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1. Consider the heat equation
ut = uxx,

and a finite difference method for this equation

un+1
i − un−1

i

2∆t
−
uni+1 − 2{θun+1

i + (1− θ)un−1
i }+ uni−1

(∆x)2
= 0,

where 0 ≤ θ ≤ 1.
(a) What is the local truncation error of this method?
(b) Discuss the consistency of this method when (i) ∆t = r∆x and (ii) ∆t = r(∆x)2.
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1. (continued)
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2. Consider the heat equation

ut = uxx, 0 ≤ x ≤ 1, 0 ≤ t <∞,

with no-flux boundary conditions (ux(0, t) = ux(1, t) = 0) for all t > 0, and initial condition
u(x, 0) = cos(2πx) + 1.
(a) When t goes to∞, the solution goes to a steady state. Describe the steady state function
(e.g. linear, quadratic....).

(b) Show that
∫ 1

0
u(x, t) dx is a constant.

(c) Implement the simplest explicit method (forward Euler in time, second order central
difference in space), and run until T = 1. Show the figures of t = 0, 0.25, 0.5, 0.75, 1 on the
same plot. (d) Let’s change the boundary condition to periodic boundary condition, show

that
∫ 1

0
u(x, t) dx is still a constant.

(e) With period boundary conditions, we can perform Von Neumann stability analysis. Show
that the scheme used in (c) is stable under certain constraint of ∆t/(∆x)2 (write out the
constraint too).
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2. (continued)
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3. Consider the transport equation

ut + ux = 0, 0 ≤ x ≤ 1, 0 ≤ t <∞.

(a) Write down the upwind method and Lax-Friedrichs method.
(b) Perform local truncation error analysis for both method. Compare these method and
explain why the upwind method is more dissipative than the Lax-Friedrichs method. (hint:
the dissipation, or called diffusion is what contributes to the smearing around the disconti-
nuities).
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3. (continued)


