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Abstract. We study the mass equidistribution of holomorphic cuspidal Hecke eigenforms
on the Siegel modular varieties, and show that equidistribution holds on average, by means
of the Bergman kernel.

1. Introduction

In 1924 Artin showed that the geodesic flow on the open modular Riemann surface
SL2(Z)\H was ergodic [1]; interestingly, his proof was an analysis of the geodesic arcs via
continued fractions. In 1939 Hopf showed that the geodesic flow on any manifold of con-
stant negative curvature was ergodic [6]. Over time the geodesic flows on negatively curved
manifolds X have become models for studying chaotic dynamics. The quantization of these
chaotic systems corresponds to the eigenvalue problem for the Laplacian on X, with the
eigenfucntions corresponding to quantum states. The behavior of these eigenfunctions as
the eigenvalue grows corresponds to the semi-classical limit of the quantum states of this
chaotic system. One problem of interest is that of quantum ergodicity. Let us order the
eigenfunctions ϕλ of the Laplacian ∆ on X according to increasing eigenvalue λ. To each
L2-normalized eigenfunction we can associate a probability measure

dµϕλ
= |ϕλ|2 dµ

with dµ the normalized volume form. The question of quantum ergodicity or mass distribu-
tion asks for the possible limit measures as the eigenvalue grows, i.e., the understanding of
the possible limits

lim
λ→∞

dµϕλ
.

This phenomenon was analyzed in the context of compact negatively curved manifolds by
the work of Schnirelman [19], Zelditch [27] and Colin de Verdière [2] among others; they
showed, in the context they considered, that for a density one subsequence the only possible
limit is the normalized volume form dµ.
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Renewed number theoretic interest followed the work of Rudnick and Sarnak [17] where
they concentrated on congruence quotients of the upper half-plane Γ\H and similar congru-
ence quotients in higher dimensions. Here one has a preferred basis of eignefunctions for
the Laplacian, namely those that are simultaneously eigenfunctions of all Hecke operators.
For such bases they conjectured Arithmetic Quantum Unique Ergodicity (AQUE), namely
that the only possible limit of the dµϕλ

is the normalized invariant volume dµ. Interest was
heightened further when Watson related AQUE to the triple product L-function for Maass
forms [26]. Eventually, AQUE for the upper half-plane was established by Lindenstrauss via
ergodic methods [11] for compact quotients; in the noncompact case he showed that there
was a unique limit measure of the form cdµ for some 0 < c ≤ 1 but could not control mass
escaping from the cusps. However, quite recently AQUE for Maass forms for SL2(Z) has
been completed by Soundararajan [25] and the case of holomorphic Hecke eigenforms for
SL2(Z) has now been completed by Holowinsky and Soundararajan [5], in both cases by
arithmetic methods.

In this paper we consider a natural generalization of AQUE. We first will deal with a
higher dimensional arithmetic variety, namely the arithmetic quotient of the Siegel upper
half space Hn for n ≥ 2 by the full modular group Γn = Sp2n(Z). The quotient Xn = Γn\Hn

is non-compact but of finite volume, and we let dµ be the normalized volume form so that
µ(Xn) = 1. Instead of Maass forms, we will consider holomorphic Siegel modular forms of
integral weight k. The space of holomorphic Siegel cusp forms for Γn, denoted Sk(Γn), is finite
dimensional and has a basis {fk,j} consisting of Hecke eigenforms which are orthonormal for
the Petersson inner product on Sk(Γn). To each fk,j is attached a probability measure dµk,j

and the analogue of AQUE in this context is that as k → ∞ these measures approach dµ.
This seems at least as difficult as AQUE for classical Maass forms. However, we have found
that if one approaches this conjecture on average, that is, considers the measures

dµk =
1

dim Sk(Γn)

∑
j

dµk,j,

we can obtain a version of mass equidistribution for these measures (Theorems 1 and 2
below) by relatively elementary techniques. It is well known that the reproducing kernel
for Sk(Γn) has two natural forms: one obtained from the normalized Hecke eigenbasis and
another obtained as an average over Γn of the Bergman kernel on Hn. The equality of these
two expressions lies at the heart of trace formula methods of computing the dimension of
Sk(Γn). Here we use this equality and show how a simple observation on the Bergman kernel
lead to mass equidistribution (or AQUE) on average.

The later sections of the paper contain a discussion of the expected rate of equidistribution
in this situation and a discussion of the statistical fluctuations of a mean observable for these
measures.

Acknowledgment. The authors would like to thank Peter Sarnak for his valuable com-
ments and encouragement, especially for his insightful suggestions to study the expected
decay rate in our equidistribution results.
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2. Statement of results.

