
Applications of Pseudofinite Model Theory-

--

Lecture 7 (8 May 2020 )
setting : G is a sufficiently saturated pseudofinite group .

A E G is definable t NIP (ie
,
x eYA is NIP)

B is the Boolean algebra generated by { gAh : g.he 63.

GI = GSLBMCAI g-
'
= ! StabTSA) (rlgixsAs Al =p GgAsg AI ]

Goat : A is approximated by coats f GI

Red : If X E B then X is NIP (Exc 20), so by Thin SA
X is left generic IR X is right generic iff p (X ) > o (X is generic )

Pettit : A B- type -def at X E G is wide if any Y c- Bst YZX is generic .

Remain D X E B is generic off wide

2) B - type -old . X E G is aide if X= Xi for I smell and Xi EB genes.c (Exc Sa)
← {Xi : ie -23 closed under finite intersections

3) If T E G is B- type- old . and bounded index, then T is aide (Exc Gc)

D¥3 : EIA = { C E % : CAA and CIA both wide?

Theorem74_ EIA is cloud and has Hea- measure O.

Deets : let s(B) denote the set of co-mplek-B-typ.es , ie ., maximal finitely consistent

Subah of B (ie .
.
attains our B)

.

(see Section B.2 : stone spaces] .

Exercised SCB) is a totally disconnected compact Hausdorff space with basic
do
pan sets [X) -- Epe SCB) : X Ep3 for X EB

.

Note : G acts on SCB) : gp = EgX : XE p3



De Tax pesCB)
1) StabCp) = { g EG :

gp =p} (a subgroup of G )

2) p is generic if every X Ep is generic

ht SMB) denote th set of generic types .

3) Given a B- type -old set XEG
,
we wite p k X if

any

YEB containing X is in p Cie
,
X -

- FezXi & I smell t Xi Ep ) .

Thepositronic
a) If X EG is B- type- old, then X is aide if 3- pe STB) st p k X .

b) If pe STB) then 5(B) = {gp:geGT .
Pref : a) ⇐Sr
(⇒)

.

Assume X is wide .
Wik X=

,
#Xi whee J is small

, Xie B is generic ,

and { Xi : it-23 is closed under finite intersections.

Let po - { Xi : ie -23 u {YE B
:
µ (Y) -- I } . Then Po has the finite intersection

property since if i c-I od Y, . . . .

.
Yn with measure I then

µ (Xin Y, n . . -
n Yn) =p (Xi ) so

Let pesCB) st PoEp .

Then p k X .

If 2- Ep then
y
CZ) so

since if
µ ft)

- o then GIZ Epo .
So p E SUB) . )

b) Tix
p c. 5437 . Then gp Ess(B) tf SEG , so sp.is#S5CB)

(Ss(B) is closed : If get SMB) then I non -generic Yeg . S. [Y] n SMB)) .

Tix yessCB), and let UES(B) be open with g e U .

So F X EB st

ge [XT EU .

So XE q and thus G -

- FX for some finite FEG .

So EX e p and thus GX Ep for some get. So g-
'

p e CXI.EU .
D

.



Theonm7.tt
a) If p e SMB) then GI - stab Cpl.

b) If T EG is B - type- def aith bounded index then GI E l?

Proof Fax p e 5%3) and T as in
'

part Cbl . We show :

GI e stab Cp) E T.

Then Corollary 6.6 ⇒ Ca) and Prop 7.6 Ca) ⇒ (b)
.

Eap) : Thx xd stab Cp? Then x-p # p .
So x-'p and p disagree on

a generator at B, ie , I g.he 6 st xgAh s g Ah e p .

Then
p (xgAh s g Ah )

so ⇒
m
(xgA s gA) so ⇒ xctgskbm# g-I

⇒ x ¢ GE .

FEET : There is a unique right asset C of T st p KC .

let T=?zXi . tieI, I gie G st gi Xi e p . So p k ,?zgiXi[Pick one ?,siXi -
show

i? six .. Eat . So peal? )
If xeskbcp) then p = xp Exc .

So xcnc =L 0 ⇒ x eh? D
.

THI ht Ga -- % , T : G- Gla quotient map .

Define r :S(B)→ Ga st
p t ocp) (well -defined by *5)

Theposition or is continuous .

Prod : Suppose KE Ga is closed and pet o-'CK) . Then ocp) e G)IT
-'CK)

.

By Exercise Sa, F X C- B st ocp) E X E GITHCR). So ptocp)EX .

So p e Cx] .
Also [ X) no" (K) = of D

.




