A refinement of Betti numbers and homology in the presence of a
continuous function II (the case of an angle valued map).
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Abstract

This paper is a sequel to [2]. We propose refinements of the Novikov-Betti numbers of the Novikov
homology (w.r. to afield k) of a pair (X, &) consisting of a compact ANR X and a degree one integral
cohomology class &, in the presence of a continuous angle valued map representing the cohomology
class £.

The first refinement consists of finite configurations of points with multiplicity located in T = R?/Z
which can be identified to the punctured complex plane, of total cardinality the Novikov-Betti numbers;
equivalently of monic polynomials with nonzero free coefficient.

The refinement of Novikov homology consists in configurations of free modules over the ring of
Laurent polynomials with coefficients in the field , indexed by the points of the previous configurations,
each of rank equal to the multiplicity of the point.

In case k is the field of complex numbers these configurations of free modules can be canonically
converted into configurations of Hilbert modules over the von Neumann algebra of the group Z, all
closed submodules of the Ly —homology of the infinite cyclic cover defined by the angle valued map.

A number of properties of these configurations are discussed.
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1 Introduction

This paper is a sequel of [2] and we suppose the reader familiar with the notations and the basic concepts
considered there. Here we treat the case of a circle valued map f : X — S!. In this paper without any
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additional specifications we assume that for such map the space X is a compact ANR and f is a continuous
map. In this case the map f determines a degree one integral cohomology class {f € H YX;7).

As in part | we fix a field x and an integer r, r = 0, 1, 2, dim X, and provide first a configurations &f of
finitely many points with specified multiplicity located in the space T := R?/Z E] which can be identified
to the punctured plane C \ 0. It will be shown that the set of points (counted with multiplicity) of this
configuration has cardinality the Novikov—Betti number 52 (X; ). In view of the identification of T with
C \ 0 the configuration 5; can be interpreted as a monic polynomial with complex coefficients and nonzero
free term, P}/ (z), of degree the Novikov—Betti number whose roots are the points of the configuration st ;
however this will be used in this paper only for notational simplifications.

As in part I (reference [2]) we refine the configuration §1 to the configuration 6f of Kk[t™1, t]—free
modules (each one a quotient of split free submodules of the r—th Novikov homology of (X;{;)) and in

case k = C to the configuration 6 of closed Hilbert submodules of Ly—homology of X, the infinite cyclic

cover of X defined by &. Each of (2),z € C\ 0,[]is a Hilbert module over the finite von Neumann algebra
L>(S') of von Neumann dimension equal to &7 (2).

The results about these configurations formulated in Theorems and are formally similar
to Theorems 4.1, 4.2, and 4.3 in part I, but conceptually more complex and technically more difficult to
conclude. There are however a number of differences and new features which deserve to be pointed out.

e The location of the points in the support of the configurations (5[ , &f , 5{ is the space T := R?/Z
identified to the punctured complex plane C \ 0 by the map T > (a,b) — z = ¢*t(t=0) ¢ C\ 0 and
not R? = C as in [2].

e The Betti numbers 3,(X) are replaced by the Novikov-Betti numbers 3 (X; £) and the homology
H,(X) by the Novikov homology. In this paper the Novikov homology HN (X £) for the field & is a
free k[t~1, t]— module (see definition in sectionbelow), whose rank is equal to B (X; €).

e For z = (a,b) € supp 6! the configuration 6/ has as value a free x[t~", {|—module, 6! ((a,b)) =
51 (), which is a quotient I, (2) /F’.(z) of split free submodules F.(z) C F,.(z) € HN (X;€). More-
over this configuration is derived from a special configuration of subquotients of HY (X, &), in the
sense explained in section

e In case k = C, the ring of Laurent polynomials C[t~!,¢] has a natural completion to the finite
von Neumann algebra L>°(S') and HY (X;¢) to a L>(S')—Hilbert module. The Hilbert mod-
ule structure, although unique up to isomorphism, depends on a chosen C'[t~!, #]—inner product on
HYN(X;¢), cf. section [2, which always exists. With respect to a given C[t~!,¢]—inner product the
free module HN(X;¢) can be canonically converted into the L°°(S')—Hilbert module H*(X),
and the configuration &f (z) into a configuration of mutually orthogonal closed Hilbert submodules
5{(2) C Hl2(X:¢) with Zzesuppaf &Jf(z) = H%2(X). This conversion is referred below as the von
Neumann completion and is described in section 2}

e The Poincaré Duality refinement stated in Theorem|[I.3]is derived from the Poincaré Duality between
Borel-Moore homology and cohomology of the open manifold M.

The configurations 5#0 , Sf , &f are defined in sectionand all have the same support located in T or C\ 0.
A point when in T will be specified as (a, b) and when in C\ 0 as z. To formulate the results, for the reader’s
convenience we recall some notions.

' R? is equipped with the action u(n, (a,b)) — (a + 27n, b + 27n)

’the configurations 6, 5f , Sf are viewed as a functions with finite support on C \ 0



For ¢ € HY(X;Z) and & a fixed field one denotes by:

- Ce(X, S'), the space of continuous maps in the homotopy class defined by & equipped with the
compact open topology,

- X, an infinite cyclic cover defined by &,

- HN(X;¢), the Novikov homology in dimension r with coefficients in x, and Y (X;¢), the r—th
Novikov—Betti number,

- incase kK = C the Lo—homology in dimension r will be denoted by H}? (f( ). In this case the
von-Neumann dimension equals the Novikov—Betti number.

For f : X — S' a map one denotes by :

- §{eH Y(X;7Z), the integral cohomology class represented by £,

- f : X — R, an infinite cyclic cover of the map f,

- &(f) :=&(f), the smallest distance between homological critical values of f.

In section (2)) one defines the space of configurations of mutually orthogonal closed Hilbert submodules
of V, a N'— Hilbert module of finite type over N a finite von Neumann algebra A/, and denotes this space
by Cg (X) and describe the relevant topologies on this space.

Theorem 1.1 (7Topological results)
1 If6(2) # 0, 2 = €T~ then both e and e®, (e, e“i € S') are homological critical values of
f, equivalently a and b are homological critical values of f hence also critical value
2. (a) Coeeo 8 (2) = BN(X:¢)),
(b) Dzcc\0 07 (2) = HN(X: ),
(c) If k = C a C[t™L,t|—inner product on HY (X;&s) (cf section @for definition) canonically
converts S,f into a configuration &Jf of closed Hilbert submodules of H}2 (X ) which satisfy
Y ecy 8 (2) = HF(X), and 51 (2) L {(2') for = # 2.

3. If X is homeomorphic to a finite simplicial complex or to a compact Hilbert cube manifold then for
an open and dense set of maps f € C¢(X,S') one has §/(2) =0 or 1.

Items 1.and 2. a) were first established in [4] for tame maps.

Item 2. a) indicates that 6] € C s (x3¢)(C\ 0), where Cv(C\ 0) denotes the space of configuration of points
with multiplicity located in C \ 0 = T of cardinality N. This space equipped with the collision topology
(described in [2[]) identifies to the N-fold symmetric product of T equipped with the induced topology and
to the space of degree N —monic polynomials with nonzero free coefficient hence to CV =1 x (C\ 0).

Item 2. b) implies that any family of splittings as defined in section |3} makes from 6/ an element in Cy (T),
V = HN(X;¢), the space of configurations of split submodules of V, described in section

&) (T), the space configurations of mutually orthogonal closed Hilbert
submodules of the L>°(S')—Hilbert module H 2 (X). This space can be equipped with two collision topolo-

gies, the fine and the natural collision topology, both described in section 2]

Item 2 c) indicates that S,f € CI?ILQ

Theorem 1.2 (Stability) Suppose X is a compact ANR, € € H'(X; 7).
1. The assignment

C(X,SYe 3 f ~ 6] = P/(2) e CP (X9 » (C\ 0)

3the homotopy type of the fibers in any neighborhood of the critical values changes



is a continuous map.
Moreover with respect to the canonical metric D provided by the identification of the space of configu-
rations with the B (X ; €)—fold symmetric product of T, one has the estimate

D(67,6%) < 2D(f, 9),

where D(f, g) = Hf — gHoo = SUpmeX‘f(x) - 9(1’)’

2. If Kk = C and the spaces of configurations CZLZ X)((C \ 0) is equipped with either the fine or the

(

natural collision topology then the assignment f ~ 5{ is continuous.

