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Functoriality for the quasisplit classical groups
J.W. Cogdell, I.I. Piatetski-Shapiro, and F. Shahidi
Functoriality is one of the most central questions in the theory of automorphic
forms and representations [3, 6, 31, 32]. Locally and globally, it is a manifestation of Langlands’ formulation of a non-abelian class field theory. Now known as
the Langlands correspondence, this formulation of class field theory can be viewed
as giving an arithmetic parametrization of local or automorphic representations
in terms of admissible homomorphisms of (an appropriate analogue) of the WeilDeligne group into the L-group. When this conjectural parametrization is combined
with natural homomorphisms of the L-groups it predicts a transfer or lifting of local
or automorphic representations of two reductive algebraic groups. As a purely automorphic expression of a global non-abelian class field theory, global functoriality
is inherently an arithmetic process.
Global functoriality from a quasisplit classical group G to GLN associated to
a natural map on the L-groups has been established in many cases. We recall the
main cases:
(i) For G a split classical group with the natural embedding of the L-groups,
this was established in [10] and [11].
(ii) For G a quasisplit unitary group with the L-homomorphism associated to
stable base change on the L-groups, this was established in [29],[26], and
[27].
(iii) For G a split general spin group, this was established in [5].
In this paper we consider simultaneously the cases of quasisplit classical groups G.
This includes all the cases mentioned in (i) and (ii) above as well as the new case
of the quasisplit even special orthogonal groups. Similar methods should work for
the quasisplit GSpin groups, and this will be pursued by Asgari and Shahidi as a
sequel to [5].
As with the previous results above, our method combines the Converse Theorem
for GLN with the Langlands-Shahidi method for controlling the L-functions of the
quasisplit classical groups. One of the crucial ingredients in this method is the
use of the “stability of local γ–factors” to finesse the lack of the Local Langlands
Conjecture at the ramified non-archimedean places. The advance that lets us now
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handle the quasisplit orthogonal groups is our general stability result in [14]. In
the past, the stability results were established on a case-by-case basis as needed.
The general stability result in [14] now lets us give a uniform treatment of all
quasisplit classical groups. As before, once we have established the existence of
functoriality for the quasisplit classical groups, the descent results of Ginzburg,
Rallis, and Soudry [16, 42] then give the complete characterization of the image
of functoriality in these cases.
This paper can be considered as a survey of past results, an exposition of how
to apply the general stability result of [14], and the first proof of global functoriality
for the quasisplit even orthogonal groups. We have included an appendix containing
specific calculations for the even quasisplit orthogonal groups. We will return to
local applications of these liftings in a subsequent paper.
Finally, we would like to thank the referee who helped us improve the readability
of the paper.
Dedication. The first two authors would like to take this opportunity to dedicate
their contributions to this paper to their friend and coauthor, Freydoon Shahidi.
The collaboration with Freydoon has been a high point in our careers and we feel
it is fitting for a paper reflecting this to appear in this volume in his honor.

1. Functoriality for quasisplit classical groups
Let k be a number field and let Ak be its ring of adeles. We fix a non-trivial
continuous additive character ψ of Ak which is trivial on the principal adeles k.
We will let Gn denote a quasisplit classical group of rank n defined over k. More
specifically, we will consider the following cases.
(i) Odd orthogonal groups. In this case Gn = SO2n+1 , the split special orthogonal group in 2n + 1 variables defined over k, i.e., type Bn . The connected
0
b n = Sp2n (C) while the L-group is the
component of the L-group of Gn is L Gn = G
L
direct product Gn = Sp2n (C) × Wk .
(ii) Even orthogonal groups. In this case either (a) Gn = SO2n , the split
special orthogonal group in 2n variables defined over k, type Dn , or (b) Gn = SO∗2n
is the quasisplit special orthogonal group associated to a quadratic extension E/k,
i.e, type 2 Dn . In either case, the connected component of the L-group of Gn is
L 0
b n = SO2n (C). In the split case (a), the L-group of the product L Gn =
Gn = G
SO2n (C) × Wk , while in the quasisplit case (b), the L-group is the semi-direct
product L Gn = SO2n (C) o Wk where the Weil group acts through the quotient
Wk /WE ' Gal(E/k) which gives the Galois structure of SO∗2n . We will need to
make this Galois action more explicit. Let O2n (C) denote the even orthogonal
group of size 2n. Then we have Gal(E/k) ' O2n (C)/SO2n (C). Conjugation by
an element of O2n (C) of negative determinant gives an outer automorphism of
SO2n (C) corresponding to the diagram automorphism which exchanges the roots
αn and αn−1 in Bourbaki’s numbering [7] or the numbering in Shahidi [38]. So if
we let h0 ∈ O2n (C) be any element of negative determinant then for σ ∈ Gal(E/k)
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the non-trivial element of the Galois group the action of σ on L Gn is
σ(g) = (h0 )−1 gh0 .
We will discuss this case in more detail below when we discuss the relevant Lhomomorphism and in the appendix (Section 7.1). (Note that when n = 4 except
for the SO∗8 defined by a quadratic extension the other non-split quasisplit forms
of D4 are not considered to be classical groups.)
(iii) Symplectic groups. In this case Gn = Sp2n , the symplectic group in 2n
variables defined over k, type Cn . The connected component of the L-group of Gn
0
b n = SO2n+1 (C) and the L-group is the product L G = SO2n+1 (C) × Wk .
is L Gn = G
(iv) Unitary groups. In this case either (a) Gn = U2n is the even quasisplit
unitary group defined with respect to a quadratic extension E/k or (b) Gn = U2n+1
is the odd quasisplit unitary group defined with respect to a quadratic extension
E/k. Both are of type 2 An . In case (a) the connected component of the L-group
0
b n = GL2n (C) and the L-group is the semi-direct product L Gn =
is L Gn = G
GL2n (C)oWk where the Weil group acts through the quotient Wk /WE ' Gal(E/k)
which gives the Galois structure of U2n . In case (b) the connected component of
0
the Langlands dual group is L Gn = GL2n+1 (C) and the L-group is the semi-direct
product L Gn = GL2n+1 (C) o Wk where the Weil groups acts through the quotient
Wk /WE ' Gal(E/k) which gives the Galois structure of U2n+1 . We will need to
make precise the Galois action. Following [26, 27] we let
!
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−Jn
so that Gn = U(Jn0 ). Then if σ is the non-trivial element in Gal(E/k) then the
0
action of σ on L Gn is
σ(g) = (Jn0 )−1t g −1 Jn0 ,
the outer automorphism of L Gn conjugated by the form.
In each of these cases let δ1 denote the first fundamental representation, or
standard representation, of the connected component of the L-group. This is the
b n on the appropriate CN . As can be seen from the
defining representation of G
0
description of L Gn above, in each case either N = 2n or N = 2n + 1. Associated to
0
0
this representation is a natural embedding of L Gn into GLN (C) = L GLN . There is
L
N
an associated standard representation of the L-group Gn on either C or CN ×CN
which gives rise to a natural L-homomorphism ι which we now describe.
In the case of the split classical groups, the standard representation of the Lgroup is still on CN and is obtained by extending δ1 to be trivial on the Weil group.
This representation then determines an L-homomorphism ι : L Gn ,→ L GLN . By
Langlands’ principle of functoriality [3, 6, 9], associated to these L-homomorphisms
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there should be a transfer or lift of automorphic representations from Gn (Ak ) to
GLN (Ak ). These were the cases treated in [10, 11].
In the case of the quasisplit even orthogonal group, we extend the first fun0
damental representation of L G to an embedding of the L-group in the natural
L
L
way, to obtain ι : Gn ,→ GLN . So in this case we again expect a transfer from
SO∗2n (Ak ) to GL2n (Ak ). Let us elaborate on this embedding, since although well
known it is not all together straightforward. It is related to the theory of twisted
endoscopy and can be found in [1, 2, 4]. The first fundamental representation gives
an embedding of SO2n (C) ,→ GLN (C) with N = 2n. In fact this extends to an
embedding of O2n (C) ,→ GLN (C). We then choose an L-homomorphism
ξ : Wk → O2n (C) × Wk ⊂ GLN (C) × Wk
which induces the isomorphism
Wk /WE → Gal(E/k) ' O2n (C)/SO2n (C)
that is, such that ξ factors through Wk /WE ' Gal(E/k) and sends the non-trivial
Galois automorphism σ to an element of negative determinant in O2n (C) times σ.
Let us write this as ξ(w) = ξ 0 (w)×w with ξ 0 (w) ∈ O2n (C). Then in the construction
of L SO∗2n = SO2n (C) o Wk the Weil group acts on SO2n (C) through conjugation
by ξ 0 (w). We now turn to the embedding of the L-group. If we represent elements
of L SO∗2n as products h × w = (h × 1)(1 × w) with h ∈ SO2n (C) and w ∈ Wk then
ι : SO2n (C) o Wk ,→ GLN (C) × Wk is given by ι(h × 1) = h × 1 ∈ GLN (C) × Wk
and ι(1 × w) = ξ(w) = ξ 0 (w) × w. One can find a more detailed description of the
embedding in the appendix (Section 7.1).
In the case of unitary groups we follow the description in [26, 27], to which
the reader can refer for more details. The standard representation of L Gn is now
0
on CN × CN . The action of the connected component L Gn is by
[g × 1](v1 , v2 ) = (gv1 , σ(g)v2 )
while the Weil group acts through the quotient Wk /WE ' Gal(E/k) with the
non-trivial Galois element acting by
[1 × σ](v1 , v2 ) = (v2 , v1 ).
0

