.
(b) For each column the leading entry is below of the leading entry of the previous
column.
As example the matrix below is in reduced row echelon form

00000
a0000
000
zxz 000
zxz 000
zxv00

with a, 5,y # 0 and x various (possibly zero) elements in «.

Proposition 6

1. For any (m x n) matrix M one can produce an invertible n x n matrix C such
that the composition CM is in REF.

2. For any (m X n) matrix matrix M one can produce an invertible m x m matrix
D such that the composition M D in in CEF.

The construction of C' is based on ”Gauss elimination” procedure consisting in
operation of “permuting rows , multiplying rows with a nonzero element in x and
replacing a row by itself plus a multiple of an other row, each such operation is
realizable by left multiplication by elementary matrix or permutation matrix cf [10].

The construction of D is done by : transpose, then apply the construction of C,
then transpose again.

All basic softwares which carry linear algebra packages contain sub packages
which input a matrix and output its (reduced) row/column echelon form as well as
the matrix C or D. Other packages output a Jordan form for a square matrix (at least
in case k = C).

4.4 An example

We illustrate Step 2 of the algorithm with A = A; and B = Bj representing the in-
clusion induced linear maps in homology in dimension one in the example in Section
3. We take the cut at the angle § = €. One has H (f~*(0)) = &3, Hl(yzj) =gt It
is immediate from the description of f that the matrices A; and Bj are given by

330 000
23 -1 010

A=1123 | B=1001 | a4
000 000

Proceed according to the algorithm:
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Inspect A, since not surjective apply 77 and find C = Id and D = Id. Then

330 000
A=[23-1| B=(010 (15)
12 3 001
Update
330 000
A=123-1| B=1010 (16)
12 3 001
Since A is surjective inspect B. Since B is not surjective apply 75 and find
010 1-10
C=1001])andthenD= ({0 1 0
100 001
21-1 010
ThenCAD= |11 3 |andCBD = (001
300 000

, (1-1\ ., (10
v=(3) = (30)

Since both A’ and B’ are invertible, consider
) 1-1\. . .
B~ A= 3 invertible matrix.

According to Step 3. 7 ([Rreg(A, B)]) = {(2,2)}.

5 Appendices
5.1 Appendix 1
For the proof of Propositions[I|and [2] one needs the following observation.

Observation 5
i). x € D iff there exists x; € V, i € Z with x; Rx; 11, xo = x.

ii). y € Ky +K_ iffthere exists a nonnegative integer k, the sequences xf, mcj, e x$

all elements in V, and the sequence x1 ,xy ,x_,---x_, all elementsin 'V, such that:

1. y=af +a7,
222f Rag R---zf RO,
33 0Rz_, Ra—y )R ---xyg R 2y

Proof of Proposition [T] (cf [3])

To establish item 1. one uses LemmaE] (2) applied to the relation R,..4. Clearly in
view of the surjectivity of 7 : D — V.., and ObservationE] (i) one has domR;., =
Vieg, S0 it remains to check that ker(R,eg) = 0.
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To verify this we start with z € D s.t xRy, y € (K4 + K_) and want to check
thatz € DN (K4 + K_).

T_, €

One produces the elements z; € V,i € Z, ), 3, -- xﬁ €Vand xy ,25,2°4, -
V' as stated in Observation [5] (i) and with the properties stated. One observes that:
1. zy € K_,
2. (x—2x4) € DN Ky since
- Rx(_p_1)R(@_x—2_ )R- R(zo—zy )R((y—x7 ) = 27 )Ra3 --- Rz RO
and therefore v, = —x +x — x5 € D, hence
3.z e DNK_,
Combining (2.) and (3.) above one obtains * = © —xg+xo € (DNKL)+ (DN
K )CDnN(Ky+K.).
Items 2. 3. and 4. (in Proposition [I)) are straightforward.
To verify item 5. it suffices to check the equality for £ = 2. which can be con-
cluded in view of Observation [3] ().
Proof of Proposition 2]
Item 1. follows by observing that D and D N (K + K ) for both R(«, 3) and
R(o’, B’) are actually the same.
To check this consider the sequences
U1 & wo s vo = (vg + 'u0+) w1 V1 wo
Vg wf’ vy wy cee wl-:+1 0
0 w:(k) v, w:(k—l) cevg wy

Indeed, by Observation[3] (i), vo € D implies the existence of the first sequence,
which implies that v; € V' and w; € W', which guarantee that D = D’.

If vg € DN (K4 + K_) all three sequences above exist, which imply that that
v —v, =v; € DNK/, C D'N (K, K',). Similarly vg —vgy =v; € D'NK’ C
D' N (K, + K'), and therefore vy = v — vy +v —vg =y € D' N (K} + K").