Item 1. was first established in [4] for X homeomorphic to a simplicial complex .

Theorem 1.3 (Poincaré Duality) Suppose M is a closed topological manifold of dimension n which is
k—orientable and f : M — S' a continuous map with &f # 0.Then one has

1. 6 ((a,b)) = 57{_T(<b, a)), equivalently 65 (z) = 61 _ (72) with 7(z) = 2~ eIl

2. The Poincaré Duality (between Borel Moore homology of M and the cohomology of M) induces the

isomorphisms ) A
PD,({a,b)) : {({a,b)) — hom, ;-1 4(5]_,.((b,a)), k[t ™1, ])

and establishes the isomorphism of HY (M; €) and hom, ;-1 4 (HN (M;€),k[t711]) as k[t~ t]—
modules (both free modules).

3. If s = Cand M is a closed Riemannian manifold then the canonical isomorphism of H,{’Q(]\;[ ) to
H#ET(M ) induced by the Riemannian metric (via Ly harmonic forms and the Hodge star operator)

intertwines the configuration g{((a, b)) with 554(((7, ay).

Item 1. was first established in [4]. The isomorphism claimed in Item 2. is not canonical; it depends on the
choices of splittings.

Item 3. will be discuss in this paper only informally. It requires a number of additions too long to be reviewed
in full details and is actually part of a more general discussion on Poincaré Duality and refinements planned
for a future paper.

Last section of the paper uses the Poincaré Duality for Novikov homology discussed in relation with
the proof of Theorem[I.3]to conclude a few result about the Novikov—Betti numbers, the Betti numbers and
the Jordan cells for some compact manifolds , cf Corollary of possibly of relevance for the topology
of complements of complex hypersurfaces. None of these results are new, at least in case of complement
of hyper surfaces, but most likely derived by a different approach. At this point we thank L.Maxim for
challenging questions and informations about some of his work.

Acknowledgement: This paper was written when the author was visiting MPIM-Bonn (Nov. 2105-
March 2016). He thanks MPIM for partial support during that period.

2 Additional preparatory material

The reader can skip most of the material of this section, which contains mostly definitions and notations,
and return selectively when some notations or concepts need clarifications.



Angles and angle valued maps
An angle is a complex number = e* € C,t € R and the set of all angles is denoted by S! = {# =
e’ | t € R}. The space of angles, S', is equipped with the distance

d(92,91) = inf{|t2 — If1’ ’ eitl = 91,6it2 = 92}

One has d(61,602) < 7. With this description St is an oriented one dimensional manifold with the orientation
provided by a specified generator u of Hy(S!;Z), the infinite cyclic group.

A closed interval in I C S! with ends the angles 0; = €% and 6 = e is the set [ := {e® | t; <t <
to,to — 11 < 27‘(‘}.

More general configurations

If A is a unital ring without any additional specification a configuration of free A—modules indexed by
points in X is a map with finite support & : X ~»free A—modules. This set is denoted by C4(X).

If V is a finite generated free A—module and P(V') denotes the collection of split submodules EI of V' a
more interesting set denoted by Cy (X ) can be considered and referred to as the set of configurations of split
submodules of V.

& e CcMX)
Cv(X):{w: X = P(V)| < forany x, {&(x)} linearly independent  }
Daex@(@) =V

It comes equipped with a topology defined by specifying for each element a system of fundamental neigh-
borhoods (as described in [2] in case A is a field). A fundamental neighborhood of a configuration & €
Cv (X) with support {1, 2, - - - 1 } and values w(z;) = V; is specified by a collection of disjoint open sets
of X, (U, Uy, - - - Uy), each U; neighborhood of x;, and consists of

fdecvx)| > 8<w>—v;

xGUiﬂsuppS

This topology is referred to as the fine collision topology.
If \V is a finite von -Neumann algebra and V is a finite type N —Hilbert module, then (V') will denote
the collection of closed Hilbert submodules of V and C9(X) the set

f(supp @) < o0
COX):={0: X > P(V)| S w(z) Lay),z#y }
ZIGX of)(x) =V

This set is referred to as the configurations of mutually orthogonal closed submodules of V. In this case one
can consider in addition to the fine collision topology a second and coarser topology, the natural collision
topology. A fundamental neighborhood of 5 is specified by (U1, Us, - -+ Ug; O1,042,---Oy), U; as before
and O; open neighborhood of V; in Gy, (V). Here G (V') denotes the subset of closed Hilbert submodules
of V' of von Neumann dimension k equipped with the obvious topology EI . The neighborhood consists of

configurations ¢’ with the property that > ecU, rsupp 8 §'(z) € 0.

“a submodule V' of V is split if the inclusion V' C V has a a left inverse

Swhen referred to vector subspaces 3 will always ”sum” inside of the bigger space

%the topology induced by the distance between bounded operators in Hilbert space; any such submodule corresponds to a
selfadjoint projector



Special configurations

Let V be a free f.g. A—module, with A a unital (commutative) ring. A subquotient of V' is a pair
w = (W, W), with W' C W split submodules of V. For each such subquotient w one considers the free
module @ = W/W'. Call splitting any linear map 4., : W/W’' — W which is a right inverse of the
canonical projection 7, : W — W/W’' i.e. 7, - i, = id. A splitting of w realizes the quotient W/W' as a
split submodule of W and then of V.

Given two different subquotients wy = (W1, W{) and we = (Wa, W3) one writes w; < wy whenW; C
Wy. Denote by P (V) the collection of subquotients of V' to which we add the symbol 0 as a symbol for the
“trivial” subquotient.

A special configuration of subquotients of V indexed by points in the space X is given by a map
w:X — 75(V) with finite support and different values for different points in the support, which satisfies
properties P1., P2., P3. below.

Let wy = (W, W/,),a € A be the set of nontrivial subquotients which appear as values of &. The set
A is finite. For any a € A denote by A, := {8 € A|wg <wa}.

P1. For any subset B C Ay \ o, > 5.5 W CWo =3 5 sWs CW,.
P2. For any subset B C Ao \ @, D25 s W N Wo C 3 5 s W N W, .
P3. Forany o € A, 3 5. 4 rank(wg) = rankW, and ). o rank(@,) = rankV .

Any special configuration & provides a configuration of free modules &(x) = W (z)/W'(z) with
Daesupp sW (2) /W' (2) =V,

and once a collection of splittings o, := iy, : Wa /W, — W, is given, one can realize these free modules
inside V' and convert the special configuration into a configuration split free submodules of V. Of course the
realization is not unique and different splittings lead to different configurations. To check this one shows
first that for any o the submodules ig(wg) C W, are linearly independent using P1. and P2. , and that
> pea, ip(wg) = Woand 35 4 ip(ws) =V using P 3..

In case A is the field C or R and V' is a Hilbert space each subquotient (W (x), W’(x)) has a canonical
splitting, defined by the orthogonal complement of W’ (z) in W (x). The canonical splittings defined using
orthogonality permit to convert this configuration into an element we Cg (X).

Infinite cyclic cover

For an angle valued map f : X — St let f* : H'(S';Z) — H'(X;Z) be the homomorphism induced
by f in integral cohomology let and &f = f*(u) € H L(X;Z). The assignment f ~ &  establishes a bijec-
tive correspondence between the set of homotopy classes of continuous maps from X to S' and H'(X;Z).