Let Hn = {Z ∈ Mn(C), Z = tZ, ImZ > 0} be the Siegel upper half-space of degree
n, and Γn = Sp2n(Z) be the Siegel modular group acting discontinuously on Hn. We re-
strict ourselves to the case of n ≥ 2. It is known (see for example [10]) that the Siegel
modular variety Xn = Γn\Hn is a complex manifold of dimension n(n + 1)/2. The clas-
sical invariant symplectic measure on Xn is dXdY

(det(Y ))n+1 , where we write Z = X + iY and

dX =
∏

j≤l dxjl, dY =
∏

j≤l dyjl for X = (xjl) and Y = (yjl). The volume formula of Siegel

[22] gives

vol(Γn\Hn) = 2
n∏

i=1

Γ(i)ζ(2i)

πi
.

Denote by Sk(Γn) the space of Siegel cusp forms of weight k with respect to Γn, i.e. the
space of holomorphic functions f on Hn satisfying

f(γZ) = det(CZ + D)kf(Z), for γ =

(
A B
C D

)
∈ Γn,

and such that (det Im(Z))k/2|f(Z)| is bounded on Hn. Sk(Γn) is a finite-dimensional Hilbert
space equipped with the Petersson scalar product. Hashimoto [4] has shown

dimCSk(Γn) = 2n(n−1)/2 vol(Γn\Hn)

(4π)n(n+1)/2
kn(n+1)/2 + O(kn(n+1)/2−1),

as k → ∞ with (−1)nk = 1. See also Mumford’s more general results ([14], Corollary 3.5)
in this direction. Denote Jn,k = dimCSk(Γn). We assume in the following that (−1)nk = 1,
since otherwise Sk(Γn) = {0}.

Analogous to the elliptic case [18], it is expected that the mass of Hecke eigenforms should
be equidistributed on the Siegel modular variety Xn = Γn\Hn as the weight increases. Let
{fk,j} be an orthonormal Hecke eigenbasis for Sk(Γn) with respect to dXdY

(det(Y ))n+1 . Then for

K ⊂ Xn compact, Arithmetic Quantum Unique Erdodicity, or mass equidistribution, in this
context would lead us to expect

(1) lim
k→∞

∫
K

(det Im(Z))k|fk,j(Z)|2 dXdY

(det(Y ))n+1
=

1

vol(Γn\Hn)

∫
K

dXdY

(det(Y ))n+1
.

On Xn, denote by dµ(Z) = 1

vol(Γn\Hn)

dXdY
(det(Y ))n+1 the normalized invariant symplectic measure.

For each fk,j define a new probability measure dµk,j(Z) on Xn by

dµk,j(Z) = det Im(Z)k|fk,j(Z)|2 dXdY

(det(Y ))n+1
.

Then (1) can be simply rephrased: for any compact K ⊂ Xn,∫
K

dµk,j(Z) →
∫

K

dµ(Z)

as k → ∞. Note that the Siegel modular variety Xn is noncompact. In the compact case
the corresponding result is known to be true at least for a full density subsequence, which
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is a consequence of a general theorem of Shiffman-Zelditch [20] for holomorphic sections of
tensor powers of any ample Hermitian line bundle L on a compact Kähler manifold X.

To investigate mass distribution on average, we associate a probability measure dµk on
Xn to each integer k > 2n by averaging over the Hecke eigenbasis for Sk(Γn)

(2) dµk(Z) =
1

Jn,k

Jn,k∑
j=1

dµk,j =
1

Jn,k

Jn,k∑
j=1

det Im(Z)k|fk,j(Z)|2 dXdY

(det(Y ))n+1
.

We now ask for the limiting behavior of these averaged measures as the weight increases.

By Minkowski’s reduction theory [10], the following set Fn is a fundamental domain of Γn:

Fn = {Z ∈ Hn, satisfying the following conditions (i), (ii) and (iii)},
where

(i) −1/2 ≤ xjl ≤ 1/2, j, l = 1, · · · , n;

(ii) tgY g ≥ yjj for all integral g =

 g1
...

gn

 ∈ Zn with gcd(gj, · · · , gn) = 1, 1 ≤ j ≤ n;

yj,j+1 ≥ 0, 1 ≤ j ≤ n− 1;

(iii) |det(CZ + D)| ≥ 1 for any

(
A B
C D

)
∈ Γn.

In particular Z ∈ Fn implies that

(i) yjj ≤ yj+1,j+1, 1 ≤ j ≤ n− 1;

(ii) yjj ≥
√

3/2, 1 ≤ j ≤ n;

(iii) det Y ≤
n=1∏
ν=1

yνν ≤ c det Y , for some c ≥ 1.

We will fix such a fundamental Fn as a realization of Xn.

Our main result on mass equidistribution on average is then the following.

Theorem 1. For any compact domain K ⊂ int(Fn) (the interior of Fn), we have

(3)

∫
K

dµk =

∫
K

dµ + O(k−1),

where the constant implicit in the O-symbol depends on K.