To check item 2. observe that the diagram (2) (in Section induces the linear map
m:D/DN(Ky+K_)— D'/D'N (K" + K’ ). This map is obviously surjective
since both pairs v, 3 and o, 3’ being surjective make V' = D and V/ = D’. To check
that is injective we will verify that p’ " (K’.) C K.

For this purpose consider diagram (2) with o’ and 8’ as specified by hypotheses.

Lemma?2 [fw € W,w' € W'v' € V' such that p(w) = w' and §'(v') = w' then
there exists v € V such that 3(v) = w and p' (v) = v'.
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Proof We first choose v with the property p’(v) = v’, observe that p(w — S(v)) = 0,
hence in view of the definition of the diagram (2) w — 5(v) = B(u),u € ker o and
correct U to v by taking v = v — u.

q.ed

With Lemma 2 established observe that given a sequence vy, vf, - - - v}, € V’ and
vo € V with the property that
RO (18)
one can produce vy, v, - - - v € V such that

a(vi-1) =p(v;)

p(vi) =v;.
Indeed suppose inductively that vy, v, - - - v;, @ < r satisfying properties (T9) are
produced. Apply Lemmato w = av;),w = o (vj) and v' = v, and obtain

19)

Vr41-

To conclude p' ' (K ) C K one chooses the sequence {v;} to have (for some
k) a(v},) = 0, which means that v, € K, . Then v;, constructed as above is in ker o
which means that vy € K .

To conclude p' ' (K’ ) € K_ one chooses a sequence {v]} to have (for some
k) v' = v}, € K and v, = 0 Then for for vy = 0 one construct the sequence
v1,v2,+-vg € V. Then vy, € K_, hence p' (K’ ) C K_.

q.e.d.

5.2 Appendix 2.

Recall that:
The Hilbert cube (@ is the infinite product @ = HiEZ>0 I, = I~ with I;, =

I = [0,1]. The topology of @ is given by the metric d(u,v) = Y, |u; — v;]/2" with
u = {ul el,ie Zzo} and v = {1}1‘ el,ie Zzo}.

A compact Hilbert cube manifold is a compact Hausdorff space locally homeo-
morphic to the Hilbert cube.

The space (@ is a compact ANR and so is X x ) when X is a compact ANR.

For any n, positive integer, write Q = I"™ x @/, and denote by 7,, : Q — I" the first
factor projection and by 7X : X x Q — X x I" the product ;X = idx X T,,.

For F' : X x Q — R let F}, be the restriction of F'to X x I"™ and F, the composition
F, . :=F,- Wi( .

For f : X — Rdenote by f := f - mx where mx : X x Q — X is the canonical
projection on X.

Observation 6

1. If f : X — Risatame map so is f.
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2. The sequence of maps F,, is uniformly convergent to the map F.

The following are two results about Hilbert cube manifolds whose proof can be
found in [5].

Theorem 7

1. (R Edwards) If X is a compact ANR then X x Q is a Hilbert cube manifold.

2. (T Chapman) If w : X — Y is a homotopy of equivalence between two finite
simplicial complexes with Whitehead torsion T(w) = 0 then there exists a home-
omorphismw' : X x QQ =Y X Q such that w' and w X idg are homotopic.

Recall (for the non expert reader) that for a homotopy equivalence f : X —
Y between two finite simplicial complexes one can associate an element 7(f) €
Wh(m1(X, x)) which measures the obstruction to f to be a ’simple homotopy equiv-
alence” in the sense of J.H. Whitehead. Here Wh(I") denotes the Whitehead group
of I', which is an abelian group associated with a discrete group I', cf [12]. It is
also known [12] that if K is a finite cell complex (actually a compact ANR) with
X(K) = 0then 7(f x Idg) = 0 in particular 7(f x Idg:1) = 0. In view of theorem
above Chapman has extended 7(f) to a homotopy equivalence of compact Hilbert
manifolds.

Proof of Stabilization theorem:

Items 1. and 2. in Stabilization theorem follow from item 1. respectively item 2.
combined with item 3. in Theorem[7l

One has also the following result whose proof was provided by S. Ferry:

Proposition 7 A compact Hilbert cube manifold is a ” good ANR .

Proof Let M be a Hilbert cube manifold and F' : M — R a continuous map. We
want to show that for € > 0 one can produce a tame map P : M — R such that
|F'(u) — P(u)| < e for any u € M. For this purpose write M = K x @, K a finite
simplicial complex, cf S]] section 11.

It suffices to produce an n and a simplicial map p : K x I — R such that
|F—p-mE| <e

The continuity of F' and the compacity of M insure the existence of 6 > 0 such
that |u — v| < ¢ implies |F(u) — F(v)| <€/2, u,v € M =K x Q.