Recall the following:

- An infinite cyclic cover of X is amap 7 : X — X together with a free action 11 : Z x X — X such
that 7(u4(n, 2)) = 7(z) and the map induced by 7 from X /Z to X is a homeomorphism. An infinite cyclic
cover is said to be associated to ¢ if any continuous proper map f : X — R which satisfies f(y(n,z)) =
f(x) 4+ 27n induces amap f : X — R/27Z = S! with &5 equal to &. )

- For two infinite cyclic covers m; : X; — X associated to ¢ there exists homeomorphisms w : X1 —
X, which intertwine the free actions w1 and po and satisfy 7o - w = 7.

- Given71: X = X, [T/ X — X an infinite cyclic cover and f : X — S! an angle valued map
the map f : X — Ris a called a lift of f if f(u(n,z)) = f(zx) + 27n and by passing to the quotients



X=X /7 and S' = R/Z the map f induces exactly f. A lift f provides the following pull back diagram

R—2.s! (1)

bl

XI5 X.

where p(t) is given by p(t) = et € St
- Given f : X — St there exists a canonical infinite cyclic cover associated to &y, the pullback of
p:R — Sty f,precisely X = {x,7) | f(z) = p(t)} and f(x,t) = t.

Observation 2.1

1. Anymap f : X — S' has lifts. Two lifts of f , fl and fg differ by a deck transformation, i.e. there
exists k € Z with fo = f1 - u(k, ).

2. If f,g : X — S! are two maps with D(f,qg) < m then they are homotopic and lff is a lift of f there
exists a lift g of g such that D(f,§) = D(f,g).

33U D(f1,f2) < mfr,fat X — S!, then there exists a canonical homotopy fi + X — St. This
homotopy has lifts fi, which satisfy ft =tfi + (1-1) fa for any pair f1, fa, of lifts which satisfy
D(f1, f2) = D(f1, f2). Moreover for the canonical homotopy and any sequence 1 =ty < t; < ty <

by < tgy1 = lone has D(f1, f2) = D _g<icp D(ft;, fit1)-

Tame angle valued maps, critical values

For an angle valued map f : X — S! consider f : X — R an infinite cyclic cover. The map f is
weakly tame, resp. tame, resp. homologically tame if so is f . If X is a finite simplicial complex then a map
f: X — Sliscalled p.I (piecewise linear) if for some and then any lift f: X > Ris ap.l. Anangle § € S!
is a regular value, resp. critical value, resp. homologically critical value if § = e with ¢ a regular value,
resp. critical value resp. homologically value for f . The above definitions are independent on the lift. Since
an infinite cyclic cover of amap f : X — S! is proper the set of homological critical values is discrete and
2w —periodic and therefore is homologically tame w.r. to any field.

Novikov homology:

Let » be a field and let x[t !, ] be the x—algebra of Laurent polynomials with coefficients in . This
is a commutative algebra which is an integral domain and a principal ideal domain. For a pair (X €)
¢ € H'Y(X;Z), X a compact ANR, let X be the associated infinite cyclic cover and let 7 : X — X be
the positive generator of the group of deck transformation Z viewed as a homeomorphism of X . Since X is
compact, the x—vector space Hy,(X) is actually a finitely generated [t !, {|—module whose multiplication
by t is given by the linear isomorphism induced by the homeomorphism 7.

Since k[t™1,t] is a PID the collection of torsion elements form a x[t~!, ¢]—submodule V,.(X;¢) :=
Torsion (H,(X)) = TH,(M) (usually referred to as monodromy) which as a k— vector space is of finite
dimension. The quotient module H, (X)/T(H,(X)) is a finitely generated free x[t ', ¢]—module. In this
paper this free [t~ !, ¢|—module and its rank are called the Novikov homology and the Novikov—Betti number
and are denoted by HY (X ;&) and BN (X; €).

Since [t~!, t] is a principal ideal domain one has H,.(X) ~ V,(X;¢) @ HN(X;¢).

"classically, the Novikov homology is the %[t !, ] — vector space H,(X) ®pfe—1,4 K[t~ t]] with k[t ™", ¢]] the field of Laurent
power series; clearly 5 = dim(H} (X) @1, k[t™1,1]]) = rank(HY (X)).



The von-Neumann completion:

When k = C, the ring of Laurent polynomials C[t~!, t], equivalently the group ring C[Z] of the infinite
cyclic group Z, is an algebra with involution * and trace tr.

Ifa =7, .z ant" then:

x(a) :==a" = Zant‘”
nez
tr(a) =ap.
with @ denoting the complex conjugate of the complex number a.

The algebra C[Z] can be considered as a sub algebra of the algebra of bounded linear operators on the

separable Hilbert space
12(Z) = {an,n € Z| > |an|* < oo}
neL

The linear operator defined by a Laurent polynomial is given by the multiplication of the Laurent poly-
nomial (regarded as a sequence with all but finitely many components equal to zero) with a sequences in
12(Z).

One denotes by N the weak closure of C[Z]EI which is a finite von Neumann algebra, with involution
and trace extending the ones defined above, cf [[10].

This algebra N is referred below as the von—-Neumann completion of the group ring C(Z) and is iso-
morphic to the familiar L°°(S') via Fourier series transform (which assigns to a complex valued function
defined on S! its Fourier series).

Given a free C[t !, t}-module M a C[t ™", t]-valued inner productin M is amap p1 : M xM — Clt—1 1]
which satisfies:

1. C[t™!, ¢]—linear in the first variable,
2. symmetric in the sense that u(z,y) = u(y, z)*, x,y € M,
3. positive definite in the sense that satisfies
(@) p(z,x) € C[t1,¢]4 with C[t~1, ] the set of elements of the form aa* and
(b) pu(z,z)=0iffx =0,
and

4. the map M — Homg—1 (M, Clt=1,]) defined by p(y)(z) = p(x,y) is one to one.

Clearly C[t~!, t]-valued inner products exist. Indeed, if e!, €2, - - - € is a base of M then

“(Z a;e’, Z bjel) = Z a;(b;)"

provides such inner product.

By completing the C—vector space M w.r. to the Hermitian inner product < z,y >:= tr(u(x,y)) one
obtains a Hilbert space M which is an A/-Hilbert module, cf [10]], isomeric to lo (Z)@k, k the rank of M. Two
different C[t !, ¢]-valued inner products, ;1 and po, lead to the isomorphic (and then also isometric) Hilbert
modules M, and M ,,. This justifies dropping x from notation. If one identifies A to L°°(S!) and I5(Z)®*
to L2(S')®* (by interpreting the sequence Y, . a,t" as the complex valued function Y, ., a,e™) the
N — module structure on lo(Z)®* becomes the L>°(S!)-module structure on (L?(S')®* and is given by the

8 in the space of bounded operators of the Hilbert space I2(Z) when each element of C[Z] is regarded as such operator



component-wise multiplication of the L>°-function in L>°(S') with the k—tuple of L2-functions, an element
in (L?(S')®F,

If one has N C M a free split submodule of the f.g free C[t~!,¢]-module M and p is an C[t~1,¢]-
valued inner product on M, then Wu is a closed Hilbert submodule of M;r Moreover if N/ C N; € M,
i = 1,2,--- is a collection of split submodules and NN;/N/ is a collection of free modules, quotient of
submodules of M, then one can canonically convert N;/N/ into closed Hilbert submodules of M simply
by taking the closure of the kernel of the projection N; — N;/N/ inside M. The process of passing from
(C[til, t], M) to (N, M) is referred to as von Neumann completion and was pioneered in [11] for any group
ring C[I'] and f.g. projective C[I']-module.