It determines an embedding ι of L Gn ' L Gn o Wk into (GLN (C) × GLN (C)) o Wk
given by ι(g × w) = (g × σ(g)) × w, where on the right hand side, Wk acts on
GLN (C) × GLN (C) through the quotient Wk /WE ' Gal(E/k) with σ(g1 × g2 ) =
g2 × g1 . The group (GLN (C) × GLN (C)) o Wk defined in this way is the L-group
of the restriction of scalars ResE/k GLN . Hence the map on L-groups we consider
is that associated to stable base change ι : L Gn ,→ L (ResE/k GLN ).
To give a unified presentation of these functorialities, we let
(
GLN
if Gn is orthogonal or symplectic
HN =
ResE/k GLN if Gn is unitary
where N = 2n or 2n + 1 as described above. Then the functorialities that we will
establish are from Gn to HN given in the following table. The embedding ι of
L-groups is that described above.
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Gn

ι : L Gn ,→ L H N

HN

SO2n+1

Sp2n (C) × Wk ,→ GL2n (C) × Wk

GL2n

SO2n

SO2n (C) × Wk ,→ GL2n (C) × Wk

GL2n

SO∗2n

SO2n (C) o Wk ,→ GL2n (C) × Wk

GL2n

Sp2n

SO2n+1 (C) × Wk ,→ GL2n+1 (C) × Wk

GL2n+1

U2n

GL2n (C) o Wk ,→ (GL2n (C) × GL2n (C)) o Wk

ResE/k GL2n

U2n+1

GL2n+1 (C) o Wk ,→ (GL2n+1 (C) × GL2n+1 (C)) o Wk

ResE/k GL2n+1

By Langlands’ principle of functoriality, as explicated in [3, 6, 9], associated
to these L-homomorphisms there should be a transfer or lift of automorphic representations from Gn (Ak ) to HN (Ak ). To be more precise, for each place v of k
we have the local versions of the L–groups, obtained by replacing the Weil group
Wk with the local Weil group Wkv . The natural maps Wkv → Wk make the global
and local L-groups compatible. We will not distinguish between our local and
global L-groups notationally. Our global L-homomorphism ι then induces a local
L-homomorphism, which we will denote by ιv : L Gn → L H N .
Let π = ⊗0 πv be an irreducible automorphic representation of Gn (Ak ). For v a
finite place of k where πv is unramified, and if necessary the local quadratic extension Ew /kv is also unramified, the unramified arithmetic Langlands classification
or the Satake classification [6, 35] implies that πv is parametrized by an unramified
admissible homomorphism φv : Wkv → L Gn where Wkv is the Weil group of kv .
By composing with ιv : L Gn ,→ L H N we have an unramified admissible homomorphism Φv = ιv ◦ φv : Wkv −→ L HN and this defines an irreducible admissible
unramified representation Πv of HN (kv ) [17, 18]. Then Πv is the local functorial
lift of πv . The process is outlined in the following local functoriality diagram.
L

πv 

ιv

GnY3
33
33
33
/ φv 33
33
33
33
W kv

/ L HN
E
Φv



/ Πv .

Similarly, if v is an archimedean place, then by the arithmetic Langlands classification πv is determined by an admissible homomorphism φv : Wv −→ L Gn where
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Wv is the local Weil group of kv [6, 30]. The composition ιv ◦ φv is an admissible homomorphism of Wv into L HN and hence determines a representation Πv of
Hn (kv ) via the same diagram. This is again the local functorial lift of πv . Note
that in either case we have an equality of local L-functions
L(s, Πv ) = L(s, Φv ) = L(s, ιv ◦ φv ) = L(s, πv , ιv )
as well as equalities for the associated ε–factors (if ψv is unramified as well at the
finite place in question).
An irreducible automorphic representation Π = ⊗0 Πv of HN (Ak ) is called
a functorial lift of π if for every archimedean place v and for almost all nonarchimedean places v for which πv is unramified we have that Πv is a local functorial
lift of πv . In particular this entails an equality of (partial) Langlands L-functions
Y
Y
LS (s, Π) =
L(s, Πv ) =
L(s, πv , ιv ) = LS (s, π, ι),
v ∈S
/

v ∈S
/

where S is the (finite) complement of the places where we know the local Langlands
classification, so the ramified places.
We will let Bn denote a Borel subgroup of Gn and let Un denote the unipotent
radical of Bn . The abelianization of Un is a direct sum of copies of k and we may
use ψ to define a non-degenerate character of Un (Ak ) which is trivial on Un (k). By
abuse of notation we continue to call this character ψ.
Let π be an irreducible cuspidal representation of Gn (Ak ). We say that π is
globally generic if there is a cusp form ϕ ∈ Vπ such that ϕ has a non-vanishing
ψ-Fourier coefficient along Un , i.e., such that
Z
ϕ(ug)ψ −1 (u) du 6= 0.
Un (k)\Un (Ak )

Cuspidal automorphic representations of GLn are always globally generic in this
sense. For cuspidal automorphic representations of the classical groups this is a
condition. In general the notion of being globally generic may depend on the choice
of splitting of the group. However, as is shown in the Appendix to [11], given a π
which is globally generic with respect to some splitting there is always an “outer
twist” which is globally generic with respect to a fixed splitting. This outer twist
provides an abstract isomorphism between globally generic cuspidal representations
and will not effect the L- or ε-factors nor the notion of the functorial lift. Hence we
lose no generality in considering cuspidal representations that are globally generic
with respect to our fixed splitting.
The principal result that we will prove in this paper is the following.
Theorem 1.1. Let k be a number field and let π be an irreducible globally
generic cuspidal automorphic representation of a quasisplit classical group Gn (Ak )
as above. Then π has a functorial lift to HN (Ak ) associated to the embedding ι of
L-groups above.
The low-dimensional cases of this theorem are already well understood. In the
split cases, they were discussed in [11]. Thus we will concentrate primarily on the
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cases where n ≥ 2, except for the quasisplit orthogonal groups where we restrict to
n ≥ 4.

