Math 254 (Instructor Sergei Chmutov)

Calculus of differential forms
Definition. A differential k-form is an expression written as a sum of terms which are a function times a
wedge product of k differentials of coordinates.

Example of a 2-form. w = (2® —y) de Ady + SWE g Adz + ye "% dy A dz.
r—=y
o Wedge product is similar to an ordinary product, but it is anticommutative dz Ady = —dy A dx.

In particular, this implies that the wedge product of two equal differentials is zero dz A dz =0

o Differential of a k-form w = fdziAdzaA. .. Adzxy is equal to the (k+1)-form dw = d(f)Adzi AdzaA. . . Adxy,.
Examples.
(i) If ¥ = f(x,vy,2) is a O-form, then dw® = df = %dm + g—idy + %dz = frdz + fidy + fldz.
(i1) If w! = M(z,y, 2)dx + N(z,y, 2)dy + P(x,y,2)dz, then
dw' = dM Adx+dN Ady+dP Adz
(M} dx + M dy +M.dz) A dz + (N,dx +N,dy +N.dz) A dy + (Pjdz +P)dy +Pldz) A dz
= MM+M;dy/\dx+M;dz/\d:r
+Nydx N dy + Nydy~dy + Nidz A dy
+Ppdr A dz + Pydy A dz + Pld=~dz

= (=M, + N})dz Ndy + (—M. + P})dx Ndz+ (=N. + P)) dy Adz

(ii1) If w? = M(z,y, 2)dy A dz + N(z,y,2)dz A dz + P(x,y,2)dx A dy, then

dw? = dM NdyAdz+dN AdzAdx+dP AdzAdy
= (Mjdx+ M)dy+ M.dz) Ady Adz+ (N,dx + Njdy + N.dz) Adz A dzx
+ (Pjdx + Pjdy + Pldz) A dx A dy
= Mydx Ndy Adz + M, dy rdyNdz + M dz Ay 75 dz + Node AdzNde + Nydy A dz A da

+NldzrdzNdx + Poder-drdy + P,dy Ada7dy + Pdz A dx A\ dy

= (M}, + N, +Pl)dzNdyAdz

Differential forms and vector fields in R?

differential forms vector fields
w‘(;:f(x7y)z) %\
= function f(x,y,z2)
w} = fdx Ndy A dz <~
wp = Mdz + Ndy + Pdz
; vector field F = M (z,y,2)i+ N(z,y,2)j + P(x,y, 2)k
wE = Mdy ANdz+ Ndz ANdx + Pdz ANdy <]

Differentials:

o _ 1
dwp = Wraq(s)
dw%‘ = wgurl(F)
dug = wgiv(F)
Integrals:
dim=0: /w? = f(a), where ais a point.
dim=1: / wp = j{ F.-dr, where C isa curve.
c c
dim =2: /w% = // F-ndS, where X is a surface, and n is the
b z unit normal vector directed upward.
dim =3 : / wfz = /// f(z,y,2) dV | where D is a solid region.
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General Stokes’s Theorem

/ w:/dw
oM M

where w is a k-form; M is an ori-
ented (k + 1)-dimensional man-
ifold; the orientation on OM is
induced from M

The Fundamental Theorem of
Line Integrals

0 1
w = w
/ac ! /c grad(f)

Stokes’s Theorem

/ wlli‘ = /wgurl(F)
C=0% >
f F.dr = / / curl(F) - ndS

The Divergence Theorem

2 3
/ wWgp = / Wdiu(F)
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