More generally, we have the following result.

Theorem 2. For any compact domain K ⊂ Fn, and any η > 0, we have

(4)

∫
K

dµk =

∫
K

dµ + O(k−1/2+η),

where the constant implicit in the O-symbol depends on K and η.
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3. The Bergman kernel.

The Bergman kernel for the Siegel modular variety Xn = Γn\Hn has been studied by
Godement [3] to derive the dimension formula using ideas from the theory of the trace
formula. The Bergman kernel function for Hn is obtained from the Bergman kernel on the
generalized unit disc Dn = {Z ∈ Mn(C), tZ = Z, In − ZZ > 0}, one of the four types of
the irreducible bounded symmetric domains studied by E. Cartan, via the Cayley transform.
Then the Bergman kernel for the modular variety Xn is obtained by averaging [3, 10].

Fix n ≥ 2 and define

hk(Z, Z
′
) =

∑
γ∈Γn

det

(
Z − γZ ′

2i

)−k

det(CZ ′ + D)−k,

where γ =

(
A B
C D

)
. By Godement’s theorem (cf. Section 5 of [3] or Proposition III.6.2 of

[10]) hk(Z,Z ′) is cuspidal in both variables as long as k > 2n. For any f ∈ Sk(Γn) we have

(5) 2−1a(n, k)

∫
Γn\Hn

det Im(Z
′
)kf(Z

′
)hk(Z,Z

′
)

dX
′
dY

′

(det(Y ′))n+1
= f(Z),

where the constant

a(n, k) = 2−n(n+3)/2π−n(n+1)/2

n∏
ν=1

Γ
(
k − ν−1

2

)
Γ
(
k − ν+n

2

)
([7, 10]). Thus it follows that

(6) Bk(Z,Z ′) = 2−1a(n, k)hk(Z, Z
′
)

is the Bergman kernel, or reproducing kernel, for Sk(Γn) on the modular variety Xn. On
the other hand, we have a natural expression for this reproducing kernel in terms of our
orthonormal basis, namely as

Jn,k∑
j=1

fk,j(Z)fk.j(Z
′).

Equating these expressions we find the often used equality

Jn,k∑
j=1

fk,j(Z)fk.j(Z
′) = Bk(Z,Z ′) = 2−1a(n, k)hk(Z, Z

′
).

4. Proof of Theorem 1.

Utilizing the expression of the Bergman kernel as an average over Γ we can rewrite our
averaged measure as

dµk =
det Im(Z)k

Jn,k

Bk(Z,Z)
dXdY

(det(Y ))n+1
=

2−1a(n, k)

Jn,k

Rk(Z,Z)
dXdY

(det(Y ))n+1
,
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where

Rk(Z,Z) = det Im(Z)khk(Z,Z)

=
∑

γ=(A B
C D )∈Γn

det Im(Z)k det

(
Z − γZ

2i

)−k

det(CZ + D)−k.

If we let

hγ(Z) =
det Im(Z)

det
(

Z−γZ
2i

)
· det(CZ + D)

we can rewrite the above as

Rk(Z,Z) =
∑
γ∈Γn

hγ(Z)k.

The following is the key observation for proving our theorems.

Lemma 1. For Z ∈ Hn and γ ∈ Γn, we have

|hγ(Z)| ≤ 1

with equality if and only if γZ = Z. Moreover, there exists a constant c, depending only on
K, such that for 0 < ε < 1 we have

|hγ(Z)| ≤ (1 + ε)−1/2

unless ‖γZ − Z‖ ≤ c
√

ε.

Before we begin the proof, let us recall that for Z ∈ Mn(C) with tZ = Z the norm ‖Z‖ is
defined by

‖Z‖2 = tr(Z · Z) =
∑

i

|zi,i|2 + 2
∑
i<j

|zi,j|2

and that if we write Z = X + iY with X and Y real symmetric matrices then ‖Z‖2 =
‖X‖2 + ‖Y ‖2.

Proof: Let Y = Im(Z) and Y
′
= Im(Z

′
), where Z

′
= γZ = (AZ + B)(CZ + D)−1. Since

Im(γZ) = t(CZ + D)−1Im(Z)(CZ + D)−1, we can write

|hγ(Z)| =

∣∣∣∣∣∣ det Im(Z)

det
(

Z−γZ
2i

)
· det(CZ + D)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
√

det(Y ) det(Y ′)

det
(

Z−Z′

2i

)
∣∣∣∣∣∣ ,

so we need to show that ∣∣∣∣∣∣
√

det(Y ) det(Y ′)

det
(

Z−Z′

2i

)
∣∣∣∣∣∣ ≤ 1.