2. The Converse Theorem
In order to effect the functorial lifting from Gn to HN we will use the Converse
Theorem for GLN [12, 13] as we did in [10, 11]. Let us fix a number field K and
a finite set S of finite places of K. For the case of Gn orthogonal or symplectic, the
target for functoriality is GLN (Ak ) and we will need K = k. However, in the case
of unitary Gn , the target of functoriality is ResE/k GLN (Ak ) ' GLN (AE ) and we
will need to apply the converse theorem for K = E.
For each integer m, let
A0 (m) = {τ | τ is a cuspidal representation of GLm (AK )}
and
AS0 (m) = {τ ∈ A0 (m) | τv is unramified for all v ∈ S}.
We set
T (N − 1) =

N
−1
a

A0 (m)

and

T S (N − 1) =

AS0 (m).

m=1

m=1

If η is a continuous character of K

N
−1
a

×

\A×
K,

let us set

T (S; η) = T (N − 1) ⊗ η = {τ = τ 0 ⊗ η : τ 0 ∈ T S (N − 1)}.
S

Theorem 2.1 (Converse Theorem). Let Π = ⊗0 Πv be an irreducible admissible
whose central character ωΠ is invariant under K × and
representation of GLN (AK ) Q
whose L-function L(s, Π) = v L(s, Πv ) is absolutely convergent in some right halfplane. Let S be a finite set of finite places of K and let η be a continuous character
of K × \A×
K . Suppose that for every τ ∈ T (S; η) the L-function L(s, Π × τ ) is nice,
that is, it satisfies
e × τ̃ ) extend to entire functions of s ∈ C,
(1) L(s, Π × τ ) and L(s, Π
e × τ̃ ) are bounded in vertical strips, and
(2) L(s, Π × τ ) and L(s, Π
(3) L(s, Π × τ ) satisfies the functional equation
e × τ̃ ).
L(s, Π × τ ) = ε(s, Π × τ )L(1 − s, Π
Then there exists an automorphic representation Π0 of GLN (AK ) such that Πv ' Π0v
for almost all v. More precisely, Πv ' Π0v for all v ∈
/ S.
In the statement of the theorem, the twisted L- and -factors are defined by
the products
Y
Y
L(s, Π × τ ) =
L(s, Πv × τv )
ε(s, Π × τ ) =
ε(s, Πv × τv , ψv )
v

of local factors as in [12, 10].

v
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To motivate the next few sections, let us describe how we will apply this theorem
to the problem of Langlands lifting from Gn to HN . We begin with our globally
generic cuspidal automorphic representation π = ⊗0 πv of Gn (Ak ).
If Gn is an orthogonal or symplectic group, then for each place v we need to
associate to πv an irreducible admissible representation Πv of HN (kv ) = GLN (kv )
such that for every τ ∈ T (S; η) we have
L(s, πv ⊗ τv , ιv ⊗ ι0v ) = L(s, Πv × τv )
ε(s, πv ⊗ τv , ιv ⊗ ι0v , ψv ) = ε(s, Πv × τv , ψv )
where ι0 is the identity map on GLm (C), or more accurately from the L-group
GLm = GLm (C) × Wk to GLm (C) given by projection on the first factor, and
similarly ι now represents the representation of L Gn given by ι followed by the
projection onto the first factor of L H, or the connected component of the identity,
i.e., the associated map to GLN (C).
L

If Gn is a unitary group, then for each place v we need to associate to πv an
irreducible admissible representation Πv of HN (kv ) = GLN (Ev ), where Ev = E ⊗kv
is either an honest quadratic extension or the split quadratic algebra over kv , such
that for every τ ∈ T (S; η) we have
L(s, πv ⊗ τv , ιv ⊗ ι0v ) = L(s, Πv × τv )
ε(s, πv ⊗ τv , ιv ⊗ ι0v , ψv ) = ε(s, Πv × τv , ψv ).
Now τv must be viewed as a representation of GLm (Ev ), i.e., of ResE/k GLm (kv ).
If Ev /kv is an honest quadratic extension, then Gn (kv ) is an honest local unitary
group and HN (kv ) ' GLN (Ev ). If v splits in E, so Ev ' Ew1 ⊕ Ew2 with Ewi ' kv ,
then Gn (kv ) ' GLN (kv ) and HN (kv ) ' GLN (Ev ) ' GLN (kv ) × GLN (kv ). In this
case Πv = Π1,v ⊗ Π2,v , an outer tensor product, and similarly τv = τ1,v ⊗ τ2,v and
we have a product of two factors on each side. A more detailed description for this
case can be found in [26, 27].
For archimedean places v and those non-archimedean v where πv is unramified,
we take Πv to be the local functorial lift of πv described above. For those places
v where πv is ramified, we will finesse the lack of a local functorial lift using the
stability of γ–factors as described in Section 4 below. This will allow us to associate
to πv a representation Πv of HN (kv ) at these places as well. The process involves
the choice of a highly ramified character ηv of H1 (kv ). If we then take Π = ⊗0 Πv ,
this is an irreducible representation of HN (Ak ). With the choices above we will
have
L(s, π ⊗ τ, ι ⊗ ι0 ) = L(s, Π × τ )
ε(s, π ⊗ τ, ι ⊗ ι0 ) = ε(s, Π × τ )
for Re(s) >> 0 and all τ ∈ T (S; η) for a suitable fixed character η of H1 (Ak ). This
is our candidate lift. The theory of L-functions for Gn × Hm , which we address in
the next section, will then guarantee that the twisted L-functions L(s, π ⊗ τ, ι ⊗ ι0 )
are nice for all τ ∈ T (S; η). Then the L(s, Π×τ ) will also be nice and Π satisfies the

FUNCTORIALITY FOR THE QUASISPLIT CLASSICAL GROUPS

9

hypotheses of the Converse Theorem. Hence there exists an irreducible automorphic
representation Π0 of HN (Ak ) such that Πv ' Π0v for all archimedean v and almost
all finite v where πv is unramified. Hence Π0 is a functorial lift of π.

