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Moffatt’s theorem

lain Moffatt’s theorem: British Combinatorial Conference, 2024.
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Matroids

A-matroids [A. Bouchet, 1987]

A matroid is a pair M = (E, B)
consisting of a finite set E and a
nonempty collection B of its sub-
sets, called bases, satisfying the
axioms:

(B1) No proper subset of a base
is a base.

(B2) (Exchange axiom) /f B;
and B, are bases and
by € By — By, then there is
an element b, € B, — B
such that (By — by) U bz is a
base.
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A A-matroidis a pair D = (E; F)
consisting of a finite set E and a
nonempty collection F of its sub-
sets, called feasible sets, satisfy-
ing the

Symmetric Exchange axiom

If F1 and F, are two feasible sets
and f; € FAF,, then there is
an element f, € F1AF> such that
FiA{fi, f} is a feasible set.




(A-) Matroids associated with a A-matroid

Let D= (E; F) be a A-matroidand e € E.
eisaloopiffVF € F,e & F. eis a coloopiff VF € F,e € F.

If eisnotaloop, D/e:= (E\ {e};{F\{e}|F € F,ec F}).
If eis nota coloop, D\ e:=(E\{e};{FIF e F,F C E\{e}}).
Twists of A-matroids. Let D = (E; F) be a A-matroids and A C E.

D« A:= (E;{FAAF € F}).

Dpmin == (E; Fmin), Where Fmin := {F € F|F is of minimal possible cardinality}.
Dimax := (E; Fmax), Where Fpax := {F € F|F is of maximal possible cardinality}.

w(D) := rp,,,(E) = rp,,(E)-
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Twist polynomial of a A-matroid.

The twist polynomial of a A-matroid D = (E, F) is the generating function
for the width of all twists of D,

BWD(Z) — Z ZW(D*A)
ACE

Example. Let D = (E; F) where E = {a, b}, and F = {0, {b}, {a, b} }.Then
D« {a} = (E;:{{a},{a, b},{b}}),
Dx{b} = (E;{{b},0,{a}}), and
D {a,b} = (E;{{a b} {a},0}).

Therefore

Wp(z)=Z2+z+z+22=27242z.
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The Bollobas—Riordan polynomial

C.Chun, I.Moffatt, S.Noble, R.Rueckriemen, Matroids, delta-matroids and
embedded graphs, JCTA 2019.

BRp({Xe}, {ye}, X, Y,2) Z er H}/e )X Prin Din (A) Y i (A) ZW(DIA),
ACE ecA  edA

where the width of D|4 on the ground set A is equal to
W(D|4) := 1(D}3)ex (A) = 1(D])min (A)-

Example. D = (E = {a,b}; F = {0, {b},{a, b}}).
Then
BRp = y1¥o + X1Yy2 Y + y1Xo YZ + X1 X2 Y2 22 .
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Theorem.

—IEl .8

[X1...Xy1 ... Y0 BRS wp(2)

Here the left hand side means the coefficient of BR2, at the monimial
X{...XpY1...Yn. Ithas to be evaluatedatX =Y =z"1,Z = z.

Example. D = (E = {a,b}; F = {0,{b},{a, b}}).
[X1...Xny1...yn]BR3 =2Y22% 1 2Y?Z .

So,

[X1...Xy1 ... yn|BRS =242z7" =222 4+22) = 272 . dwp(z) .
X=Y=z
Z=z
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Idea of the proof

@ ForVACE, max |AAF| + min |A°AF| = |E] .
FeFr FeFr
@ For a A-matroid D = {E; F},

w(Dx A) = |E| — min |AAF| - min |A°AF]|.
S €

@ w(D « A) = pp(A) + pp(A°) — |E|, where pp(A) := |E| — ,r__niJnT|AAF| is the
(S
A-matroid rank function.
® w(D+ A) = W(Dla) + W(Dlae) + 2(r0,,,(A) + 1, (A°) = 1o, (E)).

In particular, if D is a normal A-matroids, that is § € F, then
w(D x A) = w(D|a) + w(D)|ac).
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Generalization

Theorem.

[X1 ... Xoy1 .. yn]BR3 = (XZ)"min (E) =100 () Z=IET . Oy (Z)

XYZ2=1

Pproblems.
@ What about the other polynomials except BRp?

@ Are there any substitution into a polynomial which make it invariant under
the twists? In particular, the Las Vergnas polynomial.

@ The weight systems, i.e. the functions on chord diagrams considered as
one-vertex ribbon graphs, are constructed from a Lie algebras and their
representations. Is the any way to construct a polynomial for arbitrary
ribbon graphs starting from a Lie algebra (+ its representation)? An
example is the Bollobas—Riordan polynomial and the gl weight system.
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THANK YOU!!!

ei Chmutov Moffatt's theorem for delta-matroids



