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The struggle is not to turn out students into mathematicians. Instead, we must in-
troduce them to some of the greatest benefits of mathematical training. What they see
in our classes must in some measure explain why somebody might dedicate his life to
mathematics; it must explain why that is as valid a choice as physics or engineering. The
overwhelming majority of students in the sciences and related fields will take one of our
courses — if not several of them. We are in a position to affect our culture and to shape
how our subject is viewed. The unfortunate thing is that we have been in this position for
a very long time, and we have been ignoring the responsibility it presents. We are entirely
culpable for the astonishing ignorance regarding even what it is to pursue mathematics,
let alone its content or applicability. While physicists talk about wormholes and biologists
talk about cryogenics, mathematicians don’t talk about anything, and people hear only of
“numbers” and “equations” and “models.” Neither mathematics nor society is served by
this.

Mathematics is about ideas, and much of its progress is guided by aesthetics. Nei-
ther is present in the typical college math course. Rather than show students what it is
all really about, we reinforce the very misconceptions which years of schooling by non-
mathematicians has created. This happens because the curriculum has a momentum of
its own. This happens because it is convenient, taking less time and energy away from
our research. This happens because we think of our calculus courses as service courses
(business calculus, calculus for bio students, etc.), which means we don’t really think of
our students as our students. This happens because we aim to teach tools, not concepts,
despite the fact that facility with the integral is of far less use in any field than facility
with what an integral means.

A student who has taken a math course from a mathematician should be able to explain
what we mean by the word “mathematics,” what a mathematician does, and why somebody
would do this. He should understand that mathematicians see beauty in their work, and
that proofs serve as a tool for viewing what cannot be otherwise apprehended. He should,
ideally, see some of that beauty himself, and know an example or two of why proof is
the only meaningful way to make progress in our field. And these lessons should be the
byproduct of learning the requisite material well, not a replacement for it.

We must ask ourselves, what makes a class compelling? What makes a student cherish
a course taken outside his subject area? Because if our classes are to have an impact, they
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should not only be interesting, but inspiring. If a history class can be filled with beautiful
ideas and exciting readings, why can’t a math class? If we’re honest, perhaps it is because
we believe our subject to require more work, or possess more substance. But if we expect
a student to spend eight hours a week on homework in order to succeed, we can certainly
afford to redirect some of that away from mechanizing the application of the product rule,
and towards understanding the distinction between a limit and a derivative. It may seem
that making elementary differentiation routine is a useful step towards facility with the
calculus, but in the typical course, this has become the primary goal, and accordingly the
sole means of assessment.

In no area of academia is it sufficient to convey facts devoid of meaning. This serves
pedagogical purposes —- why memorize the date the Crimean War started if you cannot
explain why that war is important? But there is a larger reason. Knowledge is useless
without understanding. Students gain nothing by memorizing formulas for ten weeks while
never contemplating what the formulas say, how they might be discovered, or why they are
useful. The homework we give must overcome the tendency for students to do just that. It
should encourage thought while discouraging the pattern-matching and mimicry of prior
examples usually employed in a defense against comprehension. In order for this to be
possible, the homework load cannot be too vast —- the optimal strategy for a good mark
while minimizing stress must favor a large amount of time spent on each problem. It is
here that understanding can occur. A move towards larger, more conceptual problems also
permits more to be said about why the mathematics a class covers is useful, interesting,
or even beautiful.

If students expect only to take down notes (often at a draining pace), no thought is
occurring in class, and chances are good that little thought is occurring outside of class
either. After half an hour of vigorous note-taking, the process is purely mechanical. No
awareness of what is being written should be expected. The ideal situation is where
students are fitting new knowledge into the larger picture as they acquire it. Retention is
heightened when students do not receive information passively, but dwell on it. Similarly, a
student gains much more by attempting to work out an example than by copying what an
instructor writes on the board. If given two minutes to work on a problem or think about
what a theorem or formula says, students will exhibit buy-in — they will have an interest
in the answer which they wouldn’t have had otherwise, and are more likely to attempt
to understand that answer after class has ended. A short break to think also improves a
class’s attention, helping them to understand the material they’ll receive in the following
ten minutes. Most importantly, the classroom should not act as a substitute for taking
good notes on the textbook, particularly since in the classroom setting, all the beneficial
work of condensing and organizing the material is performed by the instructor, not the
student.

One of the great advantages we have in teaching students is the opportunity for en-
gagement in the classroom. Humans build meaning out of interaction with others. If the
student ceases to be anonymous, his work and his commitment will respond. I also firmly
believe that people perform to the level of expectation. It is important to convey to each
student that you not only expect a lot of them, but that you believe their performance can



be something they should take pride in. Presence in the classroom means that the instruc-
tor should know in real time what the class is comfortable with. For this, interspersing the
standard lecture with targeted questions is powerful. They allow not only for assessment,
but regather students’ attention, in the long run creating a classroom in which the average
student is far more aware than she might otherwise be.

This is presupposing that a familiarity with mathematics (rather than a mere facility
with the mechanics of arithmetic and algebraic manipulation on the low end, and with
differentiation and matrix inversion on the high end), is worthwhile to the non-major. I take
as self-evident that in any of the sciences which utilizes these tools, a deeper understanding
presents clear advantages. Any sufficiently precise study of well-defined concepts and their
consequences leads to mathematics. This is why applied math is ubiquitous in so many
fields, and it is why deeper mathematical training would be useful to practitioners of the
fundamental sciences. But the sheer utility of mathematical tools is actually the greatest
detriment to giving students access to the power of mathematics. Not only does it lead
to emphasis on mechanics rather than understanding, but it distracts from the greater
contributions we can make.

What we have to offer is the one arena in which the consequences of precise and definite
knowledge may be explored. Not only do we alone engage in discussion of well-defined,
absolutely meaningful objects, but they are compelling ones. A student dealing with
proofs for the first time will arrive at a vast number of seemingly correct proofs, relying
on intuitively obvious facts. The difficulty in appreciating that the value of a proof is lost
if it relies on unproven statements may stem from an assumption that these intuitive facts
must be easy to show true. But the student quickly finds that sometimes these intuitively
obvious facts turn out to be false, and often they are harder to prove than the statement
under question. Suddenly the short response essay on “What started the Civil War” seems
ludicrous.

This is pragmatic, rather than philosophical. If the route from intuition to actually
seeing why something is true, even at the level of 0 ·a = 0∀a ∈ R is one which few students
can easily traverse, and the properties about intuitively similar objects are not robust
under seemingly slight perturbations of the definitions (as in the the fact that showing a
curve drawn from the lower half plane to the upper must cross the x-axis requires a subtle
property of the real numbers), then how can one reasonably expect to decipher global
warming, where no definitions and no precision are present? How can one be an informed
citizen when under the impression that one can always reason out which side is right and
which is wrong? Where other college courses will train students to take a side and argue for
it, arriving at a conclusion and “showing” that it is correct with the one guiding principle
being that it is not acceptable to straddle the fence, mathematics can teach humility and
the hopelessness of certainty in the face of vague, poorly understood issues. One of the
few things common to the two cultures of the humanities and the sciences is the lack of an
appreciation for this principle.

But while mathematics should contribute to creating rational citizens in a way that
other disciplines cannot, this is not the primary justification for mathematics education.
The greatest reason that students should be taught actual mathematics is the same as



the reason that they read Shakespeare: it is profoundly beautiful, mysteriously deep, and
a part of mankind’s heritage. If we convey this well, it should make mathematics every
student’s favorite class. That is the mathematician’s task. The struggle is not to turn our
students into mathematicians, but to turn their children into mathematicians.