We begin with the following two observations.
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(i) For any pair of real symmetric matrices S, T such that T > 0, we have, on writing
T = tPP ,

| det(T + iS)| = | det(T ) det(I + itP−1SP−1)| ≥ det(T ),

and the equality holds if and only if S = 0. In fact if U is an orthogonal matrix such that
tU tP−1SP−1U = Λ is a diagonal matrix with eigenvalues {λi}, we see that

| det(T + iS)| =
(∏√

1 + λ2
i

)
det(T ) ≥

√
1 + ε2 det(T ),

unless the eigenvalues lie in the range −ε < λi < ε, that is, unless −εI < Λ < εI, or
equivalently, −εT < S < εT . Hence

1

| det(T + iS)|
≤ (1 + ε)−1/2 1

det(T )
unless −

√
εT < S <

√
εT.

(ii) Moreover if T, T
′
> 0,

det(T ) det(T
′
)

det(T+T ′

2
)2

=
det(tP−1T

′
P−1)

det( I+ tP−1T ′P−1

2
)2

=

∏
λ λ∏

λ(
1+λ

2
)2
≤ 1,

where λ runs over all eigenvalues of the matrix tP−1T
′
P−1, and equality holds if and only if

tP−1T
′
P−1 = I, i.e. T

′
= T . In addition we note that in fact

det(T ) det(T
′
)

det(T+T
′

2
)2

=
1∏

λ(1 + (λ1/4−λ−1/4)2

2
)2

< (1 + ε)−2,

unless |λ1/4 − λ−1/4|2 ≤ 2ε for all eigenvalues λ. If an eigenvalue λ > 1 we see that |λ1/4 −
λ−1/4|2 ≤ 2ε implies that 0 < λ1/4 − 1 < 2

√
ε which in turn implies that 1 < λ < 1 + c′

√
ε

with c′ an absolute constant. Similarly, if λ < 1 we arrive at 1 < λ−1 < 1 + c′
√

ε or
1 > λ > 1 − c′′

√
ε. Hence if |λ1/4 − λ−1/4|2 ≤ 2ε we can find an absolute constant c1 such

that 1− c1

√
ε < λ < 1 + c1

√
ε for all λ and all ε in the range 0 < ε < 1. As above, this can

be rewritten as T − c1

√
εT < T

′
< T + c1

√
εT . Hence

det(T ) det(T
′
)

det(T+T
′

2
)2

< (1 + ε)−2 unless − c1

√
εT < T

′ − T < c1

√
εT.

We first infer that∣∣∣∣∣∣
√

det(Y ) det(Y ′)

det
(

Z−Z′

2i

)
∣∣∣∣∣∣ =

∣∣∣∣∣
√

det(Y ) det(Y ′)

det
(

Y +Y ′

2
− iX−X′

2

)∣∣∣∣∣ ≤
∣∣∣∣∣∣
√

det(Y ) det(Y ′)

det
(

Y +Y ′

2

)
∣∣∣∣∣∣ ≤ 1,

and equalities hold if and only if X
′
= X for the first from (i) and Y

′
= Y for the second

from (ii). This gives the first statement of the lemma.

Moreover we see that∣∣∣∣∣∣ det Im(Z)

det
(

Z−γZ
2i

)
· det(CZ + D)

∣∣∣∣∣∣ =

∣∣∣∣∣
√

det(Y ) det(Y ′)

det
(

Y +Y ′

2
− iX−X′

2

)∣∣∣∣∣ ≤ (1 + ε)−1/2,
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unless

−
√

ε(Y ′ + Y ) < X ′ −X <
√

ε(Y ′ + Y )

from (i), and

−c1

√
εY < Y ′ − Y < c1

√
εY

from (ii) with c1 an absolute constant. We next wish to turn these two conditions into the
condition of the form ‖Z ′ − Z‖ ≤ c

√
ε or equivalent conditions on ‖X ′ −X‖ and ‖Y ′ − Y ‖.

Let us begin with the second condition. Let P be an orthogonal matrix diagonalizing Y ,
i.e., such that tPY P = D with D diagonal. Since Y is positive definite, its eigenvalues,
which are the diagonal entries of D, are positive. Let S = tP (Y ′−Y )P so that our condition
is −c1

√
εD < S < c1

√
εD. Thus c1

√
εD−S > 0. Note that the matrix c1

√
εD−S is actually

symmetric and positive definite. Thus all diagonal entries and all 2× 2 minors centered on
the main diagonal are positive (see, for example, Section 11.4 of [15]). Thus for each i we
have c1dii

√
ε > sii and (c1dii

√
ε − sii)(c1djj

√
ε − sjj) > s2

ij. Similarly, from S + c1

√
εD > 0

we conclude that sii > −c1dii

√
ε, so that c1dii

√
ε > |sii| for all i. We can also conclude

that 4c2
1diidjjε > s2

ij. If we let d = d(Y ) = max{dii} we have uniformly c2
1d

2ε > s2
ii, and

c2
1d

2ε > s2
ij. Thus ‖S‖2 < c2d

2ε. Now, Y ′ − Y = PStP with P orthogonal, so the entries of

P are all of bounded absolute value at most 1. Hence ‖Y ′ − Y ‖2 < c2d(Y )2ε. If we let Z
vary in a compact set K with Y = Im(Z) we see that d(Y ) is bounded above uniformly for
Z ∈ K (either by a continuity argument or by a diagonalization argument). So there exists
a constant c3, depending on K, such that ‖Y ′ − Y ‖ < c3

√
ε for all Z ∈ K. This is one half

of our desired condition.