3. L-functions for Gn × Hm
Let π be a globally generic cuspidal representation of Gn (Ak ) and τ a cuspidal
representation of Hm (Ak ), with m ≥ 1. We let ι and ι0 be the representations of
the L–groups defined in Sections 1 and 2 respectively. To effect our lifting, we must
control the analytic properties of the twisted L-functions L(s, π ⊗ τ, ι ⊗ ι0 ). This
we do by the method of Langlands and Shahidi, as we outline here.
The L-functions L(s, π ⊗ τ, ι ⊗ ι0 ) are the completed L-functions as defined
in [39] via the theory of Eisenstein series. If we let Mn,m denote Gn × Hm with
m ≥ 1, then this appears as the Levi factor of a maximal self-associate parabolic
subgroup Pn,m = Mn,m Nn,m of Gn+m associated to the root αm as in [38]. The
representation ι ⊗ ι0 then occurs in the adjoint action of L Mn,m on the Lie algebra
L
nn,m as the representation r̃1 of [38]. Then these L-functions can be defined
and controlled by considering the induced representation I(s, π ⊗ τ ) described in
[38, 39] since π ⊗ τ is a cuspidal representation of Mn,m (Ak ). The local factors
are then defined in [39] via the arithmetic Langlands classification for archimedean
places, through the Satake parameters for finite unramified places, as given by the
poles of the associated γ–factor (or local coefficient) if πv and τv are tempered,
by analytic extension if πv and τv are quasi-tempered, and via the representation
theoretic Langlands classification otherwise. Since it is only these representations
that we will be considering, we will abbreviate our notation by suppressing the
L–homomorphism, so for example
Y
Y
L(s, πv ⊗ τv , ιv ⊗ ι0v ) = L(s, π ⊗ τ, ι ⊗ ι0 )
L(s, πv × τv ) =
L(s, π × τ ) =
v

v

with similar conventions for the ε– and γ–factors.
The global theory of these twisted L-functions is now quite well understood.
Theorem 3.1. Let S be a non-empty set of finite places of k. Let K = k when
Gn is orthogonal or symplectic or K = E if Gn is a unitary group associated to
the quadratic extension E/k and continue to let S denote the corresponding set of
places of K. Let η be a character of K × \A×
K such that, for some v ∈ S, either the
square ηv2 is ramified if K = k, or if K = E then for the places w of E above v
we have both ηw and ηw η w are ramified. Then for all τ ∈ T (S; η) the L-function
L(s, π × τ ) is nice, that is,
(1) L(s, π × τ ) is an entire function of s,
(2) L(s, π × τ ) is bounded in vertical strips of finite width, and
(3) we have the functional equation
L(s, π × τ ) = ε(s, π × τ )L(1 − s, π̃ × τ̃ ).
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Proof: (1) In all cases this follows from the more general Proposition 2.1 of [28].
Note that in view of the results of Muić [34] and of [8], the necessary result on
normalized intertwining operators, Assumption 1.1 of [28], usually referred to as
Assumption A [24], is valid in all cases as proved in [24, 25]. Note that this
is the only part of the theorem where the twisting by η is needed. The specific
ramification stated comes from [11] or [27].
(2) The boundedness in vertical strips of these L-functions is known in wide
generality, which includes the cases of interest to us. It follows from Corollary 4.5
of [15] and is valid for all τ ∈ T (N − 1), provided one removes neighborhoods of
the finite number of possible poles of the L-function.
(3) The functional equation is also known in wide generality and is a consequence of Theorem 7.7 of [39]. It is again valid for all τ ∈ T (N − 1).


4. Stability of γ-factors
This section is devoted to the formulation of the stability of the local γ-factors
for generic representations of the quasisplit groups under consideration. This result
is necessary for defining a suitable local lift at the non-archimedean places where
we do not have the local Langlands conjecture at our disposal.
For this section, let k denote a p-adic local field, that is, a non-archimedean
local field of characteristic zero. Let Gn now be a quasisplit classical group of the
types defined in Section 1, but now over k. These will correspond to the local
situations that arise in our global problem, with the exception of the global unitary
groups at a place which splits in the defining quadratic extension (see Remark 4.1
below).
4.1. Stability. Let π be a generic irreducible admissible representation of
Gn (k) and let η be a continuous character of H1 (k) ' k × (resp. E × in the local
unitary case). Let ψ be a fixed non-trivial additive character of k. Let γ(s, π × η, ψ)
be the associated γ-factor as defined in Theorem 3.5 of [39]. These are defined
inductively through the local coefficients Cψ (s, π ⊗ η) of the local induced representations analogous to those given above. They are related to the local L- and
ε-factors by
ε(s, π × η, ψ)L(1 − s, π̃ × η −1 )
γ(s, π × η, ψ) =
.
L(s, π × η)
We begin by recalling the main result of [14], with a slight shift in notation for
consistency.
Theorem 4.1. Let G be a quasisplit connected reductive algebraic group over
k such that the Γ–diagram of GD is of either type Bn+1 , Cn+1 , Dn+1 , 2 An+1 or
2
Dn+1 (n + 1 ≥ 4). Let P = M N be a self–associate maximal parabolic subgroup
of G over k such that the unique simple root in N is the root α1 in Bourbaki’s
numbering [7]. Let π be an irreducible admissible generic representation of M (k).
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Then Cψ (s, π) is stable, that is, if ν is a character of K × , realized as a character
ν̃ of M (k) by
ν̃(m) = ν(det(Adn (m))),
then
Cψ (s, π1 ⊗ ν̃) = Cψ (s, π2 ⊗ ν̃)
for any two such representations π1 and π2 with the same central characters and
all sufficiently highly ramified ν. Here n is the Lie algebra of N (k).
Note that this covers the local quasisplit classical groups that are under consideration here if we take G = Gn+1 . The splitting field K is then k itself except in the
2
An and 2 Dn cases, where it is the associated quadratic extension E as in Section
1. According to the tables in Section 4 of [38], the Levi subgroups M in Theorem
4.1 are of the form M ' H1 × Gn . To use the stability result in the application to
functoriality we need the following elementary lemma.
Lemma 4.1. Let m ∈ M (k) and write m = a × m0 with a ∈ H1 (k) and m0 ∈
Gn (k). Then det(Adn (m0 )) = 1, i.e.
det(Adn (m)) = det(Adn (a)).

Proof: An elementary matrix calculation shows that in the symplectic and special orthogonal cases we have det(Adn (m0 )) = det(m0 ) = 1. In the unitary case,
det(Adn (m0 )) = NE/k det(m0 ) = 1.

Thus we see that in Theorem 4.1 the twisting character ν̃ of M (k) factors to a
character of the GL1 factor in M . We will call a character ν̃ of H1 (k), suitable if
it arises from a character ν of K × via a composition of the embedding GL1 ,→ M
followed by the character m 7→ ν(det(Adn (m))) of M . Now Theorem 4.1 has the
following corollary.
Corollary 4.1.1. Let Gn be a quasisplit classical group over k as in Section 1,
so that it satisfies the hypotheses of Theorem 4.1. Let π1 and π2 be two irreducible
admissible representations of Gn (k) having the same central character. Then for
every sufficiently highly ramified suitable character ν̃ of H1 (k) we have
γ(s, π1 × ν̃, ψ) = γ(s, π2 × ν̃, ψ).

Proof: Let Gn+1 be the quasisplit connected reductive algebraic group over k of
rank one larger such such that the parabolic subgroup P in Theorem 4.1 has Levi
subgroup M ' H1 × Gn . Then 1 ⊗ π1 and 1 ⊗ π2 determine irreducible admissible
representations of M (k) with the same central character. By Theorem 4.1 we know
that for every sufficiently highly ramified character ν of K × , determining a character
of M (k) by ν̃(m) = ν(det(Adn (m)), we have Cψ (s, (1⊗π1 )⊗ν̃) = Cψ (s, (1⊗π2 )⊗ν̃).
By our lemma ν̃ factors to only the H1 variable in M and (1 ⊗ πi ) ⊗ ν̃ = ν̃ ⊗ πi
as representations of M (k). Then the statement of the corollary follows from the