3 The configurations 6/, 6/ and 6/

3.1 Recollections from Part 1, ([2])

In this subsection we recall a number of observations already made in [2] but we reconsider them in the
context of proper maps defined on locally compact ANR’s in order to be applied to the lifts of an angle

valued maps in the next subsection.
Consider 4 : Y — R with Y a locally compact ANR Y and h a proper map. Suppose that e(h) > 0.
Recall that €(h) is the shortest distance between homological critical values. Recall that for a,b € R

F(a,0) = I5(r) N T (r) € Hy(Y).
Proposition 3.1

1. F"(a,b) is a finite dimensional vector space with the property that:

(a) Fh(a', V') C F(a,b) fora’ < a,b<1¥,
(b) F(a', V') = F(a',b) N Fl(a,b').

2. Forabox B = (d',a] x [b,b),d <a,b<?/
F)'(B) = F}(a,b)/F}(d,b) + F}(a,b'),
and fora” < a' < a; b<b <V with

B} i=(d', ] x [b,V),

By :=(d",a] x [b,V)

BY :=(d",d'] x [b,b),

By :=(d’,a] x [V/,0"),

By :=(d",a] x [V/,b"),

Bl :==(d",d'] x [b, V")
and

B :=(a",a] x [b,b") (2)
the inclusions B] C By D Bj and B} C By O B} and By C B D By induce the short exact
sequences

51 By
ﬂ'Bl,T'

hepmy U7 mh h( !
0 FA(BY) L W (By) L RH(BY) 0,



.Bo Bé
7TBQ,'F

N h( !
OHFT(BQ)HFT(BQ)HFT(BQ)HOa

B B1

/L'B T 7{"7‘
0 ——Fl!(By) —>FI(B) —>F(B)) —=0.

For proof see Propositions 3.6 and 3.7 in [2]].

b// ................
A
/ "
Z b B,
a’ a a
Figure 1

B, =B, UB!
By =B, LB
B =B U By

As in part I, for € > 0 one denotes by B(a, b;€) := (a — €,a] x [b,b+ €). In view of Proposition
item 1. the inclusion B(a, b;€) C B(a,b;€') for ¢ > e induces the surjective linear map F?(B(a, b; €')) —
F(B(a, b;€)). Then the limit

5(a,b) = lim FA((B(a, b;€))

e—0

is a finite dimensional vector space. Define

6" (a,b) := dim 6" (a, b)

and denote lin phlebie) by

P Fl(B) — 6l(a,b) |

Note that 6" and 5? are not configurations since their support, although discrete, is not finite. Neverthe-
less, as noticed in part I the assignments R? > (a, b) ~ 6"(a, b) has the following properties:

Proposition 3.2

1. If Sf,‘(q, b) # 0 then both a, b are homological critical values, hence
supp 0" = supp 6" € CR(h) x CR(h).

2. If a,b are both homological critical values and € < €(f) then 6" (a,b) = F'(B(a, b; €)).
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3. Forany box B = (d/,a] x [b,b') witha' < a,b < b one has

> 6" (a,b) = dimF*(B).
(a,b)€B N supp 5t

Proof: Ttems 1. and 2. follow from Observation 3.9 [2] and item 3. from Observation 3.11 in [2].

As in part I for each (a, b) one considers the surjective maps

7P (a,b) : F'(a,0) — FX(B), mr(a,b) : Fy(a,b) — 6"(a,b), and pfy>) : FX(B) — d8(a, b)

and call splitting any liner map R
ir(a,b) : 8" (a,b) = F'(a,b)
which is a right inverse of 7,.(a, b), i.e. 7.(a, b)-i,(a,b) = id. We keep the same notation for the composition
of i,.(a, b) with the inclusion F*(a,b) C H,.(Y).
If (a,b) € B',i.e. B’ has to be of the form B’ = (a”,d] x [I/,V") witha” < a < d', ¥/ <b <V,
denote by
i (a,0) 6] (a,0) = Fr(B)
the composition

ir(a,b) c

h B ooy T @)
Fr(aab) —>Fr(a b ) -

0" (a,b)
Note that both i,(a,b) and i?'(a,b) are injective, the first because 7, (a,b) - i,(a,b) = Id. To check the
second observe the following:
a. The commutativity of the diagram

Fh(B') .

Fr(aa b) 4g> Fr(ala b/)

iﬂf’e (a,b) iwfl (a’b')
i, ,
F.(B) F.(B')
for B = (a”,a] x [b,b") implies that i (a,b) = i - i%(a,b).

b. In view of Proposition 3.1. item 2., ig/r is injective.

c. The composition iZ(a, b) = 72 (a,b) - i.(a, b) is injective since pj’Bb’T -iB(a,b) = pg? -8B (a,b) -
ir(a,b) = m(a,b) - ir(a,b) = id, (cf diagram (3)).

!

Clearly a., b. and c. above imply i”'(a, b) is injective.

One summarizes the above maps in the diagram (3)) below.

H,.(Y) 3)
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To simplify the writing, untill the end of this section we will write ©, ;) resp. D, p)ep instead of

69(a,b)Esu}op sh TESP. 69(a,b)esupp S§PNB -
Choose a collection of splittings S = {i,(a,b) | (a,b) € supp 6"}, and consider the sum

51 = @ ir(a,0) : @ 6l(a,b) — H, (M),

(a,b) (a,b)

and for a box B the sums

1P = @ iP(ab): € 0(ab) = F}B).

(a,b)eB (a,b)eB

Theorem 3.3 Suppose S is a collection of splittings.

1. For any box B = (d',a] x [b, V') the linear map SIP is an isomorphism.

? a,b;R

6"(ra, B)) is contained in F!(a,b) and SPabR) defined as

2. For any (a,b) the space SIT(@{Q e
B>
ST, composed with the projection F(a, b) — F(a,b)/(I_oo NP + 1, N 1) is an isomorphism from

@{a _. O"a,B) 10 FH(B).

B=b

3 I () = Naer L2(r), L°(r) == Myerl (1) Eland m(r) : Hy(Y) = H(Y)/(I" o +15°) is the
canonical projection then the composition 7(r) - (° I,.) is an isomorphism.

Proof:
Item 1. As in [2]], it suffices to check the result for boxes B with supp 6" N B consisting of only one

element. This is indeed the case cf Proposition item 2. for a box B(a, b; €) with € small enough.
One introduces the vector spaces F*(B) := @(a,b)eBéff(a, b) and F! := @(a,b)é,}}(a, b) and for the
SrB
T

collection of splittings S one regards and 1, as maps

SIB . FMB) - F(B)
SI: FP — H.(Y).
For B = B; U By with By = BY,By = Bj or B = B”,By; = B’ as in Figure 1., one has the

commutative diagram
FA(By) — FA(B) —> F!(By)

Tslfl SIFT TSIfQ

FM(B,) — F(B) — F(By).

Manipulation with this diagram as in [2]] (decomposition of B as a disjoint union of smaller boxes) permits
to establish inductively the result.

Item 2. follows from Item 1. by passing to projective limit as follows.

For R > 0 denote by B(a,b; R) the box B(a,b; R) = (—R + a,a] x [b,b + R), and observe that
B(a, b;00) := (—00,a] x [b,00) = Ur=o(B(a, b; R) and that supp 6" N B(a, b; R) remains constant when
R is large enough. This because of Proposition item 3. and because F”(B(a, b; R)) is a quotient of the
finite dimensional space F”(a, b).

Note that the definitions of I" . and I5° are consistent with = ﬂa/>a]IZ, and ]IZ = ﬂb/>b]llil/
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Consider : I@‘ﬁ(B(a, b;0)) := @(a’b)e Bla,bo0)) Sﬁ(a, b). Since the set “supps?NB(a, b; R) is constant
when R is large” one has F"'(B(a, b; 00)) = @R F(B(a,b; R)).
Consider F**(B(a, b; 00)) := F(a,b)/1" . N ]Ib + I? N I$°). By the same reason F(B(a, b; 00)) =

h .
lim,, | FA(B(a,b; R)).

