
Partial duality of ribbon graphs [Ch]
Definition. For a ribbon graph G and a subset of the edge-ribbons D ⊆ E(G), the partial

dual, GD of G relative to D is a ribbon graph constructed as follows.

• The vertex-discs of GD are bounded by connected components of the boundary of the
spanning subgraph of G containing all the vertices of G and only the edges from D.

• The edge-ribbons of E(G) \ D are attached to these new vertices exactly at the same
arcs as in G. The edge-ribbons from D become parts of the new vertex-discs. For e ∈ D
we take a copy of e, e′, and attach it to the new vertex-discs in the following way. The
rectangle representing e intersects with vertex-discs of G by a pair of opposite sides. But
it intersects the boundary of the spanning subgraph, that is the new vertex-discs, along
the arcs of the other pair of its opposite sides. We attach e′ to these arcs. The copies of
the first pair of sides in e′ become arcs of the boundary of GD.
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Properties of partial duality.
Let G be a ribbon graph.

(a) Suppose E(G) ∋ e ̸∈ D ⊆ E(G).

Then GD∪{e} =
(
GD

){e}
.

(b)
(
GD

)D
= G.

(c)
(
GD

1

)D2
= G∆(D1,D2), where

∆(D1, D2) := (D1 ∪D2) \ (D1 ∩D2) is
the symmetric difference of sets.

(d) Partial duality preserves ori-
entability of ribbon graphs.

(e) Let G̃ be a surface without
boundary obtained from G by
gluing discs to all boundary com-

ponent of G. Then G̃D =
˜GE(G)\D.

(f) The partial duality preserves the
number of connected components
of ribbon graphs.

Partial-dual Genus Polynomial [GMT]. ∂ΓG(z) :=
∑

D⊆E(G)

zg(G̃
D) .

Arrow dichromatic polynomial [BBC]. AG(a,b, c,K) :=
∑

F⊆E(G)

ak(F )
(∏
e∈F

be

)
cbc(F )

∏
f∈∂(F )

Ki(f)

ZG(q, v) = AG(a,b, c,K)|a=q,be=v,c=1,Ki=1

Arrow Bollobás-Riordan polynomial [BBC].

BRG(X,Y, Z,K) :=
∑

F⊆E(G)

(
∏
e∈F

xe) (
∏
e ̸∈F

ye) X
r(G)−r(F ) Y n(F ) Zk(F )−bc(F )+n(F )

∏
f∈∂(F )

Ki(f).

BRG(X,Y, Z,K) =
( ∏
e∈E(G)

ye

)
(Y Z)−v(G)X−k(G)AG(XY Z2, {xeY Z/ye}, Z−1,K) .

The partial duality property at a = 1. For D ⊆ E(G)

AG(1,b, c,K) =
(∏
e∈D

be

)
AGD (1,bD, c,K) , where bD = {bDe }, bDe =

{
be if e ̸∈ D ,
1/be if e ∈ D .



Arrow Thistlethwaite theorem [BBC]. Let L be a virtual link diagram and let Gs
L be the

signed arrow ribbon graph corresponding to a state s with e− negative edges and e+ positive edges.
Then the arrow bracket polynomial of L is a specialization of the arrow dichromatic polynomial
of Gs

L:

[L]A(A,B, d,K) =
Ae+Be−

d
AGs

L
(1,b, d,K) ,

where the weight variables are specialized to be =

{
B/A if e is positive,
A/B if e is negative.
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