definition of γ(s, πi × ν̃, ψ) given in [38].
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Remark 4.1. Theorem 4.1 and its corollary cover the possible local situations
that arise in our global problem except for the case of unitary groups at a place
that splits in the global quadratic extension. At these places, locally the hypotheses
of Theorem 4.1 are not satisfied since the parabolic subgroup P in question is no
longer maximal. In this case, Gn ' GLN , H1 ' GL1 × GL1 , and, remembering the
implicit L-homomorphism ι ⊗ ι0 , both sides are a pair of local GLN × GL1 γ-factors.
In this case the stability result is due to Jacquet and Shalika [22]. However, as we
shall see, in our application we will not need stability in this situation since the
local Langlands correspondence is known for GLN .
4.2. Stability and parametrization. Let π be an irreducible admissible
representation of one of our local Gn . Assume that π is ramified, so we may not
know how to parametrize π by an admissible homomorphism of the Weil-Deligne
group Wk0 into L Gn . We wish to replace π by a second representation π 0 for which
we have an arithmetic Langlands parameter and for which we still have a modicum
of control over its L- and ε-factors.
We replace π with an induced representation having the same central character.
To this end, let Tn be the maximal torus of Gn , take a character λ of Tn , and
let I(λ) be the associated induced representation. By appropriate choice of λ we
can guarantee that π and I(λ) have the same central character and that I(λ) is
irreducible. Let φλ : Wk → L T be the Langlands parameter for λ so that the
composition φλ : Wk → L Tn → L Gn is the arithmetic Langlands parameter for
I(λ). We can take for π 0 any of the so constructed I(λ). We fix one. By the
corollary above, for sufficiently highly ramified suitable ν̃, depending on π and our
choice of π 0 = I(λ), we have
γ(s, π × ν̃, ψ) = γ(s, π 0 × ν̃, ψ).
Once we have the stable γ–factor is expressed in terms of a principal series
representations that we can arithmetically parametrize, then we can express the
analytic γ–factor as one from arithmetic, the Artin γ–factor associated to the Galois
representation ι ◦ φλ .
Proposition 4.1. With notation as above,
γ(s, I(λ) × ν̃, ψ) = γ(s, (ι ◦ φλ ) ⊗ ν̃, ψ).
Proof: The embedding of L-groups ι : L Gn ,→ L H N is defined so that ι is the map
coming from the restriction of this adjoint action on L nn+1 to Gn and similarly for
ι0 as a representation of H1 . By our convention, γ(s, I(λ) × ν̃, ψ) is the γ-factor
associated to this representation of the L-group, i.e.,
γ(s, I(λ) × ν̃, ψ) = γ(s, I(λ) ⊗ ν̃, ι ⊗ ι0 , ψ).
To relate this analytic γ-factor to that from the parametrization, we embed
Gn ,→ Gn+1 as part of the Levi subgroup Mn+1 of the self-associate parabolic
subgroup Pn+1 = Mn+1 Nn+1 ⊂ Gn+1 such that the unique simple root in Nn+1
is α1 as above. Using the product formula (or “cocycle relation”) for the local
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coefficients from Proposition 3.2.1 of [36], the local coefficient Cψ (s, I(λ)⊗ν̃) factors
into a product over the roots appearing in the adjoint representation of L T n+1 ⊂
L
M n+1 on L nn+1 . Sections 2 and 3 of [23] give a computation of the contribution
of an individual root space to Cψ (s, I(λ) ⊗ ν̃) in terms of rank one Artin factors
coming from the co-roots composed with λ. The resulting expression (at s = 0)
is found in Proposition 3.4 of [23]. If one takes the expression for a general s and
then extracts the γ-factor from the local coefficient, one arrives at
γ(s, I(λ) ⊗ ν̃, ι ⊗ ι0 , ψ) = γ(s, (ι ◦ φλ ) ⊗ ν̃, ψ).
This proves the proposition.



5. The candidate lift
We now return to k denoting a number field. Let π = ⊗0 πv be a globally generic
cuspidal representation of Gn (Ak ). In this section we will construct our candidate
Π = ⊗0 Πv for the functorial lift of π as an irreducible admissible representation of
GLN (Ak ). We will construct Π by constructing each local component, or local lift,
Πv . There will be three cases: (i) the archimedean lift, (ii) the non-archimedean
unramified lift, and finally (iii) the non-archimedean ramified lift.
5.1. The archimedean lift. Let v be an archimedean place of k. By the
arithmetic Langlands classification [30, 6], πv is parametrized by an admissible
homomorphism φv : Wkv → L G0n where Wkv is the Weil group of kv . By composing
with ιv : L Gn ,→ L H N we have an admissible homomorphism Φv = ιv ◦φv : Wkv −→
L
H N and this defines an irreducible admissible representation Πv of HN (kv ). Then
Πv is the local functorial lift of πv . We take Πv as our local lift of πv . (See the
local functoriality diagram in Section 1.)
The local archimedean L– and ε–factors defined via the theory of Eisenstein
series we are using are the same as the Artin factors defined through the arithmetic
Langlands classification [37]. Since the embedding ιv : L Gn ,→ L H N is the standard
representation of the L–group of Gn (kv ) then by the definition of the local L- and
ε–factors given in [6] we have
L(s, πv ) = L(s, ιv ◦ φv ) = L(s, Πv )
and
ε(s, πv , ψv ) = ε(s, ιv ◦ φv , ψv ) = ε(s, Πv , ψv )
where in both instances the middle factor is the local Artin-Weil L– and ε–factor
attached to representations of the Weil group as in [43].
If τv is an irreducible admissible representation of Hm (kv ) then it is in turn
parametrized by an admissible homomorphism φ0v : Wkv −→ L Hm . Then the tensor
product homomorphism (ιv ◦ φv ) ⊗ (ι0v ◦ φ0v ) : Wkv −→ L H mN is admissible and
again we have by definition
L(s, πv × τv ) = L(s, (ιv ◦ φv ) ⊗ (ι0v ◦ φ0v )) = L(s, Πv × τv )
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and
ε(s, πv × τv , ψv ) = ε(s, (ιv ◦ φv ) ⊗ (ι0v ◦ φ0v ), ψv ) = ε(s, Πv × τv , ψv ).
This then gives the following matching of the twisted local L- and ε-factors.
Proposition 5.1. Let v be an archimedean place of k and let πv be an irreducible admissible generic representation of Gn (kv ), Πv its local functorial lift to
HN (kv ), and τv an irreducible admissible generic representation of Hm (kv ) with
m < N . Then
L(s, πv × τv ) = L(s, Πv × τv )

and

ε(s, πv × τv , ψv ) = ε(s, Πv × τv , ψv ).

5.2. The non-archimedean unramified lift. Now let v be a place of k
which is non-archimedean and assume that πv is an unramified representation.
By the unramified arithmetic Langlands classification or the Satake classification
[6, 35], πv is parametrized by an unramified admissible homomorphism φv : Wkv →
L 0
Gn where Wkv is the Weil group of kv . By composing with ιv : L Gn ,→ L HN we
have an unramified admissible homomorphism Φv = ιv ◦φv : Wkv −→ L HN and this
defines an irreducible admissible unramified representation Πv of HN (kv ) [17, 18].
Then Πv is again the local functorial lift of πv and we take it as our local lift.
(Again, see the local functoriality diagram in Section 1.)
We will again need to know that the twisted L- and ε-factors agree for πv and
Πv .
Proposition 5.2. Let v be a non-archimedean place of k and let πv be an
irreducible admissible generic unramified representation of Gn (kv ). Let Πv be its
functorial local lift to HN (kv ) as above, and τv an irreducible admissible generic
representation of Hm (kv ) with m < N . Then
L(s, πv × τv ) = L(s, Πv × τv )

and

ε(s, πv × τv , ψv ) = ε(s, Πv × τv , ψv ).