_ S%nce SI;B(.a’b;R) is an isomorphism for any R and $15(a:b:%) . LR_)OO
is an isomorphism.
2 .
Item 3.: Note that R? = U, B(—L, L; 00) and °I¥" = limg,

bR .
(a,b;R) one has SIB(a,b,oo)

B(—L,L; i B(—L,L; .
SIT‘ ( ) ,OO)‘ Sll’lCe SIT‘ ( ) 700) 18

an isomorphism for any L so is SR which the reader will recognize to be 7(r) - (S 1.).
p y r g

3.2 Definition and properties of 6/ and 6/ .

We apply the previous considerations to f X — R an infinite cyclic cover of f : X — S'. In this case
we have the deck transformation 7 : X — X which induces the isomorphism ¢, : H,(X) — H,(X) and
therefore a structure of x[t~!,#]—module this x—vector space. The diagram @) with the vertical arrows
induced by ¢, implies Observation @

< ) f ﬂ—T‘( 1b) of
H,(X) F(a,b) ¢ 51 (a,b) 4)
prfab
Lr i
t tr(a,b) F{(B) i (asd)
- 7 . QLI) 2 o F
H,.(X) <72F7f(a + 27, b+ 2m) ot tr—('—Bgr) 5,f(a + 27, b+ 2m)

B
prr,a’b’

.

a’b

Ff (B +2m)

Observation 3.4 1. The isomorphism t, satisfies t,(F f (a,b)) = Ff (a+2m,b+27) and t 1 (FP(a, b)) =
F(a — 27w, b — 2m).
2. Forany box B = (d',a] x [b,b') consider the box B + 2w = (a’ + 27, a + 27| x [b+ 27, b" + 27).
The isomorphism t, induces the isomorphisms t,(B) : F S (B) — F{(B + 2m) and then t,(a,b) :
51 (a,b) = &1 (a + 27, b+ 2m).

3. H{OO(T) and H;’Fo (1) are invariant, hence k[t~ t|—submodules, therefore H, (M)/(Hio(r) —l—]l;;o)(r) is
a k[t~ t]— module.
Proposition 3.5 I/ __(r) = I%(r) = T(Hy(X)).

Proof: If x € T(H,(X)) then there exists an integer k € Z and a polynomial P(t) = apt” +
1ttt + ag, ; € K, ag # 0 such that P(t) t*2 = 0. Let y = t*x. Since H, (X) = Ubﬂb( ) one

has y € 1°(r) for some b € R. Since P(t)y = 0 one concludes that
y = —(an/ag)t" 1 ---—(ayi/ag)ty and therefore y € 1°727(r). Repeating the argument one concludes that
y € I for any k, hence y € 1°°(r). Since 2 = ¢y, one has = € 1°°.(r) Hence T'(H,(X)) C I*°(r).
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Let = € I°°(r). Since H,(X) = Ual ( ) then z € I, ( ) for some a € R, and if in addition x € I°°(r)
then by Observation3. allz, t ™o, t =2, -t 7%z, .- € I,(r) NI>°(r). Since by Proposition(l.) the
dimension of I,(r) N I°(r) is finite, there exists a;,, - - -, such that (o, t =% + -+ - q, t =)z = 0. This
makes = € T(H,(X). Hence I°(r) C T(H,(X)). Therefore [°°(r) = T'(H,(X)). By a similar argument
one concludes that H,(X) = I_ (7).

|

Recall from Introduction that () : R? — T = R?/Z denotes the map which assigns to (a,b) € R? its
equivalence class (a,b) € T. We use the following notations:

— For (a,b) € R? denote by T{a, b) the image by () of the set {(z,y) € R? | x < a,y > b}; clearly for
a' < a,b >bonehas T{(a',t/) C T(a,b).

— Forabox B = (a — a,a] x [b,b+ () denote by (B + ¢) the box (B +¢) := (a — a + ¢,a + ¢] X
[b+c,b+ c+ (), and by (B) C T the image of B by the map ().

— One calls the box B small if 0 < «, 8 < 2, in which case the restriction of () to B is one to one;
clearly if B is a small box so is any (B + ¢) and (B + 27k) N (B + 27(k + 1)) = () for k # k'

— For (a,b) € T and (B) C T with B a small box introduce:

F/ ((a,b)) wa (a+ 2k, b+ 27k) C H.(X)
kez (%)

F! ((a,b)) = =(r)(FL((a, b)) € H(X)/TH,(X)
FI((B)) == S_FL (B + 2rk) =(F (e, b)) + FL ((a,0))) € Ff((a,b)) € H,(X)
keZ (6)
F'I((B)) :=n(r)(F'L((B))) € HY (X;¢€)

Note the difference between (- - - )f and (--- )/ the first has the image in H,.(X) the second in H (X;¢€).
In view of Proposition |i T(H,(X) C F/(a,b), one has:

Denote by Fi. ((B)) the quotient

_Fl(ab)  Ff((a,b)
WWMrFﬂ@»‘FM&» )

There is no reason to use separate exponent (--- )/ and (- - - )/ since the quotients do not naturally lie in any
of H.(X) or HY (X;¢).
Introduce 3
6] ((a,0)) = @D 0f (a + 2mk, b + 27k) (8)
kEZ

and for a choosen collection of splittings S consider the diagrams
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SIT

HA(X) L BN (X ) ©)

EB@,[&) 5f(<0m8>)

c c c

D apyeran ¥ (@, B) ——=FL((a, b)) —Ff((a, b))

c c c

G9<ozﬁ>E’JI‘(GL’,b)LJ’JT(GL,b’) Sf(<a7 B)) - F/f(<B>) - F/{(<B>)
and

B o syeran 8 (s B —Fl ((a,5) —=Ff((a.b)) (10)

A P
Do syeim 0/ ({2, 5)) Ff((B)) —F{((B)).
In view of Observation [3.4] one has:

1. 6/ ((a, B))is afree k[t 1, {|—module with the multiplication by ¢ given by the isomorphism Drcy tr(a+
21k, B + 27k),

2. the vector spaces involved in the above diagrams are all x[t !, #|—modules with those located on the
left and right columns free [t !, }—modules,

3. all arrows but the left side horizontal ones in both diagrams are x[t !, t]—linear.

In view of Theorem (for B a small box) the composition of horizontal arrows in each row of both
diagrams are isomorphisms.

Definition 3.6 The collection of splittings S = {i,(a,b) : 57f(a, b) — IF,f(a, b)} which satisfy t, - i,(a,b) =
ir(a + 27, b+ 27) - t.(a, b) is called a collection of compatible splittings.

Such collections exist. Indeed, it suffices to chose splittings only for {(a,b) € supp (5; ,0 < a <27},
observe that any (a/, V') € supp 8/ is of the form a' = a + 27k, V' = b+ 27k for some integer k € Z with
0 < a < 27 and take i,.(a/, V) := (£,)* - i, (a, b)(£,) 7.

If the splittings are compatible then all arrows in the diagrams @) and ) are x[t !, t]—linear therefore
we have the following.

Proposition 3.7 Both F{((a, b)) and F’f((B)) are split free submodules of H™ (X;¢), and FI((B)) is a
quotient of split free submodules hence also free. In particular 5,f ({a, b)), which is canonically isomorphic
to Ff((B(a, b;€))) for e < €(f), is a quotient of split free submodules.

