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Knots and Graphs.

https:// peopl e. mat h. osu. edu/ chnut ov. 1/ wor - gr - sul5/ wor - gr. ht m
2006. Jeremy Voltz, Thistlethwaite’s theorem for virtual links.
M. B. Thistlethwaite, L. Kauffman, K.Murasugi, F.Jaeger

Up to a sign and a power of t the Jones polynomial V| (t) of an
alternating link L is equal to the Tutte polynomial Tr (—t, —t~1).

L
Mo
ey A7
Vi(t) = t+t3-t4 Tr.(X,y) =y + X +x?
= (-t -t+1?) Tr(—t, -t 1) = -t —t 2
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Knot Table




Unknots = Trivial Knots







Reidemeister moves
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Virtual links.
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The Kauffman bracket.

Let L be a virtual link diagram.

A-splitting:

|
T%Jf

B-splitting:

|
T%TL

A state S is a choice of either A- or B-splitting
at every classical crossing.

a(S) := #(of A-splittings in S)
B(S) := #(of B-splittings in S)
J(S) := #(of circles in S)

[LI(A,B,d)

Z Aa ~( )1

JL(t) — (_:I_)W(L)1:3W(L)/4[L](tfl/4’tl/47 _tl/2 - tfl/Z)
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The Kauffman bracket. Example.

(3,0,1) (2,1,2) (2,1,2) (1,2,1)
(a0 00 (s 2D
(2,1,2) (1,2,1) (1,2,3) (0,3,2)

[L] = A% + 3A%Bd 4 2AB? + AB?d? + B3d;  J.(t) =
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Ribbon graphs

A ribbon graph R is a surface represented as a union of

vertices-discs Q and edges-ribbons 1]

@ discs and ribbons intersect by disjoint line segments,

@ each such line segment lies on the boundary of precisely
one vertex and precisely one edge;

@ every edge contains exactly two such line segments.
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Bollobas-Riordan polynomial

Let F be aribbon graph;
V(F) be the number of its vertices;
e(F) be the number of its edges;
k(F) be the number of components of F;
r(F) :=v(F)— k(F) be the rank of F;
n(F) := e(F) —r(F) be the nullity of F;
bc(F) be the number of boundary components of F;

s(F) = (e_(F)—e_(F))/2.

s(X,y,z) = Zx 1 (F)+s(F)y n(F)=s(F) 7 k(F)=be(F)+n(F)
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Bollobas-Riordan polynomial. Example.

(k,r,n,bc,s)
S S S
S} S}
(1,1,1,2,1) | (1,1,0,1,0) | (1,1,0,1,0) | (2,0,0,2, 1)
5 Qo 65 @
o o
(1,1,2,1,1) | (1,1,1,1,0) | (1,1,1,1,0) | (2,0,1,2,—1)

Ro(X,y,z) =x +2+y +xyz? 4+ 2yz + y%z .
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Make a construction
of a ribbon graph from
a link diagram and
relate the parameters
(o, 8,0) with param-
eters (k,r,n,bc,s)
(possibly after some N
substitution). T o
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Construction.

Diagram L Seifert state Attaching bands
to Seifert circles

1o i i

o
Untwisting Seifert Pulling Seifert Glue in the
circles circles apart vertex-discs
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Let L be a virtual link diagram, G| be the corresponding signed
ribbon graph, and n :=n(G.), r :=r(G.), k := k(G.). Then

[L](A,B,d) = A"B"d* ' Rg, (Ad Bd l) :

B'A'd
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THANK YOUI!
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