Proof: Since πv is unramified its parameter φv factors through an unramified homomorphism into the maximal torus L T n ,→ L Gn . The composition ι ◦ φv = Φv
0
then has image in a torus L T N ,→ L H N , which necessarily splits, and Πv is the
corresponding unramified (isobaric) representation. Then the functoriality diagram
gives that L(s, πv , ιv ) = L(s, Πv ) and ε(s, πv , ιv , ψv ) = ε(s, Πv , ψv ) and both can be
expressed as products of one dimensional abelian Artin L-functions and ε–factors.
This is the multiplicativity of the local L- and ε–factors in this case. For twisting
by τv one appeals to the general multiplicativity of local factors from [19, 40] with
respect to the preceding data. This is done in detail for the split groups in [11] and
the calculation here is the same.

5.3. The non-archimedean ramified lift. Now consider a non-archimedean
place v of k where the local component πv of π is ramified. Assume for now that
we are not in the situation where Gn is a unitary group associated to a quadratic
extension E/k in which the place v splits; we will return to this at the end of
the section. Now we do not have the local Langlands correspondence to give us a
natural local functorial lift. Instead we will use the results of Section 4.
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Given πv we choose an induced representation πv0 = I(λv ) as in Section 4.1
which has the same central character as πv and which we do know how to parametrize. Let φλv : Wkv → L Tn → L Gn be the associated parameter. By
composing with ιv : L Gn ,→ L HN we have an admissible homomorphism Φv =
ιv ◦ φλv : Wkv −→ L HN and this defines an irreducible admissible representation
Πv of HN (kv ). We now use the local functoriality diagram in the following form:
L

πv 7→ πv0 = I(λv )



GnY3
33
33
33
/ φλv 333
33
33
33

/ L HN
E

ιv

Φv



/ Πv .

W kv
Then Πv is the local functorial lift of πv0 = I(λv ). We take Πv as our local lift of
πv .
Now let ν̃v be a sufficiently ramified suitable character of H1 (kv ) as in Section
4. Then by Corollary 4.1.1 we know that
γ(s, πv × ν̃v , ψv ) = γ(s, πv0 × ν̃v , ψv )
and by Proposition 4.1 we have
γ(s, πv0 × ν̃v , ψv ) = γ(s, I(λv ) × ν̃v , ψv ) = γ(s, (ιv ◦ φλv ) ⊗ ν̃v , ψv ).
On the other hand, by the functoriality diagram above
γ(s, (ιv ◦ φλv ) ⊗ ν̃v , ψv ) = γ(s, Φv ⊗ ν̃v , ψv )
and the work of Harris-Taylor and Henniart establishing the local Langlands conjecture for GLn gives
γ(s, Φv ⊗ ν̃v , ψv ) = γ(s, Πv × ν̃v , ψv ).
Thus finally
γ(s, πv × ν̃v , ψv ) = γ(s, Πv × ν̃v , ψv ).
For sufficiently ramified ν̃ the local L-functions L(s, πv × ν̃v ) and L(s, Πv × ν̃v )
both stabilize to 1 [41, 22] and so the stability of local γ-factors is essentially the
stability of local ε–factors.
Proposition 5.3. Let πv be an irreducible admissible generic representation of
Gn (kv ) and let Πv be the irreducible admissible representation of HN (kv ) as above.
Then for sufficiently ramified suitable characters ν̃ of H1 (kv ) we have
L(s, πv × ν̃v ) = L(s, Πv × ν̃v )

and

ε(s, πv × ν̃v , ψv ) = ε(s, Πv × ν̃v , ψv ).

There is a natural extension of this to the class of representations of Hm (kv )
that we require for the application of the Converse Theorem given in the following
proposition.
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Proposition 5.4. Let v be a non-archimedean place of k. Let πv be an irreducible admissible generic representation of Gn (kv ) and let Πv be the irreducible
admissible representation of HN (kv ) as above. Let τv be an irreducible admissible
generic representation of Hm (kv ) with m < N of the form τv ' τ0,v ⊗ ν̃v with τ0,v
unramified and ν̃v suitable and sufficiently ramified as above. Then
L(s, πv × τv ) = L(s, Πv × τv )

and

ε(s, πv × τv , ψv ) = ε(s, Πv × τv , ψv ).

Proof: The proof of this proposition is by the use of multiplicativity of the local
factors with respect to the Hm -variable [40]. Since τ0,v is unramified and generic
we can write it as a full induced representation from characters [21]
H (k )

τ0,v ' IndB 0m(kvv) (χ1,v ⊗ · · · ⊗ χm,v )
m

with each χi,v unramified. If we let χi,v (x) = |x|bvi and let µ(x) = |x|v , then we
may write τv as
H (k )
τv ' IndB 0m(kvv) (ν̃v µb1 ⊗ · · · ⊗ ν̃v µbm ).
m

By the multiplicativity of the local factors [40] we find
L(s, πv × τv ) =

m
Y

L(s + bi , πv × ν̃v )

i=1

and
ε(s, πv × τv , ψv ) =

m
Y

ε(s + bi , πv × ν̃v , ψv ).

i=1

On the other hand, by the same results of [19] we also have
L(s, Πv × τv ) =

m
Y

L(s + bi , Πv × ν̃v )

i=1

and
ε(s, Πv × τv , ψv ) =

m
Y

ε(s + bi , Πv × ν̃v , ψv ).

i=1

By Proposition 5.3 above we see that after factoring the L- and ε–factors for
πv and Πv twisted by such τv the factors are term by term equal for ν̃v a suitable
sufficiently ramified character. This establishes the proposition.

In the appendix (Section 7.2) we explicitly calculate the local lift of a principal
series representation for the case of Gn = SO∗2n . For the other cases (at least in the
unramified situation) these explicit calculations are in [11] and [26, 27].
Now let us return to the situation where Gn is a unitary group associated to
a quadratic extension E/k in which the place v splits. Then Gn (kv ) ' GLN (kv )
and HN (kv ) ' GLN (kv ) × GLN (kv ). This situation is analyzed in the beginning
of Section 6 of [26]. The L-homomorphism is simply understood in this case. If
πv is an irreducible admissible representation of Gn (kv ) then, ramified or not, we
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take the representation Πv of HN (kv ) to be πv ⊗ π̃v . The twisting representation
τv it a representation of Hm (kv ) ' GLm (kv ) × GLm (kv ) and hence of the form
τv ' τ1,v ⊗ τ2,v . Then we have
γ(s, πv ⊗ τv , ι ⊗ ι0 , ψv ) = γ(s, πv × τ1,v , ψv )γ(s, π̃v × τ2,v , ψv ) = γ(s, Πv × τv , ψv )
and
L(s, πv ⊗ τv , ι ⊗ ι0 ) = L(s, πv × τ1,v )L(s, π̃v × τ2,v ) = L(s, Πv × τv ).
So we are in the same situation as in the unramified case, i.e., the stronger Proposition 5.2 holds in this case.
5.4. The global candidate lift. Return now to the global situation. Let
π ' ⊗0 πv be a globally generic cuspidal representation of Gn (Ak ). Let S be a finite
set of finite places such that for all non-archimedean places v ∈
/ S we have πv and
ψv are unramified (and if necessary the local extension Ew /kv unramified as well).
For each v ∈
/ S let Πv be the local functorial lift of πv as in Section 5.1 or 5.2.
For the places v ∈ S we take Πv to be the irreducible admissible representation of
HN (kv ) obtained in Section 5.3. Then the restricted tensor product Π ' ⊗0 Πv is
an irreducible admissible representation of HN (Ak ). It is self-dual except in the
case of unitary groups, where it is self-conjugate-dual. This is our candidate lift.
For each place v ∈ S choose a suitable sufficiently ramified character ηv = ν̃v of
H1 (kv ) so that Proposition 5.4 is valid. Let η be any idele class character of H1 (Ak )
which has local component ηv at those v ∈ S. Then combining Propositions 5.1 –
5.4 we obtain the following result on our candidate lift.
Proposition 5.5. Let π be a globally generic cuspidal representation of Gn (Ak )
and let Π be the candidate lift constructed above as a representation of HN (Ak ).
Then for every representation τ ∈ T (S; η) = T S (N − 1) ⊗ η we have
L(s, π × τ ) = L(s, Π × τ )

and

ε(s, π × τ ) = ε(s, Π × τ ).

