
Applications of Pseudofinite Model Theory-

--

Lecture 9 (B May 2020 )
Setting : G saturated pseudofinite, A E G old

.

a NIP
,
B -

- (EgAh :
s ,ht 677

Gla -

- %% Ti : G - Ga

Ea -- ECE Gla : CNA , EIA wide } o : S (B)→ Ga .

-

Update : We don't need lemma 8.10

hemma9.ly If pe SEB), pie Golf , and X EB, then DII is pointwise large .

Proof tix open UE Ga st 7 aGI c-DI n U .

WTS y CRI n U) > o .

Let K - o-' ({a6%3) and V -- o-'(U) . So k is closed
,
V open,

KEV .

By Exercise 216dL, I YEB st K E GI EV. We have X E ap . Also
Y Eap since ape K .

So Xn YE ap .
So KAY is generic .

Now y CRI nD?) -

-

y ) -- yp (XNY) so (by Prop 8.9)

ETS DIEU .
Tax gGI et: .

Then YE gp .

So get = daspl e o (GT) --U .

D

Proofo4Thm74_ (Ea is closed t y GEA) -o ) .

Ea is dead 68 .
D

.

Tix p e STB) at pk Ef (by 1662) . Then

Ea E 2117Pa (8.37, That is NIP 68.67, both Df t Bal D't are E (8.77,
are ptuiu large (9.D . Since IGA is second countable (6.67

,
we have

y (211711=0 by Thin 8.5 . D

Preposition If Ke Ga is closed then

y (K) = in Ep (x) : X E B , Trick) e X ?



Proof : There is a (unique) left inv. regular Boel prob . measure µ on SCB)

st µ ([XI) =p(X) T X E B (see Misc . Noles Bol
,
B.2 ; Exercise

252
.

Given a Boot set WE IGA , at u (w) =p(o
-'(w) ) .

Then v is a left. -inv. regular Borel prob. measure on IGA .

So u=p .

If KE GA is closed then :

HK) = v CK) =p (o
-'(K)) -- in {TCU) : U is dopen , o-'Adell }

(Exc 256))

= in {µ (EXT) : XEB
,
o
-'Ck) e EXT }

= in { µ (X) : X E B
,
T- 'CRI e X 3 (Exc 24 Cb)) D

.

GI>91 Let Goa = Xu whee Xu is definable t Xn# exn .

Then V eso 3- neo and Ze B st plz) c E and if ge GIZ then

either µ(gXnn A) =o ar

p(gxnl A 7=0 .

Proof : Fix Ezo
. By Thin 74 t prop 9.2 . 3 ZEB st Tr' (EA) E Z gutta E.

[Aside : Saturation ⇒ tf ge GIZ 3- nao st pigXunA) =o or rlgXnlA) = o .
]

Toward a contradiction
, suppose tf ne o 3 an C- GIZ st plank nA) 20 and

planXnlA) 20 . let U - {CE Gla : CE 2-3
,
which is open by Exc Id .

Note Ela EU , 9-YU) EZ ,
and Theo

, anGI ¢ U since an E Z

Passing to a subsequence, assume fan GI) → aGq E Gal U E GALEA .

Either aGofa A is not wide . or IGI IA is not wide
.

By Exercise Sa, I nzo st plain n A) =o or µ(aXnlA)=o .

By Exercise Ga, I isn st Xf E Xn . Define V- {CE GA : CE aXi ?
which is an open nbhd of aGI . So I insist am GI EV.



Therefore

amXm E axixm E aXi e aXn .

So
µ (amxmn A2=0 or plainXmlA) =o .

This contradicts the choice & am .