The argument for bounding ‖X ′ − X‖ is exactly the same. We first note that since
−c1

√
εY < Y ′ − Y < c1

√
εY we can conclude Y ′ + Y < (2 + c1

√
ε)Y = c4Y . Then the

condition −
√

ε(Y ′ + Y ) < X ′ −X <
√

ε(Y ′ + Y ) implies −c4

√
εY < X ′ −X < c4

√
εY . We

now proceed as in the previous paragraph.

Combining these two estimates, we see that there exists a constant c, depending only on
K, so that for Z ∈ K

(7) |hγ(Z)| =

∣∣∣∣∣∣ det Im(Z)

det
(

Z−γZ
2i

)
· det(CZ + D)

∣∣∣∣∣∣ ≤ (1 + ε)−1/2,

unless the norm

(8) ‖γZ − Z‖ ≤ c
√

ε.

This establishes the last statement of the lemma. �

If Z ∈ K ⊂ int(Fn) and γ 6= ±I, we have ||γZ − Z|| ≥ dK > 0, where dK is the distance
from the compact set K to the boundary ∂(Fn) of Fn as measured by the norm, i.e.,

dK = min
Z∈K

W∈∂(Fn)

‖Z −W‖.
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Hence by our lemma we have a uniform estimate for Z ∈ K

(9) |hγ(Z)| =

∣∣∣∣∣∣ det Im(Z)

det
(

Z−γZ
2i

)
· det(CZ + D)

∣∣∣∣∣∣ ≤ e−δ,

where δ > 0 depends only on K.

Let k0 > 2n be fixed and k sufficiently large. We have

Rk(Z,Z) =
∑
γ∈Γn

hγ(Z)k = 2 + O(
∑
γ 6=±I

|hγ(Z)|k)

= 2 + O( max
γ 6=±I, Z∈K

|hγ(Z)|k−k0

∑
γ∈Γn

|hγ(Z)|k0)

= 2 + O(e−δk
∑
γ∈Γn

|hγ(Z)|k0),

by using (9). Now by Godement’s theorem (see Proposition III.6.2 in [10]),

(det Y )−k0/2
∑
γ∈Γn

|hγ(Z)|k0

is uniformly bounded on K and so is det Y . Hence∑
γ∈Γn

|hγ(Z)|k0 � 1,

and thus

Rk(Z,Z) = 2 + O(e−δk).

This estimate then gives∫
K

dµk =
a(n, k)

2Jn,k

∫
K

Rk(Z,Z)
dXdY

det(Y )n+1
=

a(n, k)vol(Γn\Hn)

2Jn,k

µ(K)(2 + O(e−δk)).

A direct computation using the explicit formulas for a(n, k) and Jn,k gives

a(n, k)vol(Γn\Hn)

Jn,k

= 1 + O(k−1)

(see also Hashimoto’s first asymptotic formula in [4]) so that∫
K

dµk = µ(K) + O(k−1).

This completes the proof of Theorem 1.

5. Proof of Theorem 2.

Since Γn acts discontinuously on Hn, for sufficiently small δ0 > 0 we have

#{γ ∈ Γn, γK ∩Kδ0 6= ∅} < ∞,
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where

Kδ0 = {Z ′ ∈ Hn, ||Z ′ − Z|| ≤ δ0, for some Z ∈ K}
is compact in Hn. Let

{γ ∈ Γn, γK ∩Kδ0 6= ∅} = {γ1, · · · , γr},

say. Thus if γ 6= γj, 1 ≤ j ≤ r, we have

||γZ − Z|| > δ0, for all Z ∈ K.

As in the proof of Theorem 1 the contribution from these elements are exponentially small
by (7) and (8).

Now suppose γ = γj. If γ doesn’t have any fixed points in K, then by changing δ0 if
necessary, we also have, by the compactness of K,

||γZ − Z|| > δ0, for all Z ∈ K.