6. Global functoriality
6.1. Functoriality. Let us now prove Theorem 1.1. The proof is the usual
one [11, 27], but it is short and we repeat it for completeness.
We begin with our globally generic cuspidal representation of Gn (Ak ). Decompose π ' ⊗0 πv into its local components and let S be a non-empty set of
non-archimedean places such that for all non-archimedean places v ∈
/ S we have
that πv and ψv (and if necessary Ew /kv ) are unramified. Let Π ' ⊗0 Πv be the
irreducible admissible representation of HN (Ak ) constructed in Section 5 as our
candidate lift. By construction Π is self-dual or self-conjugate-dual and is the local functorial lift of π at all places v ∈
/ S. Choose η, an idele class character of
H1 (Ak ), such that its local components ηv are suitable and sufficiently ramified at
those v ∈ S so that Proposition 5.5 is valid. Furthermore, since we have taken S
non-empty, we may choose η so that for at least one place v0 ∈ S we have that ηv0
is sufficiently ramified so that Theorem 3.1 is also valid. Fix this character.
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We are now ready to apply the Converse Theorem to Π. Consider τ ∈ T (S; η).
By Proposition 5.5 we have that
L(s, π × τ ) = L(s, Π × τ )

and

ε(s, π × τ ) = ε(s, Π × τ ).

On the other hand, by Theorem 3.1 we know that each L(s, π × τ ) and hence
L(s, Π × τ ) is nice. Thus Π satisfies the hypotheses of the Converse Theorem,
Theorem 2.1. Hence there is an automorphic representation Π0 ' ⊗0 Π0v of HN (Ak )
such that Π0v ' Πv for all v ∈
/ S. But for v ∈
/ S, by construction Πv is the local
functorial lift of πv . Hence Π0 is a functorial lift of π as required in the statement
of Theorem 1.1. The lift is then uniquely determined, independent of the choice of
S and η, by the classification theorem of Jacquet and Shalika [20].

6.2. The image of functoriality. In this section we would like to record the
image of functoriality. Assuming the existence of functoriality, the global image has
been analyzed in the papers of Ginzburg, Rallis, and Soudry using their method
of descent [16, 42]. From their method of descent of automorphic representations
from HN (Ak ) to the classical groups Gn (Ak ) and its local analogue, Ginzburg,
Rallis, and Soudry were able to characterize the image of functoriality from generic
representations.
There is a central character condition that must be satisfied by the lift. For
each classical group we associate a quadratic idele class character of A×
k as follows.
If Gn is of type Bn , Cn , Dn , or 2 An we simply take χGn to be the trivial character
1. If Gn is of type 2 Dn , so a quasisplit even special orthogonal group SO∗2n , then
the two-dimensional anisotropic kernel of the associated orthogonal space is given
by the norm form of a quadratic extension E/k; in this case we set χGn = ηE/k the
quadratic character coming from class field theory.
The arithmetic part of their characterization relies on a certain L-function
L(s, Πi , R) for a HNi having a pole at s = 1. The corresponding representation R
of the L-group depends on the Gn from which we are lifting. If the dual group L Gn
is of orthogonal type, then R = Sym2 , if it is of symplectic type then R = Λ2 , and
in the unitary case it is either the Asai representation R = AsaiE/k for Gn = U2n+1
or the twist by the quadratic character ηE/k of the associated quadratic extension
R = AsaiE/k ⊗ ηE/k for Gn = U2n . For the definition of the Asai representation, if
it is not familiar, see [26, 27].
The image of the lifting then has the following characterization [42].
Theorem 6.1. Let π be a globally generic cuspidal representation of Gn (Ak ).
Then any functorial lift of π to an automorphic representation Π of HN (Ak ) is
self-dual (respectively self-conjugate-dual in the unitary case) with central character
ωΠ = χGn (resp. ωΠ |A× = χGn ) and is of the form
Π = Ind(Π1 ⊗ · · · ⊗ Πd ) = Π1  · · ·  Πd ,
where each Πi is a unitary self-dual (resp. self-conjugate-dual) cuspidal representation of HNi (Ak ) such that the partial L-function LT (s, Πi , R), with any sufficiently
large finite set of places T containing all archimedean places, has a pole at s = 1
and Πi 6' Πj for i 6= j. Moreover, any such Π is the functorial lift of some π.
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Let us make a few elementary observations on the distinguishing characterizations of the various lifts. We summarize the image characterization data in the
following table:

Gn

R

χGn

SO2n+1

Λ2

1

SO2n

Sym2

1

SO∗2n

Sym2

ηE/k

Sp2n

Sym2

1

U2n

AsaiE/k ⊗ ηE/k

1

U2n+1

AsaiE/k

1

We first consider lifts from orthogonal and symplectic groups. Suppose for
simplicity that Π is a self-dual cuspidal representation of GLN (Ak ). If N = 2n + 1
is odd, then Π can only be a lift from Sp2n and will be iff LT (s, Π, Sym2 ) has a
pole at s = 1 and ωΠ is trivial. If N = 2n is even, then Π can only be a lift from
an orthogonal group. If LT (s, Π, Λ2 ) has a pole at s = 1 and ωΠ is trivial then
it is a lift from the split SO2n+1 . On the other hand, if it is a lift from an even
orthogonal group, then necessarily LT (s, Π, Sym2 ) has a pole at s = 1. Since the
central character ωΠ is necessarily quadratic, this character will distinguish between
the various even orthogonal groups. If ωΠ is trivial, then Π is a lift from the split
SO2n while if ωΠ = ηE/k for some quadratic extension E/k, then Π is a lift from
the quasisplit SO∗2n associated to this extension. (If Π is isobaric, one applies the
same conditions to the summands.)
We next consider lifts from unitary groups and we begin with a cuspidal representation Π of GLN (Ak ) for some number field k. If Π is to be a lift from a unitary
group UN , then we must have a quadratic sub-field k0 ⊂ k with non-trivial Galois
e σ . Then we can realize
automorphism σ such that both ωΠ |A× = 1 and Π ' Π
k0

GLN (Ak ) = HN (Ak0 ) with HN = Resk/k0 GLN . If N = 2n + 1 is odd, then for Π
to be a transfer from UN (Ak0 ) we would need LT (s, Π, Asaik/k0 ) to have a pole at
s = 1 and if N = 2n is even then for Π to be a transfer from U2n (Ak0 ) we would
need LT (s, Π, Asaik/k0 ⊗ ηk/k0 ) to have a pole at s = 1.
From these descriptions, it is clear that there is no intersection between lifts
from different orthogonal groups nor between them and symplectic groups since the
Λ2 and Sym2 L-functions can never share poles. On the other hand, there seems to
be much room for overlap in the images from orthogonal/symplectic and unitary
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groups as well as potential overlap in the images from different unitary groups. It
would be interesting to understand these.

