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Vassiliev skein relation: |v(:

V, = {Vassiliev invariants of order < n}. symb(v) :== v|
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The Kontsevich integral.
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Horizontal invariance
Tangle multiplication

Ly ).

Tangled chord diagrams.

Tangled 1T relation: A =0 or \ / = 0.

Tangled 4T relation:  t;; == (—1)* |H| ,

iy

[tij + Lk, tjk] =3

..................

...................................

.............................



Horizontal deformation: T).

A=Ay x|[0,1] = { (

Stokes’ theorem: /Q = /dQ = (), since df2 = 0.
0A A

OA = Ay — Ay + > {faces}. We prove that €

{face} "

Restriction to the face {t; = tp41}:

(—1)! W wig Awyg + (—1)t W wiz A w13
+(=1)! H_J wis Awiz + (=1)* Fj:‘ wiz A wag
+(—1)! w woz Awig + (—1)t r’yi‘ wag A W13




1)t

W (o H_D ora A
1 t_H — (=1} FI:D wo3 N\ w31
IR,

— ((—1)l W (—1)l w> (w12/\w23+w23/\w31+w31/\W12) — 07

because of the Arnold identity:

df dg dg dh dh df
+g+h=0 = A=+ ZLA—4+—NZ =
S+ f g9 g h h f

(in our case f =2y — 29, g = 29 — 23, h = 23 — z1)
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Example. R = 7 X )= exp<§) Y

t n----- 7 Indeed, for one chord:
o 0 0
A 1 dz—d2 (1 [de"
AT [RTE T (n [)R
s, | s “
z(t)=e"* — - _ - _-_
sy -1 = () %
For two chords:
I 1 ; 14452
1
— . dt dt:(— — dt)- :—(—)- |
4772//521 47r2/11§ 22><
- 1 —T
. 1 /44\n
For n chords we will have: E<7) ><



Example.

The coefhicient of the chord diagram @ in 2 (@ )

Out of the total number of 51 pairings the following 16 con-

VAVAVAVAY,
(k) € A = {(12), (13), (24), (39)};

blm = bm - bl;
(Im) € B := {(13),(23), (14), (24)}.

tribute to the coefficient:

VAVAY,
)

YN

The coeflicient of @ is equal to

/ > (=1 g A d by,

A (jk)€A(Im)eB

1 .
_ 4_7-(-2\/ Z (_1)]+k+1d1najk A Z (_1)l+m—1dlnblm
A

(Jk)eA (Im)eB

(\]

1 (12034 b14093
=— — [ dln A dIn =
4dm A/ 13024 b13024



Change of variables
(reversing orientation):

_ 412034

a13a24’

__ bi4bos
b13b24”




Goussarov Theorem

The Conway polynomial
Vi) -viSy ==vii b vi(O)=1.

V(K) =1+ co(K)z* + ey(K)2* + ...

~

(S0 — (S = k() 0 () =0.
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3O — lu__ 3o
iw/ Gauss diagrams of 31: 20@2“
3u lo

121311213
ou\ojuo|u /;;;;\

1o 2u 30 1u 20 3u

oK) = (@ .Gx) = (- QD -+ Q. C) -

Map I : Z[GD] — Z[GD],  I(D):= » D'




Theorem (Goussarov). For any v € V), there is a func-
tion ¢ : Z|GD| — Z such that v = co I and ¢(D) =0 for
|D| > n.

D'CD

c=vpol] 1

However one should extend v to non-realizable Gauss dia-
grams.

Mixed Gauss diagrams with chords representing sin-
gular knots.

A Gauss diagram is descending if

(1) all the arrows are directed to the right, and
(2) no endpoint of an arrow can be followed by the left
endpoint of a chord.

Forbidden situations: ‘ C \ C .

Lemma. FEach long chord diagram with signed chords
underlies a unique (up to isotopy) singular classical long

knot that has a descending Gauss diagram.
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Its Gauss diagram

Descending singular knot

A map P making a diagram “more descending”:
(1) Replace all the left-pointing arrows of D by the right-

pointing according to the Vassiliev skein relation:

LN — Nt ey

) Remove “prohibited pairs”:

e e

For a (non-realizable) Gauss diagram D there is a number
m such that P"(D) is a linear combination of descending
diagrams, modulo the diagrams with more than n chords.

Extend of v to non-realizable Gauss diagrams.

If D is a descending Gauss diagram with signed chords,
there exists precisely one singular classical knot K which has

a descending diagram with the same signed chords. We set



v(D) = v(K). Now, if D is an arbitrary diagram, then we
apply the previous algorithm to obtain a linear combination
>~ a;D; of descending diagrams. Set v(D) := > av(D;).

]

Vassiliev invariants coming from the

HOMFLYPT polynomial

P —a ' P =P () PO = 1.

Make a substitution a = e and take the Taylor expansion
P(K) =" pri(K)h*2.
k,l

Goussarov’s Lemma.

The coefficient pr; is a Vassiliev invariant of order <

k+1.

pri(K) = (A1, Gk)



Combinations A;; for small £ and /.

0;

Asp =

0;

Aoz =

Asp=—4A12;

@D DO

Ao =

=X=]

78 terms.
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