Hence its contribution is negligible. On the other hand if γ 6= ±I does have fixed points in
K, the set of fixed points of γ in K, Fγ = {Z ∈ K, γZ = Z}, lies on the boundary of Fn

([10] Proposition 3.2), ∂(Fn). For ε > 0 define

Aε = {Z ∈ K, ||Z ′ − Z|| ≤ cε implies Z
′ ∈ int(Fn)},

where c is as in (8), and Bε = K\Aε ⊂ ∪Z∈∂(K)B(Z, ε), where B(Z, ε) is the ball with center
at Z and radius ε. From (7) and (8), we see that

(10)

∣∣∣∣∣∣ det Im(Z)

det
(

Z−γZ
2i

)
· det(CZ + D)

∣∣∣∣∣∣ ≤ (1 + ε2)−1/2

whenever Z ∈ Aε since ||γjZ − Z|| > cε, where γj =

(
A B
C D

)
. Moreover it is easy to see

that µ(Bε) �K ε. (In fact, µ(Bε) � εArea(∂K), assuming that ∂K is piecewise smooth.)

We now balance the contribution (1 + ε2)−k/2 coming from the finitely many terms from
the Bergman kernel corresponding to elliptic terms and the boundary contribution of ε. Note
(1 + ε2)−k/2 = exp(−k/2 log(1 + ε2)) = exp(−kε2/2 + O(kε4)). If we take ε � k−1/2, then
this term would be larger than a positive constant. On the other hand, we want to choose ε
as small as possible due to the second term. Thus the optimal choice is ε = k−1/2+η, and we
conclude ∫

K

dµk =

∫
K

dµ + O(k−1/2+η).

This completes the proof of Theorem 2.

6. Rate of equidistribution

Finally we look into the question on what possible decay rate for the mass equidistribution
we would expect, following the suggestion by Sarnak. The difficulty for the case n > 1, in



MASS EQUIDISTRIBUTION ON THE SIEGEL MODULAR VARIETY 11

contrast to the case n = 1, lies in the apparent lack of suitable L-function interpretation.
Let fk ∈ Sk(Γn) be an Hecke eigenform, and E(Z, s) be the Siegel-Eisenstein series

E(Z, s) =
∑

(A B
C D )∈Γ∞\Γn

det Im(Z)s

| det(CZ + D)|2s
,

where

Γ∞ =

{(
A B
0 D

)
∈ Γn

}
.

Denote
R+

n =
{
(nij) ∈ Mn(Q), N = tN > 0, nii, 2nij ∈ Z

}
,

and R̂+
n the set of equivalence classes of N ∈ R+

n with respect to the action of the group
SLn(Z) on R+

n : N → tγNγ, for N ∈ R+
n , γ ∈ SLn(Z). Denote by eN the order of the

isotropy group of N ,
eN = #{γ ∈ SLn(Z), tγNγ = N},

and define

R(s, fk × fk) =
∑

N∈dR+
n

|fk(N)|2

eN

(det N)−s.

where fk(N) is the Fourier coefficient of fk,

fk(z) =
∑

N∈R+
n

fk(N) exp(2πitr(NZ)).

Note fk(N) is invariant under the action of SLn(Z).

We have the integral representation [9]

γ(s)R(s, fk × fk) =

∫
Γn\Hn

E(Z, s + (n + 1)/2− k) det Im(Z)k|fk(Z)|2 dXdY

(det(Y ))n+1
,

where

γ(s) = 21−2snπ−sn+n(n−1)/4

n∏
j=1

Γ(s− (j − 1)/2) .

Moreover, if we let

Λ(s, fk × fk) = ξ(2s + n− 2k + 1)

[n/2]∏
j=1

ξ(4s + 2n− 4k + 2− 2j)γ(s)R(s, fk × fk),

where ξ(s) = π−s/2Γ(s/2)ζ(s), then we have

Λ(s, fk × fk) = Λ(2k − (n + 1)/2− s, fk × fk),

and Λ(s, k × fk) has a simple pole at s = k with residue

[n/2]∏
j=1

ξ(2j + 1)〈fk, fk〉k,
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where

〈fk, fk〉k =

∫
Γn\Hn

det Im(Z)k|fk(Z)|2 dXdY

(det(Y ))n+1

is the Petersson scalar product on Sk(Γn). Thus, the critical line of R(s, fk × fk) is on
Re(s) = k−(n+1)/4. For the heuristic on the decay rate, we assume the Lindelöf conjecture
for R(s, fk × fk) in the k-aspect, although R(s, fk × fk) in general doesn’t have an Euler
product,

R(k − (n + 1)/4 + it, fk × fk) �ε kε,

for any ε > 0. One may normalize the zeta function by rescaling s so that the critical strip
is on Re(s) = 1/2 as usual by considering R(k − (n + 1)/2 + s(n + 1)/2, fk × fk) instead.
Moreover it follows by Tauberian theorem as in [9] (we correct some obvious misprints there),
that

1

T

∑
r≤T

r−(k−1)
∑

N∈ bR+
n , det N=r

|fk(N)|2

eN

∼ ress=kR(s, fk × fk) = C−1〈fk, fk〉k,

as T →∞, where

C =
ξ(n + 1)

∏n
j=1 Γ(k − (j − 1)/2)

∏[n/2]
j=1 ξ(2n + 2− 2j)

22kn−1 πkn−n(n−1)/4
∏[n/2]

j=1 ξ(2j + 1)
.

