
Applications of Pseudofinite Model Theory-

--

Lecture 3 (29 April 2020 )

a G
.
%

theorem Any definable compactification of a pseudofinite group has

an abelian connected component.

Tools
-

Theorem 3.2 (Peter -Weyl )
-

a) Any compact Hausdorff group is a projective limit of compact Lie groups
b) Any compact lie group is a closed subgroup of Cohn (G) .

theorems (Jordan)
For any net F de l

set any finite subgroup of Glen (G) contains

an abelian subgroup of index Ed .

Def 3.4
-

Let G be a group and suppose C is a Ampat group with a bi - invariant

metric d . Then f : G- C is anE-appnx.im#mEnphismif-Vx.yeGd(fCxy7.fCx74ly7) c E
.

theorems (Turing)
let C be a compact Lie group with a bi - invariant metric d

.

Then I

8=8 (C, d) st if EES and f : G→ C is an E- approx .
hom

,
where

G is a finite group ,
then I a homomorphism T : G→ C st V x c- 6

,

I (447, thx)) c 2e .



Exercise Let C be a compact lie group with bi- inn. meth d .

Given nel
,
let dn be the product metric on C

"

.

Then 86C"
.
In ) - KC

,
d)

.

Tix a pseudofinite group G
.

kmma# Suppose I : G- C is a definable compactification , where C is

a compact group with a bi-inv. metric d . Then tf ero F a definable

E- approximate horn
.

f : G- C st f (G) a finite % - net in C

and tf xe 6
, dcfcxl. Thx)) e 43 .

Proof
Given XE C

,
let K×=B±%,

and U
,
-

- Bees (x) . let A. c- C
be a finite 44 -net in C . Say A = Edi

, . .
.

. Xu 3 .

V Kien F

a definable set Xi E G st E-
' (Kai) E Xi E Ti' (Ux;) .

Note G = X. U - - . . U Xn . Define f : G → A st f Cx7=2; where i is

minimal st xe Xi . Then 4 is definable since f (G) is finite and

all fibers are definable.

T x EG
,
if 442 - hi then x E Xie Ti ' (Ux;) so dtcxfcx Ez
-

since T (G ) is dense
,
it follows that f (G) is an %- net

.

[Te C, 7 x EG da
,
tha) e %dC-uxi.fm) a%)

Given X,y
EG

,

d(fCxy7 , 447fly)) EdGuy) , Tcxyl ) tdfcxstcyl, flatly))
+ dcfcxltcy , f Cx) fly))

< Est Est Es = E D



Remotest If x EG, Tex) E Beck, Cdc ) then x E X
,
and so 947=7

, .

ProffThm3#
Let t : G- C be a definable compactification , where C is a compact group .

W LOG (Thin 3.2 (a) ) we can assume C is a compact lie group

Gi C = lim Li is Li
#

Co - lim Li .

God : C has an abelian subgroup of finite index .
g
Thin 3.s

Ix n bi- inv.

metric d on C.
Let I = En c-Zt : ht E SCC, d) 3 .

Fix ne I
. Apply lemma 3.6 h obtain a clef

. Ysu - approx . homomorphism

f : G → C st 4667 is a finite Ysn -out in C

Note f has definable fibers .

So : G f- " Thee is a Hsn - approx . hom wth image f (G) .
"

Formally : let 466) -- Ela
,
. . .,Xm3 . Let QCx.gl . . . . . Om (x.j) be

L - formulas st f-' (Xi) - Oi (G , a-) for some a-

Fr i
, j Em, at Sir,

= { he em : daily , Xu)c%n3. Then G t

JJ (Tx Oicxiyln ¥
,

- 2x (Oicxiylnojcxip) n it 3×0:( x.is) n

i.m-VN-vfloicu.ipnoicv.gl) - Yes
,

Caris))
.



So I a finite group Gn ,
which yield s a Hsn -approx. horn .

In : Gn- C st fn (Gn) f- f (G) ) is a Ysu -net.

By Thur IS ,
F a horn . Tmn : Gn- C st Hn = T (Gn ) is a Yn-net in C .

(Tix T.cc
,
J x e Const dcfncx)

,
He Ysn . Also d (Tn Cx),fnCxDc4kn )

V ne I
,

we have Ten : Gn- C st Hh -- T (Gn ) is a Yn -net in C
.