Definition of 5,f , Sf , &f and P,f (2).
In view of Proposition [3.7|one considers the configurations &Jf defined by the formula:

5/ ({a, b)) =5 (a,b) (11)
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and the configuration
5{ defined by .
We use the identification of T with C \ 0 provided by the map (a, b) = ¢t(®=%) and if 21, 29, - 2, €
C \ 0 are the points in the support of 5{ , define the polynomial

P;(z) = H(z —_ Zi)(*l)iéf(zi)'

When x = C the von Neumann completion converts C[t~!, ¢]— into the von Neumann algebra L>°(S!)
and an C[t~!, t]—valued inner product converts HN (M;¢), IF’fi(B)) F{((B)) and §({a, b)) into Hilbert
2

~

submodules. The von Neumann completion discussed in section [2|leads to the configuration 5{ of mutually
orthogonal L°°(S')—Hilbert modules.
One takes

5,f = von Neumann completion of Sf

4 Proof of Theorem 1.1 and 1.2

Theorem [ 1l

Item 1. is verified by Proposition (1.).

Item 2. follows from the fact that 7(r) - (°I,) is an isomorphism as established in Theorem
above. The configuration 4} is actually a special configuration as described in section 2 with &7 ((ab)) =
F/((a,b))/F'L({B(a,b;¢))) for any e < €(f).

For Item 3. one proceeds as in the proof of Theorem 4.1 item 4. in [2]. For example in case X is
a smooth manifold, possibly with boundary, any angle valued map is arbitrary closed to a Morse angle
valued map f which takes different values on different critical points. Then the same remains true for
f : X — R, an infinite ciclic cover of this Morse map; this guarantees that for the sequence of critical

values - --¢j—1 < ¢ < ¢iy1 < ---, the inclusion induced linear maps H.(X., ,) — H*()N(Ci) have co-

kernel of dimension at most one. As argued in [2], in the proof of Theorem 1 (4.), this implies that (5{
and then &7 takes as values only O or 1. In the same way as in [2], with the help of compact Hilbert cube
manifolds, one derives Item 3. in the generality stated.

Theorem[[.2]

Proof: In view of Observations 2.1, 2.2 and 2.3 the proof of item 1. is the same as of Theorem 4.2 in [2]]
provided we replace f : X — R, by f : X — Raliftof f : X — S! representing &. The basic ingredients,
Proposition 3.16, (based on Lemma 3.17 and Lemma 3.18) in [2] holds for & : Y — R, Y a locally compact
ANR and h a proper map, instead of f : X — R, X compact. The steps of the proof are similar to the one
described in subsection 4.2 in [2]] and are summarized below.

1. For a pair (X, ), X compact ANR let X be an infinite cyclic cover associated to & and let C¢ (X, S!),
denote the set of maps in the homotopy class defined by £ equipped with the compact open topology.
Observe that:

— the compact open topology is induced from the complete metric D(f, g) and D(f,g) = D( 1, J)
for appropriate liftings.

— for f,g € C’g(X,Sl) with D(f,g) < m and any sequence 0 = typ < t1---ty—1 < ty = 1 by
Observation [2.1]item 3. the canonical homotopy 5, from f to g satisfies

D(fvg): Z D(h’ti+17hti)‘ (12)

0<i<N
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2. For X is a simplicial complex let U/ C C¢(X, S') be the subset of p.l. maps. One can verify that:
— U is a dense subset in C¢(X, St),

— if f,g € U, D(f,g) < 7 then for the canonical homotopy each h; € U, hence €(h;) > 0, hence
for any ¢ € [0, 1] there exists 6(¢) > 0s.t. t/,¢" € (t — 6(t),t + 6(t)) implies D(hy, hy) < €(he)/3.
Both statements 2. and 3. are argued as in [2].

3. Consider the space of configurations C;_(T) viewed as the b, = S (X;&)— symmetric product of
T equipped with the induced metric, D, which is complete. Since any map in U/ is tame, in view
Proposition (3.16) in [2], f,g € U with D(f, g) < €(f)/3 imply

D(81,69) < 2D(f,g). (13)

T Yr

This suffices to conclude the continuity of the assignment f ~ (5f .

To finalize the proof of Theorem (1.2)) item 1. we check first (step 1.) that the inequality extends to
all f,g € U, second (step 2.) that the inequality extends to all f, g € C¢(X,S) for X a finite simplicial
complex, third (step 3.) that the inequality extends to all f,g € C¢(X, S') for X an arbitrary compact
ANR.

e Step I.: In view of the continuity of the assignment f ~- & it suffices to verify step 1. for f,g € U
s.t. D(f,g) < = since D(f,g) < 7. Start with f,g € U and consider the canonical homotopy
hy =tf+(1—1)g,t € [0, 1] between two lifts lifts f, g of f and g which satisfy D(f, g) = D(f, 9).
Note that each h satisfies hy(u(n, z)) = hy(z) + 27n, hence is a lift, and each hy is p.1.

Choose a sequence 0 < t; < t3 < tg,---tany—1 < 1 such that fori = 1,---, (2N — 1) the
intervals (t2;—1 — 0(t2i—1),t2—1 + 0(t2;—1)) cover [0,1] and (t2;—1,t2—1 + 6(t2i—1)) N (t2i41 —
d(t2i+1), t2i+1) # (. This is possible in view of the compacity of [0, 1].

Take tg = 0,tony = 1 and to; € (tgl',l, toi—1+ (S(tzi,l)) N (t22'+1 — 6(t2i+1). To simplify the notation
abbreviate hy; to h;. In view of 2. and 3. above (inequality (22))) one has:

|t2i_1 — tgi‘ < (5(t2i_1) implies D(éh%—l,dh?i) < 2D(h2i_1, hgi) and

|t2¢ — t2i+1‘ < 5(152,'4_1) implies D(éh%, (5h2i+1) < 2D(h2i, hgi_;,_l)
Then we have

D69 < Y D", ")y <2 > D(hi,hipa) = D(f,9).
0<i<2N-1 0<i<2N-1

e Step 2.: Suppose X is a simplicial complex. In view of the density of U/ and of the completeness of
the metrics on C¢(X; S') and Cp, (T), the inequality extends to the entire C¢(X;S') in case X is
a simplicial complex. Indeed the assignment/ > f ~ 57f € Cy, (R?) preserve the Cauchy sequences.

e Step 3.: We verify the inequality for X = K x @), K simplicial complex and () the Hilbert cube.
One proceed exactly as in [2]. Since by Theorem 2.3 item 2 in [2]] any compact Hilbert cube manifold
is homeomorphic to K x @ for some finite simplicial complex K, the inequality (I3 continues to
hold for X any compact Hilbert cube manifold. Since for any X a compact ANR, by Theorem 2.3
item 1 in [2], X x @ is a Hilbert cube manifold, I : C(X;R) — C(X x Q;R) defined by I(f) = fq

is an isometric embedding and 67 = 5?52, hence the inequality holds for any X a compact ANR.
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For item 2, suppose that we are in the situation to realize 6l asa configuration of free submodules of
HN(X,¢), as it is the case in the presence of a collection of compatible splittings or, in the case x = C,
after the von Newman completion into the L (S!)—Hilbert module H%* (X). Note that Lemma 3.18 and
Lemma 3.17 in [2] imply that for a given f and (a,b) € CR(f) x CR(f) and € < €¢(f) and any g with
llg — flloo < €/3, inside HN (X&), the following two spaces are exactly the same.

The first is R R
> (i ((a, ') (07 ((a', V)

(a’,b")€D(a,b;e)Nsuppdd

with D(a, b;€) := (a — €,a + €] X [b — €,b + €), the second is

ir((a,0))(87 ((a, ).

This is explained in [2] in the first three lines after the proof of Lemma 3.18. This insures the continuity in
the fine collision topology and therefore in the natural collision topology.
]

5 Proof of Theorem

In view of Theorem[I.2]it suffices to establish the result for tame maps. We will suppose that both a, b are
regular values in strong sense. In case X is a compact manifold a number c is such regular value if f~1(c)
is a codimension one sub manifold and for a small neighborhood U > ¢, the map f~1(U) — U is a locally
trivial bundle.  _

To establish 5{((@, b)) =~ hom, -1 4 ((5 (b, a)), k[t~1,t]) for f : M — R the infinite cyclic cover of
f: M — S we apply the same strategy as in section 6 of [2]. Note that if items 1.and 2. are established for
such regular values a, b, in view of Theorem they will hold for any any a, b and any continuous map.