Let r0 be the smallest positive integer such that∑
N∈ bR+

n , det N=r0

|fk(N)|2

eN

6= 0 ,

and we normalize fk so that ∑
N∈ bR+

n , det N=r0

|fk(N)|2

eN

= 1 .

In analogy with the case n = 1 in which we have ress=kR(s, fk × fk) =
L(k, sym2(fk))

ζ(2)
and k

is at the edge of the critical strip of L(s, sym2(fk)), we assume

ress=kR(s, fk × fk) � kε,

which is a consequence of the Lindelöf conjecture for R(s, fk × fk). Therefore, under this
conjecture, we would have that∫

Γn\Hn

E(Z, (n + 1)/4 + it) det Im(Z)k |fk(Z)|2

< fk, fk >k

dXdY

(det(Y ))n+1

� C−1γ(k − (n + 1)/4 + it)R(k − (n + 1)/4 + it, fk ⊗ fk)k
ε

�ε,n

(4π)−kn
∏n

j=1 Γ(k − (n + 1)/4 + it− (j − 1)/2)

(4π)−kn
∏n

j=1 Γ(k − (j − 1)/2)
kε

�ε,n,t

n∏
j=1

k−(n+1)/4kε �ε,n,t k−n(n+1)/4+ε.

This indicates that the expected decay rate in the equidistribution would be k−n(n+1)/4+ε.
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7. Statistical fluctuations

We next make some observations about the statistical fluctuations of our measures dµk,j for
a mean zero test function. Let C∞

c,0(X) be the space of smooth functions of compact support

with mean zero on X with respect to normalized invariant measure dµ, i.e,
∫

Xn
φ(Z)dµ(Z) =

0. Then for the measures dµk,j and the expected decay rate of Section 6, the first moment
is expected to satisfy

1

Jn,k

∑
j

1

k−n(n+1)/4
µk,j(φ) = o(1)

or

(11)
µk(φ)

k−n(n+1)/4
= o(1).

Here, as usual, µk,j(φ) =
∫

Xn
φ(Z)dµk,j(Z).

First, let us assume that supp(φ) ⊂ K where K is a compact subset of Xn with F ⊂
int(Fn). Then we are in the situation of Theorem 1. Then from the proof of Theorem 1, we
see that

µk(φ) =

∫
K

φ(Z)dµk(Z) =
a(n, k)

2Jn,k

∫
K

φ(Z)Rk(Z,Z)
dXdY

det(Y )n+1
.

In the case of Theorem 1, we have the uniform estimate

Rk(Z,Z) = 2 + O(e−δk)

for Z ∈ K. Substituting this in the integral above, since φ is mean zero with respect to dµ
the main term vanishes and the remaining term can be estimated to give

µk(φ) =
a(n, k)vol(Γn\Hn)

2Jn,k

µ(K) sup(|φ|)O(e−δk).

Once again using that
a(n, k)vol(Γn\Hn)

Jn,k

= 1 + O(k−1)

we have

µk(φ) = Oφ(e
−δk).

As the negative exponential dominates the division by the expected decay rate, this is indeed
o(k−n(n+1)/4), and we obtain (11) in this situation.

If the support of the observable φ is not bounded away from the fixed point set of the
elliptic elements of Γn, as in Theorem 2, our Bergman kernel method seems to fail. We cannot
control the estimates coming from elliptic elements. One way to avoid this would be to pass to
a finite index (congruence) subgroup Γn(N) which is torsion free. It always exists, essentially
by an argument of Minkowski [21]. While we gain the avoidance of the elliptic elements in the
Bergman kernel estimates, we may lose control over Jn,k(N) = dim Sk(Γn(N)). Ibukiyama
and Saito [8] have a conjectural formula for Jn,k(N) which implies

(12)
a(n, k)vol(Γn(N)\Hn)

Jn,k(N)
= 1 + O(k−1).
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(Note the constant a(n, k) is independent of the level N .) The formula is known to be valid
in case of n = 2 and n = 3. In these cases, our previous analysis is valid and we obtain both
the equidistribution result Theorem 1 and the statistical fluctuation result (11) for Γn(N) for
N sufficiently large, with no conditions on K or the support of φ. For n ≥ 4 these become
valid when the dimension formula of Ibukiyama and Saito is established, or a weaker version
which suffices for (12).

