Acyclic
Orientations
of Signed
Graphs

Oscar
Coppola,
Mikey Reilly

Introduction

Stanley's
Theorem

Signed Graphs

Generalization
to Signed
Graphs

Counting Acyclic Orientations
of Signed Graphs

A Generalization of Stanley's Symmetric Acyclicity Theorem

Oscar Coppola, Mikey Reilly
Knots & Graphs Research Group at OSU

YMC 2021



Acyclic
Orientations

of Signed Oriented Graphs

Graphs

Oscar
Coppola,
Mikey Reilly

An orientation of a graph is a way of assigning an arrow to
each edge.
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Every acyclic oriented graph must have a vertex which has only
arrows going into it, called a sink, and a vertex which has only
arrows coming out of it, called a source.
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Every acyclic oriented graph must have a vertex which has only
arrows going into it, called a sink, and a vertex which has only
arrows coming out of it, called a source.

Another way of defining a cycle is as a closed path which
contains no sinks or sources.
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For example, consider the graph G = Y
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For example, consider the graph G = Y
3 sinks 2 sinks 2 sinks 2 sinks
.\I/. o I/,o .\T A ovo
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1 sink 1 sink 1 sink 1 sink
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G has 1 orientation with 3 sinks, 3 orientations with 2 sinks
and 4 orientations with 1 sink.
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Theorem

Symmetric Chromatic Function

In 1995, Richard Stanley introduced the Symmetric Chromatic
Function, X¢, of a graph G as a tool for investigating
properties of graphs.

XG(X17X27 <. ) = Z Xi(vi)Xk(va) * " Xk(va)
K is a proper
coloring of G

Where vi, vs, ... v, are the vertices of G.
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Symmetric Chromatic Function

In 1995, Richard Stanley introduced the Symmetric Chromatic
Function, X¢, of a graph G as a tool for investigating
properties of graphs.

XG(X17X27 <. ) = Z Xi(vi)Xk(va) * " Xk(va)
K is a proper
coloring of G

Where vi, vs, ... v, are the vertices of G.
Suppose G is the graph e—e, then X; = Z XiX;
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Stanley’s
Theorem

Symmetric Chromatic Function

In 1995, Richard Stanley introduced the Symmetric Chromatic
Function, X¢, of a graph G as a tool for investigating
properties of graphs.

XG(X17X27 <. ) = Z Xi(vi)Xk(va) * " Xk(va)
K is a proper
coloring of G

Where vi, vs, ... v, are the vertices of G.

Suppose G is the graph e—e, then X; = Z XiX;
ijeN
i#
The elementary symmetric functions are
e, = Z Xjy Xi, - - - X;, and so Xg = 2e
0<in<++<in
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Stanley's Theorem

Theorem (Stanley)

When X¢ is expressed in the elementary basis, the sum of the
coefficients of the terms with k factors, is equal to the number
of acyclic orientations of G with k sinks.
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Stanley's Theorem

Theorem (Stanley)

When X¢ is expressed in the elementary basis, the sum of the
coefficients of the terms with k factors, is equal to the number
of acyclic orientations of G with k sinks.

XY =beje3 + efeg — 2622 + 4ey

= (464) + (56163 — 26262) + (eleleg)
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When X¢ is expressed in the elementary basis, the sum of the
S coefficients of the terms with k factors, is equal to the number
Ve of acyclic orientations of G with k sinks.

XY =beje3 + efeg — 2622 + 4ey

= (464) + (56163 — 26262) + (616162)

So there are 4 acyclic orientations with 1 sink, 5 —2 = 3 with 2
sinks, and 1 with 3 sinks.
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A signed graph is a graph where each edge has either a plus
sign or a minus sign. The sign of an edge e is o(e).

Signed Graphs
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A signed graph is a graph where each edge has either a plus
sign or a minus sign. The sign of an edge e is o(e).