First one shows that the diagrams (17) and (18) in section 6 part I continue to hold if one replaces
M, M,, M®by M, My, M® and H,(M), H,(M,), H,(M®), H.(M, M,) y HBM M),
HBEM (M), HEM (M®), HEM (M, M,), HEM (M, M®). They become the dlagrams and (16) below
Here HPM denotes Borel-Moore homology. For the readers familiar with Borel Moore homology these
diagrams are familiar, for those who are not one can regard H”M as notation for the right side of the

equalities (14).

HEY(51) = i H(, 5101,
0<l—oo
H”'BM(MG‘) = &iﬂ HT(M(h Ma,l),
0<l,t—o00
HfM(Ma) _ l&n HT(M,MQHL 14
0<l—o0
HPM (NI, Mo) = Jim  Hp (M, M, U M),
0<l—o0
HPM(NL NI = fim H, (6, 510 U N, ).

0<l—o0
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HEM(31,)  —" o gy () U B (g, 1) (15)
lPDé J/PD lng
HnT M Ma s*(n—r) n—r( gy Sn=T) a
(M, M) H"™"(M) H""(M*?)
l oy )" l i) l~a .
(oo (B, 1)) (Hoey VD) = H,_, (31%))
BM ( Xrb i°(r) BM vy 30T BM T b
HPY(M°)  ————— H>" (M) ——— H>" (M, M°) (16)

lPDi’ lPD lPDg

H" (M, ) () S

| | |

~ o slde(mT)* ~ (i (n=T)) ~r \\*
(Hn—r(M, My)) e (Hp—r(M)) — (Hp—r(Mp))
If one uses HJ{BMC -+ ) instead of H,(---) one can also consider BMIFf(a, b) and BM&f(a, b) instead

of F(a, b) and 6 (a,b). We fix the attention to the Poincaré Duality isomorphism, (the composition of the
vertical arrows in the middle of diagram[15]or[16)

PDBM : HEM (3§ P s H (M) —=> (Hyo (M)

Note that all three terms of this sequence are [t~ !, #]—modules and the two arrows are [t !, ] —linear.
Let us remind a couple of defmitions from [2]].

- Fora,b € R denote by G,’f(a, b) = HT(M)/I[fj—FHl]’; and by p(r) : H,(M) — G,f(a, b) the canonical
projection on the quotient space. i ) i
- Forabox B = (a',a] x [b,V) denote by G¥ (B) := ker(G{ (a/,¥') — G{(a’,b) x

N f /
i ) i 3 G{(a,b) G'f' ((Z,b),
by u, : Gf (B) — Gi (a/,b") the canonical inclusion and by 6,.(B) : F/ (B) — Gﬁ_r(B) the canonical
isomorphism described in [2]] Proposition 4.5.
- Forthe box B = (d/, a] x [b,V') denote by B’ the box B’ = (b,V'] x [d/,a).
Proposition 5.1
1. For any a, b regular values the Poincaré Duality isomorphism restricts to an isomorphism

PDEM (a,b) :BM Ff (a,b) — (GI_, (b, a))".

2. For any box B with all a,d’,b,t regular values PDPM induces the isomorphisms PD;BM(a, b),
PDBM(B), making the diagram below commutative.
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~ BM a/ / ~
BMES (o o) — 2 (I, a)) (17)

pPDBM 7

BMR] (4, b) (G, (b, a))*
sVE](B) . (G (B) === (], (B
H;BM(M) ot (Hn—r(M))*
Proof:

Item 1.: In view of diagrams and one has img iq(r) N img ib(() = ker j,(r) Nker j°(r) =
ker(i*(n — r))* Nker(ip(n — r))* = (coker(iy(n —r) ®i%(n —r))* = (Gf;,r(b, a))*. The first equality
holds by exactness of the first rows in the diagrams, the second by the equality of the top and bottom right
horizontal arrows and the third by linear algebra duality.

Item 2.: Note that the image of the diagram

GL(b,a') — (GI_ (. d)

Therefore 3™ PD,. induces a linear map from BMF,.(B) = cokerF(B) to (ker(G(B'))* = G!_ (B).
|

For ¢, ¢ critical values of f, by choosing @’ =c—¢,a=c+eb=c —eb =c+ee<e(f),and
in view of Proposition (3.2) item 2., BM&{(C, d)=F{(B)and 6! _(¢,c)=F/_(B)=G!_ (B'). Then
from diagram one derives
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~ BM (, ~
BMRS (4, b) PD, " (ab) (GL_ (b,a))* (18)
BMGT (4. b) ‘p: 6/ (b,a))*
_ BM B
HEM (1T) i (Hy (VD))"

with the horizontal arrows isomorphisms, the vertical injective and the oblique arrows surjective.
The key observation for finalizing items 1. and 2. is the following proposition.

Proposition 5.2 The k— linear maps FL(a,b) —BM FI(a,b)
1. are compatible with the deck transformation,
2. are surjective,

3. have the kernel independent on (a,b), equal to the kernel of the k[t=1, t]—linear map H,(M) —

HBM (M) which is equal to T(H,.(M).
Precisely one shows that one has a natural short exact sequence
0 — Cr(M) = F(a,b) =BM F/(a,b) — 0

which is compatible with the action provided by the deck transformations and leaving C (M) invariant,
and C,.(M) is exactly the k[t~1, ]—torsion of the H,(M). Precisely one has the following commutative
diagram.

0— Cp(M) F/ (a,b) BMES (4.p) — -0 (19)

} - v
0 Co (M) ——F/ (a+ 2m,b + 27) — = BMFL (a + 27, b+ 27) — 0

with C;.(M) as stated.

The proof is derived from the diagram (20) below where —I < a’ < aand b < b/ < t. By passing to lim-
its [, t — oo, diagram induces diagram (21) which provides the relation between F,.(a, b), F,.(a’, b'), H,(M)
and their Borel-Moore versions.
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- _ - (r—1 it(r—1) ~

Hy (M) —=—= H,_1(M_j) —— H,_y(M_y U M") ~—— H,_1(M") <——— H,_1(M?)

i () ' (r)
~ s T - T ~ .,
H’I’(Ma/) HT(MCL)THT( ) ,L‘b(,’,.) Hr(Mb) Hr(Mb )
H, (VL) H, (V1) — =% B, (¥ 1 1% <" B, (1) <= H,(0T")
(20)
The vertical columns in the diagram (20) are exact sequences.
iBM (r)
. T - iPM(r ~ ~
HPM (W) —— HPV () o= BPY () S BPY () <— PV (EY) @)
T T T T
~ - ia(r - i (r ~ ~
H(My) Hy (8) — o H, (V) <= H, (") < H, (31"

The diagram implies Item 1.

Since BMIF,f(a, b) = img((iZM (1)) Nimg(iBM)*(r)) and img(i_;(r) Nimg(it(r)) = 0 for any r, 1, t,
a careful analysis of the projective limit and of the diagram (20) implies

F/ (a,b) =M Ff(a,b)
is surjective, (hence Item 2. holds), with kernel isomorphic to

lim  img(H(M_;UM") = Hp(M)) = Lo + 1% = C(M).
0<lt—o0

In view of Proposition 1) C,(M) is equal to T'H,.(M) hence Item 3. holds too.

qg.e.d

The diagram and the above observations induce the diagram (22) with first three horizontal arrows
isomorphisms and the last arrow injective and x[t !, {]—linear.
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5/ (a.b) Prab 61 (b,a))*
HY (M5 €) o (HY (M €)*
~ (22)
The first three horizontal arrows are isomorphisms in view of the isomorphism Fi(a,b)/T(H, (M) ~BM
Ff (a,b). The last arrow is the composition
H,(M)/TH,(M) = HY(M;€) — HZY (M)/T(H (M)) — 23)

— (Hpr (M))* /T ((Hp—r (M))* = (HY (X;€))*

with the first arrow in (23) x[t~!,¢]—linear and injective and the second arrow in (23) x[t~!,¢]—linear
and isomorphism. Indeed, the kernel of the first is exactly the x[t~!, t]—torsion of H,(M). The module
H,_.(M)isaf.g. hence H, (M) = HN (X;¢)®T(H,_,(X)).Hence H,_,(M)* = (HY (X;€))®
T(H,_,(X))*. Since (HY ,(X;&))* has no torsion elements and T'(H,,_,.(X))* consists of torsion ele-
ments one has (H,_,(M))*/T((Hp_(M)*) = (HN(X;€))* which establishes the isomorphism men-
tioned above. Note that HY . (M;¢))* is NOT af.g [t~!, t]—module.