8. Concluding remarks.

For compact complex manifolds an analogue of the above theorems would follow from
the asymptotic expansion of the Bergman kernel proved by S. Zelditch [28]. However the
arithmetically defined variety Xn is more involved and delicate, in view of the presence of
unipotent elements and elliptic elements in Γn.

In the case that one has a compact arithmetic quotient of Siegel space, and for the real
analytic Hecke-Maass forms, Silberman and Venkatesh [23, 24], using Lindenstrauss’ methods
[11], have proved a stronger equidistribution result.

Our analysis of the Bergman kernel would work for any subgroup Γ of finite index in
Γn. Thus our equidistribution result would also be valid in these cases provided we had
the corresponding dimension formula for these groups. On the other hand, it seems quite
possible that one could obtain an estimate for the quantity

a(Γ, k)vol(Γ\Hn)

JΓ,k

without explicit knowledge of the individual pieces from a purely geometric argument.

Our method seems quite robust. In his Ph.D. dissertation, Sheng-Chi Liu has obtained
an analogue of the above result for the Hilbert modular varieties Γ\Hn

1 for Γ a congruence
subgroup of SL2(OF ) where F is a totally real number field of degree n and OF is the ring
of integers in F [12].
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Akad. Wiss. Leipzig 91 (1939). 261–304.



MASS EQUIDISTRIBUTION ON THE SIEGEL MODULAR VARIETY 15

[7] L.K. Hua, Harmonic Analysis of Functions of Several Complex Variables in the Classical Domains,
Transl. Math. Monographs, vol. 6, AMS, Providence, R.I., 1963.

[8] T. Ibukiyama and H. Saito, On zeta functions associated to symmetric matrices and an explicit conjec-
ture on dimensions of Siegel modular forms of general degree. Internat. Math. Res. Notices 1992, no.
8, 161–169.

[9] V. L. Kalinin, Analytic properties of the convolution of Siegel modular forms of genus n. (Russian) Mat.
Sb. (N.S.) 120(162) (1983), no. 2, 200–206, 286–287; also see the English translation in Math. USSR
Sbornik, 48 (1984), 193-200.

[10] H. Klingen, Introductory Lectures on Siegel Modular Forms, Cambridge Studies in Advanced Mathe-
matics., vol. 20, Cambridge University Press, Cambridge, 1990.

[11] E. Lindenstrauss, Invariant measures and arithmetic quantum unique ergodicity, Ann. of Math. 163
(2006) 165–219.

[12] S-C. Liu, Equidistribution of Hecke eigenforms on the Hilbert modular varieties, J. Number Theory,
127 (2007), no. 1, 1–9.

[13] W. Luo, Equidistribution of Hecke eigenforms on the modular surface. Proc. Amer. Math. Soc. 131
(2003), 21–27.

[14] D. Mumford, Hirzebruch’s proportionality theorem in the noncompact case, Invent. Math. 42 (1977),
239–272.

[15] B. Noble and J.W. Daniel, Applied Linear Algebra. Prentice Hall, Englewood Cliffs, 1977.
[16] Z. Rudnick, On the asymptotic distribution of zeros of modular forms. Int. Math. Res. Not. 2005, no.

34, 2059–2074.
[17] Z. Rudnick and P. Sarnak, The behaviour of eigenstates of arithmetic hyperbolic manifolds. Comm.

Math. Phys. 161 (1994), 195–213.
[18] P. Sarnak, Arithmetic quantum chaos, The R.A. Blyth Lecture, University of Toronto, 1993.
[19] A.I. Schnirelman, Ergodic properties of eigenfunctions, Usp. Math. Nauk. 29 (1974), 181-182.
[20] B. Shiffman and S. Zelditch, Distribution of zeros of random and quantum chaotic sections of positive

line bundles, Comm. Math. Phys. 200 (1999), 661–683.
[21] J-P. Serre, Cohomologie des groupes discrets, Prospects in mathematics (Proc. Sympos., Princeton

Univ., Princeton, N.J., 1970), pp. 77–169. Ann. of Math. Studies, No. 70, Princeton Univ. Press,
Princeton, N.J., 1971.

[22] C.L. Siegel, Symplectic geometry, Amer. J. Math. 65 (1943), 1–86.
[23] L. Silberman and A. Venkatesh, Quantum unique ergodicity on locally symmetric spaces, GAFA, Geom.

funct. anal. 17 (2007), 960–998.
[24] L. Silberman and A. Venkatesh, Quantum unique ergodicity on locally symmetric spaces II, in prepa-

ration.
[25] K. Soundararajan, Quantum unique ergodicity for SL2(Z)\H. Ann. of Math., to appear.
[26] T. Watson, Rankin Triple Products and Quantum Chaos. Thesis, Princeton University, 2003.
[27] S. Zelditch, Uniform distribution of eigenfunctions on compact hyperbolic surfaces. Duke Math. J. 55

(1987), 919–941.
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