7. Appendix: Quasisplit orthogonal groups
In this section we present some explicit computation for the case of Gn = SO∗2n .
While these are not necessary for what preceded, they can be quite helpful in
understanding this case.
7.1. The L-homomorphism. Let us start with some L-group generalities.
Let k be a local or global field and let Γk = Gal(k/k). Let G be a connected
reductive group over k. Let B be a Borel subgroup and T ⊂ B a Cartan subgroup.
Let Ψ0 (G) = (X, ∆, X ∨ , ∆∨ ) be the based root datum for G associated to (B, T ).
Since Out(G) ' Aut(Ψ0 (G)) we have the short exact sequence of automorphisms
1 → Int(G) → Aut(G) → Aut(Ψ0 (G)) → 1.
We fix a splitting of this sequence as follows. For each α ∈ ∆ we fix xα ∈ Gα . Then
Aut(Ψ0 (G)) ' Aut(G, B, T, {xα })
realizes Aut(Ψ0 (G)) as a subgroup of Aut(G).
The cocycle
[σ 7→ f (f σ )−1 ] ∈ H 1 (Γk , Aut(G))
then lands in Aut(Ψ0 (G)) and becomes a homomorphism
µG : Γk → Aut(Ψ0 (G)).
We then have the dual action
∨
b
µ∨
G : Gal(k/k) → Aut(Ψ0 (G) ) = Aut(Ψ0 (G)).

In the case of SO∗2n which splits over E, with (E : k) = 2, let Gal(E/k) = {1, σ}.
b ' Aut(G,
b B,
b Tb, {xα∨ }). If τ ∈ σGal(k/E) then
As before, we realize Aut(Ψ0 (G))
∨
µ∨
(τ
)
must
send
T
to
itself,
each
x
to
itself
for 1 ≤ i ≤ n − 2, and interchange
αi
G
∨
xα∨n−1 and xα∨n . In particular, it must send e∨
to
−e∨
n
n . So the element µG (τ ) can
be represented by an element [ŵ] representing a coset of T in the normalizer of T
in O2n (C). In fact


1


..


.




1






0
1
 T.

[ŵ] = 

1
0




1




.
..


1
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Let







ŵ = 









1
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 t̂







.
1


0
1

1
0


1
..

.
1

b =
be an element of this coset that fixes the splitting {xα∨ }. Then t̂ ∈ Z(G)
Z(O2n (C)) = {±1}. Thus


1


..


.




1 





0 1


ŵ = ± 

1 0




1




.
..


1
are the only possibilities for an element in O2n (C) representing µ∨
G (τ ) by conjugation. The choice of ± is irrelevant. So we set


1


..


.




1 





0 1
.

ŵ = 

1 0




1




.
.


.
1
Then our embedding ι : SO2n (C) o Γk ,→ GL2n (C) × Γk must send
(1, τ ) 7→ (ŵ, τ )

if τ ∈ σGal(k/E)

while
(1, τ ) 7→ (1, τ ) it τ ∈ Gal(k/E).
−1
This follows from the fact that µ∨
and
G (τ )(g) = ŵg ŵ
−1
(1, τ )(g, 1) = (τ (g), τ ) = (µ∨
, τ ).
G (τ )(g), τ ) = (ŵg ŵ

In particular
(1, τ )(g, 1)(1, τ )−1 = (ŵg ŵ−1 , 1).
Note that by the matrix representation given for ŵ we are clearly fixing
Tb = GL1 (C)n−1 × (GL1 (C) × GL1 (C))/C×
the latter being the L-group of SO∗2 . Moreover note that ŵ basically represents
∨
b
only one sign change (e∨
n 7→ −en ) and thus cannot be in the Weyl group of T in
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SO2n (C). It represents the outer automorphism (the graph automorphism) of SO∗2n
and (ŵ, τ ) gives the embedding of τ ∈ σGal(k/E) in GL2n (C) × Γk .
7.2. Computation of the local lift and its central character: SO∗2n . In
the local lifts of Section 5, both the unramified lift and the ramified lift relied on
lifting a principal series representation of Gn to a representation of GL2n . We will
analyze this in a bit more detail here, computing the local lift in the quasisplit case
and the central character of the local lift in both cases.
Let k be a non-archimedean local field. Let T 0 ⊂ GL2n be the standard maximal
split torus. Let
ϕ : Wk → L T

0

χ : T 0 (k) → C× .

and

Write
ϕ((x, w)) = (ϕ0 (x), w)

with

ϕ0 ∈ H 1 (k, Tb0 ).

×
Let ρ∨ ∈ X∗ (T 0 ) = X ∗ (Tb0 ) be such that for x ∈ k we have ρ∨ (x) = diag(x, . . . , x) ∈
∨
×
GL2n (k). Then χ(ρ (x)) = ωπ (x) if x ∈ k and π = Ind(χ).

Suppose we are in the case of a split SO2n and ϕ = ι ◦ φ0 with ι : SO2n (C) ,→
GL2n (C) and φ0 : Wk → L T . Then
χ(ρ∨ (x)) = det(ϕ(x)) = det(ι(φ0 (x))) = 1.
Now let us look at the non-split case SO∗2n associated to the quadratic extension
E/k as above. In this case
T (k) = (k × )n−1 × E 1

or

T = Gn−1
× SO∗2 .
m

Thus
L

T = GL1 (C)n−1 × (GL1 (C) × GL1 (C))/C× .

and
ϕ = ι ◦ φ0 : Wk → L T → L Te

0

where Te0 (k) ' (k × )n−2 × E × × (k × )n−2 is a torus of GL2n (k) with E × embedded
×
in GL2 (k) as in Langlands-Labesse [33]. Let µ = (µ1 , . . . , µn−1 , χn ), with µi ∈ kc
×
×
c
1
and χn ∈ E , be a character of T (k). Then, by Hilbert’s Theorem 90, E /k ' E 1
through the map x 7→ x/xσ . Thus we can extend χn to a character χ
en of E × . We
can then consider the character
−1
µ
e = (µ1 , . . . , µn−1 , χ
en , µ−1
n−1 , . . . , µ1 )

of Te0 (k).
en must factor through the norm map,
To get a principal series on GL2n (k), χ
c
×
so write χ
en = µn ◦ NE/k with µn ∈ k . Since χ
en is trivial on restriction to
k × , then µ2n = 1. Since endoscopy then gives the Weil representation of GL2 (k)
k
defined by IndW
en , it gives the principal series representation I(µn ηE/k , µn ) =
WE χ
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×
I(µn ηE/k , µ−1
n ), where ηE/k is the quadratic character of k associated to the quadratic extension E/k by local class field theory. So if the principal series representation I(µ) of SO∗2n (k) transfers to a principal series representation Πv of GL2n (k),
it will be induced from the character
−1
−1
(µ1 , . . . , µn−1 , µn ηE/k , µ−1
n , µn−1 , . . . , µ1 )

of T 0 (k). Its central character is then simply ηE/k .
Even if χ
en does not factor through the norm, the lift Πv will be the representation of GL2n (k) induced from
−1
k
(µ1 , . . . , µn−1 , π(IndW
en ), µ−1
n−1 , . . . , µ1 )
WE χ
k
and its central character is still ηE/k . In fact, the central character of π(IndW
en )
WE χ
×
is the restriction of ηE/k χ
en to k , which is simply ηE/k . Note that now the transfer
is tempered, but not necessarily a principal series.
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