
Applications of Pseudofinite Model Theory-

--

Lecture 8 (11 May 2020 )
Setting : G saturated pseudofinite, A E G old

.

a NIP
,
B -

- (EgAh :
s ,ht 677

Ba -

- %% Tl : G - Ga

Ea -- ECE Gla : CAA, CIA wide } o : S (B)→ GA .

Cowley 81 EIA is closed

Prod By Prop 7.6cal, Ce Ea if I p.ge 5413) st pk CAA t gKCIA .

So Ea - o (5%3) NEAT) n o(54371 EAT)
.

So TEA is closed because o is a cloud map
D

Note : Given X EB and pe STB), let DI -- { a e G : X tap }

Then Dex is a union of assets of GI since Gaf = Stab Cp) by Thur 7.76).

Def:&DE = TCD = {aGI : Xeap}

kmma8.is : If peS4B) and pie Goa , then Ea e LDAP
Proof : Fx C E Ea .

Tax open UE Gast CE U .

Ex g. r c- SMB) st

Ek Cn A and rt CIA .
Then geo

-'(U) n [A] and re o- ' (a)HAT
.

By Prop 7.6 Cbl, 3 a
,
b EG st ape o

-Yu) n CA] and b p e o
-' (a) ICA] .

So aloof -

- okap) E Un Pa and b Ef - o Cbp) e Ul Dff .

tool : let G be a second countable compact Hausdorff group, with Haar measure y .

Def : A Boel set W E Gl is pointy if y (wnu) >of open
set U st Un w -4/0 .

theoremIS (Simon) Suppose WE IG is NIP
,
and W and 161W are both



Fr and pointwise large . Then y (2W )
= O

.

Good DAP satisfies these assumptions .

kmma8.ly : If pe STB) then DPA is NIP
.

Proof : Let S
,

= { C. Dta : CE Ga } and SE {GA : GGG }

We show VC (S
,) E VC (Sz) (co since A is NiP).

Suppose I
,

shatters {a
, Goa , . . . , anGI TE GA .

Then tf se GI 3 gse G .

st aiGI e g sGI - D ?n if ie s
.

So gi
'

aiGI e If IR ie s, ie, A E gj'ai p iff ies ,
ice
, ai

'

g , A e p iff ie s .

So I be G st be aiig, A ik ie s, ice
. aibegs A iff ies.

So Sz shatters {ab . . . . . ants 3 .

D .

kmma8.tt If pe STB) and X EB then DIE . GalDI ae F- in Ga .

Proof Nole Glatt = Thx .

So it suffices to consider DI.
Let 4 (x ; y) be x c- g-

' X (this is Nlp). Let po es (6) best

(X
, a) Epo iff a-

' X Ep .

So DI = {a EG : X Eap)
-
- { a EG : IG

, a) c- poof .
Recall THI - T (DI ) . W LOG : Assume our language is countable.

Simon If po is Minnan-at her some etble McG
,
then DI -- Yn where

each Ya is type- definable . (so DI -- ETH ) is Fo i see Excite)

By Corollary 5.5, I ctble Be G st V-a.be G if p (a-
' X ) b-'X ) > 0

then Bn fins ' X) # 0 .
let Me G be able st BEM and st

X is M - definable
.



Claim : po is M- invariant (ie
,
if a =µb then 44, a) c- p. :P allx. b) Epo)

PI : suppose I a,be 6 at aEmb and I(x
,
a) n - al Cx

,
b) epo .

Then a-
'XLIX Ep . So

µ (a-
'Xlb- 'X ) so .

So 3 meM
St me a-

'X 15
' X

.

So G t 4(m, a) n - Icm,b) , ↳ to aTub . ¢ D .

III. 8 Given p e SsCB) and X E B
,
set yp (x)

-
-

y Px )
where

2 isHanna
sure ur IGA .

Preposition If p e 8(B) then Yp is a left -inv. fin .
add

. prob .

measure an B
.

Poof Inherited from y (exercise)
.

temmao : Let u be a leftin. fin . add . prob. measure on B
Tix XEB . Then u(x) so if p (X) so .

¥811 (Matousek)
let X be a finite set t fix S E P CX) with VCCS) =D .

Fix pzqz 2d
"
and

suppose
that among any pats in S there

are g with nontrivial intersection five
.
S has the Greg1-pzperty ) .

Then I FEX
,
IFI E Op.GG) , st Fn s t ol tf SES .

EI : suppose Isla etXt V SES .

Then V g
F p

-

- Og . ell )
st S has the Cp, g) -property . (Exercise 22) .

Exercisers : Transfer 8.11 to a pseudofinite structure .




