
Definitions of matroids

References: J. Oxley [Ox], H. Whitney [Wh].

Independent sets.

A matroid is a pair (E, I) consisting of a finite set E and a nonempty collection I of its subsets,
called independent sets, satisfying the axioms:

(I1) Any subset on an independent set is independent.

(I2) If X and Y are independent and |X| = |Y |+1, then there is an element x in X −Y such

that Y ∪ {x} is independent.

Circuits.

A matroid is a pair (E, C) consisting of a finite set E and a nonempty collection C of its subsets,
called circuits, satisfying the axioms:

(C1) No proper subset of a circuit is a circuit.

(C2) If C1 and C2 are distinct circuits and c ∈ C1∩C2, then (C1∪C2)−{c} contains a circuit.

Bases.

A matroid is a pair (E,B) consisting of a finite set E and a nonempty collection B of its subsets,
called bases, satisfying the axioms:

(B1) No proper subset of a base is a base.

(B2) If B1 and B2 are bases and b1 ∈ B1 − B2, then there is an element b2 ∈ B2 − B1 such

that (B1 − {b1}) ∪ {b2} is a base.

Rank function.

A matroid is a pair (E, r) consisting of a finite set E and a function r, rank, assigning a number
to a subset of E and satisfying the axioms:

(R1) The rank of an empty subset is zero.

(R2) For any subset X and any element y 6∈ X,

r(X ∪ {y}) =

{

r(X) , or

r(X) + 1 .

(R3) For any subset X and two elements y,z not in X, if r(X ∪ {y}) = r(X ∪ {z}) = r(X),
then r(X ∪ {y, z}) = r(X).

Tutte polynomial.

TM (x, y) :=
∑

X⊆E

(x − 1)r(E)−r(X)(y − 1)n(X)
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