Signed Graphs

Signed edges have special interactions with graph colorings and
orientations.
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Signed Graphs

Colorings

Signed graphs can be colored using colors from Z, as opposed
to unsigned graphs which are colored using the colors 1,2, ...
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to unsigned graphs which are colored using the colors 1,2, ...

Two vertices u, v are improperly colored if there is an edge e

Sianed Graphe connecting them and x(u) = o(e)k(v).

A coloring is proper if no vertices are improperly colored.
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Edges can be oriented differently according to the sign of the

edge.

Signed Graphs
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Signed Graphs

Acyclicity

A signed graph has a cycle if there is a closed path which
contains no sinks or sources.
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Signed Graphs

So, a signed graph is acyclic iff every closed path contains a
sink or a source vertex.
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Generalization
to Signed
Graphs

B-Symmetric Chromatic Function

In analogy with Stanley's work, we can define the B-Symmetric
Chromatic Function Xs of a signed graph %, in the variables
ey X1, X0, X1y e - -

Z Xri(va) X (v2) "7 Xis(vn)

K is a proper
coloring of &

Xs(oooyXo1, X0, X1y -+ )

Where vy, vo, ... Vv, are the vertices of X.
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B-Symmetric Chromatic Function

In analogy with Stanley's work, we can define the B-Symmetric
Chromatic Function Xs of a signed graph %, in the variables
ey X1, X0, X1y e - -

Z Xri(va) X (v2) "7 Xis(vn)

K is a proper
coloring of &

Xs(oooyXo1, X0, X1y -+ )

Where vy, vo, ... Vv, are the vertices of X.

If ¥ is the signed graph o;o, then

Xy = (Z x;)2 — > xix

I€EZ
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Generalization

Let e,,(...,Xfl,Xo,Xl,...)Z Z Xiy Xy + + + Xj, for n € N.
i1 <ip<-+<ip

Theorem

Then there exists families of functions {q,p | a,b > 1} and

{zo | n=0,1,...} such that any Xy can be uniquely expressed

in terms of sums and products of elements from

{en|n=1,2,...}U{qap | a,b>1}U{z,| n=0,1,...} and

when written this way, the sum of the coefficients of the all of

the terms of the form (H Qab H z,,) “€p, - €n,, is the

number of acyclic orientations of ¥ with k sinks.
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For example, let ¥ be the signed graph 7/ f\\
+

Generalization Then
to Signed
Graphs

Xy =2e1e2 +2q11€1 + 2021

And so ¥ has 2 acyclic orientation with 2 sinks, 2 acyclic
orientations with 1 sink and 2 acyclic orientations with 0 sinks.
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Example
2 sinks 2 sinks 1 sink 1 sink
/i f\ /j E\ /i j\ /i E\
+ + + +
0 sinks 0 sinks cyclic cyclic

/j :\ /: t\ /j f\ /f t\
+ + + +

So there are 2 acyclic orientations with 2 sinks, 2 with 1 sink
and 2 with no sinks.
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Greatly abbreviated proof sketch

Each term of X5 corresponds to a coloring of . We group
terms of Xy according to which orientation the colorings
correspond to. Our secret weapon is a linear and multiplicative
function ¢ which sends the sum over all colorings
corresponding to an orientation P to t(number of sinks of P)
Hence ¢ sends X5y to a polynomial where the coefficients are

the number of orientations with k sinks.

SO(X):) — Z tnumber of sinks of P

orientations P
00

= Z(number of orientations with k sinks) - t
k=0
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but after this it's straightforward to show that ¢ sends each
element of the e-basis to t, and each other extra basis terms to
1. This gives the statement of the theorem.

Generalization
to Signed
Graphs

(,D(Xz) = (Z Zm - qi1,i2 N q071’0 “en e enk)
= @(zm) - e(qiir) - 2(Gi_r.ir) - plem) - - plen,)

:Zl-l---l-t---t

k times

(number of terms with k ‘e’ factors) - t¥

M
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