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Born: June 17, 1956. Davyd Haradok, Belarus.

1957

Vasilii Nikanorovich Duzhin, 1921-1998

Nadezhda Vasilievna Silivestrova, 1923-1985

1959
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Davyd Haradok→ Mahilyov, 1957.
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Mahilyov, Belarus, 1960.
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Mahilyov→ Moscow, 1972.
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Moscow, 1972-1981.

Moscow State University.

A.M.Vinogradov
University of Salerno (Italy)

Undergraduate: 1972 —1978.
Ph.D. program: 1978 — 1981.
Ph.D. thesis: “On some versions of

the C-spectral sequence”.
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Moscow→ Mahilyov, 1981.
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Mahilyov, 1981-1985.

Mahilyov Pedagogical Institute.

1988 2004
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Mahilyov→ Pereslavl-Zalessky, 1985.
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Pereslavl-Zalessky, 1985-1998.

Program Systems Institute of the Russian Academy of
Sciences.
A.M.Vinogradov: Laboratory of Problems of Big Dimension.
S.V.Duzhin: Laboratory of Problems of Small Dimension.
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Pereslavl-Zalessky, 1985-1998.
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Sergei Duzhin
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Vassiliev knot invariants.

Vassiliev skein relation: v( ) := v( )− v( ) .

Definition. A knot invariant v is a Vassiliev invariant of order
(or degree) 6 n if its extension vanishes on all singular knots
with more than n double points:

v
(

. . .︸ ︷︷ ︸
>n

)
= 0 .

V0 ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vn ⊆ Vn+1 ⊆ · · · ⊆ V :=
∞⋃

n=0

Vn .
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Vassiliev invariants. Example: Conway polynomial.

∇( )−∇( ) = z∇( ) ; ∇( ) = 1 .

∇(K ) = 1 + c2(K )z2 + c4(K )z4 + . . . .

∇( ) = z∇( ) .

ord(c2k ) 6 2k
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Vassiliev invariants. Chord diagrams.

.

Lemma. The value of v(K ) of a a Vassiliev invariant v of order
ord(v) 6 n on a knot K with n double points depends only on
the chord diagram of K .

Example. n=2

K1 = K2 = ,

v(K1) = v(K2)

Definition. The symbol wv of v is a restriction of v to the set of
knots with precisely n double points, considered as a function
on the set of chord diagrams.
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Vassiliev invariants. One- and four-term relations.

wv ( ) = v( ) = v( ) − v( ) = 0 ,

wv ( ) − wv ( ) + wv ( ) − wv ( ) = 0 .

v( ) − v( ) + v( ) − v( )
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Vassiliev invariants. Proof of (4T).

v( ) − v( ) + v( ) − v( )

v( ) − v( ) − v( ) + v( )

v( ) − v( ) − v( ) + v( )

�
�
�
�
�

�
�
�
�

�

�
�
�
�

�

�
�
�
�
�

�
�

�
�
�

�
�
�

�
�

�
�
�

�
�

�
�
�
�

�

= 0

Sergei Chmutov In memory of Sergei Duzhin (1956—2015)



Vassiliev invariants. Weight systems.

Definition. A weight system w of order n is a function on the
set of chord diagrams with n chords which satisfies (1T) and
(4T) relations.

w( ) = 0

w( ) − w( ) + w( ) − w( ) = 0 .

Theorem. [M. Kontsevich’93 ] Any weight system is a symbol
of an appropriate Vassiliev invariant of order 6 n.
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Vassiliev invariants. Algebra of chord diagrams.

Definition. An is C-vector space spanned by chord diagrams
modulo (1T) and (4T) relations:

(1T) = 0

(4T) − + − = 0 .

Vn/Vn−1 ∼= (An)∗
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Vassiliev invariants. Upper bound.

Theorem. dimAn 6 (n − 1)! Proof. D ∼
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Vassiliev invariants. Upper bound.

S. Chmutov and S. Duzhin’94:
dimAn < (n − 1)! ≈

√
2πn

(
n
e

)n
.

K. Ng’98: dimAn < (n − 2)!/2.

A. Stoimenow’98: dimAn < n!/an, where a = 1.1.

B. Bollobás and O. Riordan’00:
dimAn < n!/(2 ln(2) + o(1))n ≈ n!/1.38n.

D. Zagier’01; dimAn <
6n√n·n!
π2n . n!/an for

a < π2/6 = 1.644....
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Vassiliev invariants. Intersection graph.

D =

4
2

3

4

5

3

1

2
1

5 4
1

2

3

5 =: Γ(D)

Intersection Graph Conjecture. If D1 and D2 are two chord
diagrams with Γ(D1) = Γ(D2), then D1 = D2 as elements of A
(that is, modulo 4T).

Observation. Chromatic polynomial of Γ(D) is a weight
system.

Sergei Chmutov In memory of Sergei Duzhin (1956—2015)



Vassiliev invariants. CDL.

Sergei Lando
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Vassiliev invariants. CDL2.

Theorem. The intersection Graph Conjecture holds when Γ(D)
is a tree (forest).

B. Mellor, The intersection graph conjecture for loop diagrams,
J. Knot Theory Ramifications 9 (2000) 187–211.

Counterexample to the IGC in order 11: T. Le and H. Morton,
P. Cromwell’96.

S. Chmutov, S. Lando, Mutant knots and intersection graphs,
Algebr. Geom. Topol. 7 (2007) 1579–1598.
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CDL3. Chromatic polynomial χΓ(x).