In view of the commutativity of the diagram

PD,(a,b)

51 (a,b) (67 r(b, a))* (24)

| |

A F PDr(ap)f
61 (a + 27, b+ 2m) ol £_rr(b + 27,0+ 2m))*

one defines
PD,{(a,b) := @rezPD(a + 27k, b + 27k)
and one observes that

hom,g-141(87 (a,b), k[t ]) = Brez (8 (a + 27k, b + 27k))*

with the right side a x[t !, #]—module, whose module structure is given by the isomorphism ®ycz7,(a +
2rk, b+ 27k).
One obtains the isomorphism of [t~!, ¢]—modules

PD(a,b) : 6 (a,b) = hom, g1 (8], (a, b), [t ™", 1),

which implies suppéff C suppd,_,. Because suppéfi_r C suppd, one obtains that suppd, = suppd,_, and
in view of the non canonical isomorphism (induced by a compatible collection of splittings)

P 54 (a,b) = TN (M;€)
(a.b)
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one has the non canonical isomorphism
H7N<M7 f) = homfi[tfl,t] (H7]LV—7“(M; 5)7 ﬁ[t_l7 t] = Hr]LV—r(M; 5)

The last isomorphism ”~" is true because both are free modules of rank S~ (X; ).

Item 3. What follows is only an informal presentation of the arguments for Item 3. A detailed presenta-
tion will be provided in [5].

In case < = C and M is a Riemannian manifold, hence M is also equipped with a Riemannian metric,
the Poincaré Duality linear isomorphism

PD= lim H.((M,M_;UM") = (Hy(M(=1,t))*
0<lt—o0
should be regarded in the category of vector spaces with scalar product. Each of these vector spaces are finite
dimensional and equipped with a scalar product induced by the Riemannian metric (via the identification of
HYN (M ¢) with Ly—harmonic forms in degree (n — ) on M). The appropriate inverse limit in this setting
leads to
PD™ : HY(NI) — (HL,(N))* = HE2, (M)

where “’x” here means the Hilbert space dual. The C[t~!,t]—linearity of the map P D, becoming in this
setting the morphism P D2 of L>°(S!)—Hilbert modules. Clearly in this settings the diagram becomes
a diagram of finite type Hilbert modules and the linear surjections receiving a canonical splitting provided by

the orthogonality inside Hilbert modules. These lead to a canonical realization 5! (a,b) as a closed Hilbert
module inside H2(M). The Poincaré Duality isomorphism in this case, via the identification of H2(M)
with the Ly—harmonic (n — r)—forms is explicitly realized by the Hodge star operator.

6 Some consequences

Observation 6.1

1. A pleasant consequence of Theorem is that (¢, ') € supp(i,f iff (dc) € suppéi_r and both pairs
appear with equal multiplicity 5{ (c,¢) = 5 _.(de).

2. Theorem remains valid by the same proof in case M is a compact manifold with boundary
(M,0M), provided HY (OM;4,,,) anishes for all r. In particular, under the above hypothesis ,
HYN(M; &) = H) (M3 €5).

Corollary 6.2 Suppose (M?",0M?") is a compact manifold with boundary which has the homotopy type
of a simplicial complex of dimension < n and ¢ € H'(M;Z) s.t HN (OM; £9pr) = O for all v. Then:

I 5,{V(X:§): {Oifr;ﬁn

) , with x(M) the Euler -Poincaré characteristic with coeffi-
—1"x(My) ifr #n
cients in K.

_ if
2. B(X) = -1+ apifr7n , where o, denotes the number of Jordan cells J.(M, &),
Qp—1+ an + _1nX(Mn)
cf [3)] or [4)]) with eigenvalue is equal to one.
3. If V=l c M?" is compact proper sub manifold with Poincaré dual & ¢ (e, V. .h OM|"|and

VNOM = 0V)and H. (V') = 0 the set of Jordan cells J.(M, &) is empty.

Owith fsas notation for the restriction of f to M
"h= transversal

24



Item 1. follows from Observation (6.1) and the fact that both Betti numbers and Novikov—Betti numbers
calculate the same Euler—Poincaré characteristic. Item 2 follows from Theorem 11 item c. in [4], and Item
3. from the description of Jordan cells in terms of linear relations as provided in [[1] .

As pointed out to us by L Maxim, the complement X = C™ \ V of a complex hyper surface V' C
C"V = {(z1,29, - 2zn) | f(z1,292,-+2,) = 0} regular at infinity, equipped with the canonical class
§feH Y(X : Z) defined by f : X — C\ 0 is an example of an open manifold with an integral cohomology
class which has as compactification a manifold with boundary with a cohomology class which satisfies the
hypotheses above.

Item 1. recovers a calculation of L Maxim, cf [13]] and [[14] that the complement of an algebraic hyper
surface regular at infinity has vanishing Novikov homologies in all dimension but n.

7 Appendix (on Borel Moore homology)

Recall that M (a,b) and M (c) denote the compact set f~!([a,b]) and f~'(a ) which for a, b, ¢ regular
values are sub manifolds (with boundary in the first case). We also denote by M, = f~! ((—o00,a)) and
N = F1([b, ).

Note that the Poincaré Duality for bordisms provides the isomorphisms

PD(fl,a):Hr(M( l,a),M(—=1)) — H" T( [(—1,a),M(a)), -l < a

PD(b,t) : H.(M(b,t), M(t)) — H" " (M(b,b+1), M(b)) t>b (25)
D(—1,t) : H.(M(=1,t), M(=1) U M(t)) = H* " (M(—1,+t)), t,l > 0.

Combining with excision property in homology or cohomology and passing to limit when 0 < [ — oo,
(or 0 < l,t — oc0) one derives the Poincaré Duality isomorphisms

PD}:HBM(M,) — H" " (M, M?)
PDb:H M (M) — H""(M, M)
PD:H M (M) — H™ " (M) (26)
PDS:H M(M MP) — H™ " (M,)
PD? :HPM (M, M,) — H" " (M?)
where PD; = lim PD(~l,a), PD{ = lim PD(b,t)
e o)
PD= lim PD(-l1) 27
l—00,l—00

PDy= lim PD(-lLt), PD§= lim PD(-lt).

l—o00,t=b t—o0,—l=a
For example, in case of the first isomorphism in (26)),
HPM(My) = lim (H (M (1, a), M(=1))
l—o0

H"" (N, M%) = H"™" (M, M(a)) = lim H" (M (~1,a), M (a))

where the passage from [ to I’ I’ > [ in the first equality above is derived from the commutative diagram

2The Friedl-Maxim results state the vanishing of more general and more sophisticated Lo—homologies and Novikov type
homologies. They can be also recovered via the appropriate Poincaré Duality isomorphisms
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HT(M(*Z’ a)? M(*l)) — HT(M(il/’ CL), M(*l,a *Z)) - HT(M(7ZI7 a)a M(*l/))

| |

H"(M(—~1,a), M(a)) H"(M(~',a), M(a))
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