Choose n such that |u — (7% (u),0)] < §, u € K x Q (here (7X(u),0) €
(KxI")yx @, =K xQ).

Choose p : K x I — R a simplicial map (with respect to a convenient subdivi-
sion) with |p(z) — F,,(z)| < €/2, * € K x I", and take P = p- 7. Since p is tame
sois P.

Then |F'(u) —p-m ()] < |F(w) = Fo-mf (w)| + |[F, -7 (w) —prmf (u)] < e

q.e.d.
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5.3 Appendix 3

Recall from [2]] sections 4 and 5 the following notations:

— The oriented graph Gs,, has vertices 1, x3, - - 2, and the oriented edges
a; P T2i—1 — T4, b, X241 — T2 with Tom+1 = 1,0 =1,---m.

— A Gy, —representation p is given by a collection of linear maps «; : Vo;_1 —
Vai, Bi  Vair1 — Va; with V; vector space corresponding to the vertex x;, and the
linear map «; resp. 3; corresponding to the arrow a; resp. b;.

—For f : X — S! a tame map in the sense of [2] with m critical angles 0 <
$1 < 89 < -8y < 2w and ty,ta, - - t,, regular values such that 0 < ¢t < 51 <
ty - Sm_1 < tm < S, one associate the G, —representation p, with Vo, =
H.(f~'(;)), Vay = H.(f~*(s;)) and o, 7 the linear maps induced in homology
by the continuous maps a; and b;, considered in [2] Section 5.

Let f : X — R be the canonical infinite cyclic cover of the tame map f : X —
S. Put t,, 11 = t1 + 27 and observe that Vo; = H,.(f~*(t;,t;4+1)) and the relation

Rf;’iﬂ (r) is exactly
Rl (r) = R(o}.5)) = R(B))' - R(ay).
Clearly the composition

RPI, (r)-RDT . (r)--- R () R ()

tm 7tm+l
identifies to R{l (r).

To a Ga,,— representation p one associates the linear relation R(p): V; ~ Vj =
RY(By) - R(aum) -+ RT(B1) - R(a) and one denotes by J(p) = T ([R(p)reg])-
Clearly one has:

Observation 8

1. R(p@ p') = R(p) © R(p) and therefore J(p) U J(p'),
2. J(p") =0,
300" (N k) = {(\ )}

The Jordan cells (Rtf1 )reg () are the Jordan cells of the r—monodromy T'(X:1) (r)
and then, by Observation [§] they are are the Jordan cells of the representation p, de-
fined in [2].

References

1. D.J. Benson, Representations and cohomology Cambridge University Press, 1991

2. D. Burghelea and T. K. Dey, Persistence for circle valued maps. Discrete and Computational Geome-
try 50 (2013) 50; 69-98.

3. Dan Burghelea and Stefan Haller, Topology of angle valued maps, bar codes and Jordan blocks.
arXiv:1303.4328 Max Plank preprints

4. G. Catlsson, V. de Silva and D. Morozov, Zigzag persistent homology and real-valued functions, Proc.
of the 25th Annual Symposium on Computational Geometry 2009, 247-256.



28

Dan Burghelea

5.

14.
15.

T. A. Chapman Lectures on Hilbert cube manifolds CBMS Regional Conference Series in Mathemat-
ics. 28 1976

. T.A. Chapman. Simple Homotopy theory for ANR’s General Topology and its Applications, 7 (1977)

165-174.

. Cohen-Steiner, D., Edelsbrunner and H, Morozov,D. Vines and vineyards by updating persistence in

linear times. In Proceedings of the 22h Annual Symposium on Computational Geometry, pp 119134
ACM , New York (2006)

. R.J.Daverman and J.J.Walsh A Ghastly generalized n—manifold Illinois Journal of mathematics Vol

25, No 4, 1981

. Albrecht Dold, Frans Oort Halbexacte Homotopiefunnktoren LNM, Springer - Verlag, Vol 12 1966
10.
11.
12.
. A.Sandovici, H. de Snoo and H. Winkler, The structure of linear relations in Euclidean spaces, Linear

S Gelfand Lectures on linear algebra Interscience Publishers, Inc., New York, 1961
Sze-Tsen Hu Theory of retracts Wayne State University Press, Detroit, 1965
J. Milnor Whitehead Torsion, Bull. Amer. Math. Soc . 72(1966), 358-426.

Algebra Appl. 397(2005), 141-169.

V. Turaev, Reidemeister torsion in knot theory, Uspekhi Mat. Nauk . 41 (1986) 119-182.
A.Zamorodian and G.Carlsson Computing persistent homology. Discrete Comput. Geom.33 249-275
(2005)



	Introduction
	Linear relations
	Monodromy
	The calculation of Jordan cells of an angle valued map
	Appendices