Definition 1. χΓ(x) = # of proper colorings of Γ in x colors.

Definition 2.
χΓ = χΓ−e − χΓ/e ;
χΓ1tΓ2 = χΓ1 · χΓ2 , for a disjoint union Γ1 t Γ2 ;
χ• = x .

Example.
χ = x(x − 1)(x − 2).
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CDL3. Weighted Chromatic Polynomial χ̃Γ̃.

Weighted graph Γ̃ is a vertex-weighted by natural numbers
graph without loops and multiple edges.

Definition. χ̃
Γ̃

= χ̃
Γ̃−e + χ̃

Γ̃/e ;

χ̃
Γ̃1tΓ̃2

= χ̃
Γ̃1
· χ̃

Γ̃2
, for a disjoint union Γ̃1 t Γ̃2 ;

χ̃•w = sw .

Example.

χ

1 1

1 = χ

1 1

1 + χ

1 2

= χ

1 1

1 + 2χ
1 2

= χ

1 1

1 + 3χ
1 2

+ 2χ
3

= s3
1 + 3s1s2 + 2s3 s1 = x

s2 = −x
s3 = x

= x(x − 1)(x − 2) .
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R.Stanley’95. Symmetric Chromatic Polynomial XΓ.

Richard Stanley, A symmetric function generalization of the
chromatic polynomial of a graph, Advances in Math. 111(1)
(1995) 166–194.
Definition. XΓ(x1, x2, ...) =

∑
κ:V (Γ)→N

proper

∏
v∈V (Γ)

xκ(v) .

pn :=
∞∑

i=1

xn
i .

Example.
X =

∑
i 6=j 6=k 6=i

xixjxk =
∑
i 6=j

xixj(p1 − xi − xj)

= p1
∑
i 6=j

xixj −
∑
i 6=j

x2
i xj −

∑
i 6=j

xix2
j

= p1
∑

i

xi(p1 − xi)−
∑

i

x2
i (p1 − xi)−

∑
i

xi(p2 − x2
i )

= p3
1 − p1p2 − p1p2 + p3 − p2p1 + p3 = p3

1 − 3p1p2 + 2p3 .
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Stanley’s conjecture.

Conjecture. Symmetric Chromatic Polynomial XΓ distinguishes
trees.

S. Noble, D. Welsh, A weighted graph polynomial from
chromatic invariants of knots, Annales de l’institut Fourier 49(3)
(1999) 1057–1087.

Theorem. XΓ(p1,p2, ...) = (−1)|V (Γ)|χ̃
Γ̃
|si =−pi

.

Generalization of the weighted chromatic polynomial to graphs
with loops in a sense of Tutte adding another variable
responsible for loops.
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Kontsevich integral

2001 2006
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Vassiliev invariants. Lower bound.

1999

M. Kontsevich [Ko]: “... using
[BN] (Exercise 6.14) one can
obtain the estimate

dim(Pn) > ec
√

n, n→ +∞ .”

D. Bar-Natan [BN]:“Exercise
6.14. (Kontsevich, [Ko]). Us-
ing the correspondence like

4 2 23 10+1=4+3+2+2

show that dim(Pn) is greater
or equal to the number of par-
titions of n + 1.”
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Vassiliev invariants. Lower bound.

S. Chmutov, S. Duzhin, S Lando’94: dimPn > 1.

S.Chmutov, A. Varchenko’95: dimPn > [n/2].

S. Duzhin’96: dimPn & n2/96.

S. Chmutov and S. Duzhin’99: dimPn & nlog n.

O. Dasbach’00: dimPn & ec
√

n for any constant
c < π

√
2/3.

dimAn & en/ logb n for any constant b < π2/6
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S. Duzhin, A. Kaishev, S.Chmutov, 1998

1999

1999

w10 = d10 =
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Arnold’s invariants of curves 1997
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Pereslavl-Zalessky→ St.Petersburg, 2001.
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Moscow Mathematical Journal, 2003
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Sergei Duzhin. Later papers.

S. Duzhin, On the Kleinian weight systems. In
“Low-Dimensional Topology of Tomorrow”.
Suurikaisekikenkyuusho Kookyuuroku 1272 (2002) 84–90.
S. Duzhin, J. Mostovoy, A toy theory of Vassiliev invariants.
Moscow Mathematical Journal 6(1) (2006) 85–93.
S. Duzhin, M. Karev, Detecting the orientation of string
links by finite type invariants. Funct. Anal. Appl., 41(3)
(2007) 48–59.
S. Duzhin, Proof of Przytycki’s conjecture on matched
diagrams. Doklady Mathematics, 84(3) (2011) 787–788.
S. Duzhin, Conway polynomial and Magnus expansion.
St.Petersburg Math. Journal, 23(3) (2012), 541–550.
S. Duzhin, M. Shkolnikov, Bipartite knots. Fundamenta
Math. 225 (2014) 95–102.
S. Duzhin, D. Pasechnik, Groups acting on necklaces and
sandpile groups. Journal of Mathematical Sciences 200(6)
(2014) 690–697.
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CDBooK, 2012

S. Chmutov, J. Mostovoy, S. Duzhin
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Arnold Mathematical Journal

www.editorialmanager.com/armj/

S. Duzhin, M. Shkolnikov,
A formula for the HOMFLY
polynomial of rational links.
arXiv:1009.1800v3 [math.GT]
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Sergei Duzhin.

1994 2015
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THANK YOU!
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