
Exemplesc.la#

4) L -- Et
,
03

.

Let T be the theory of nontrivial torsion-free Iiis .

- ble abelian groups .

TF : TX (nx=o → x-- o) NX is Xt. -
it x (n times)

D : Vex Tey (x-- ny )

Claim : T is N- categorical tf Ns Eo

Prod : Models of T "
are

" vector spaces over IQ .

NT TF DA G G
,
a e G

,

X -
- Ze Q

.

Define da to be the

Unique solution of ma = nx in G

M
,
NET are isomorphic ill dim CMI = dim CN) *

If MKT is uncountable then dim (MK INI. D

-

7) N
.

A- EN .

Build substructure generated by A
"

by hand
"

Remache : If MEN and A EM
,
then for any L

-term tcx .
. .

. . . xn )

and mean
,

TM G) =t%) (see claim in proof of Thin 22)To

Define M - 9tMa) : any L- term t, any a- hour A ]
.

Deline M

• constant symbol c : CM = CN E M
-

on- any function symbol f : Given by . . . ,bn EM , define fM(by . . ., bn).
Fix terms ti

, .
. .

,
ten and tuples I , - . .

,
In from A st bi -- ti Gi )

let 9M Cbi
,
. . . ,bn7 - fifties

. .
. . .tn fan)) = thin

. . .

,
an) c-M
-

whee t is f (t
. . . . . .tn) .

•

n-ary relation symbol R : RM : = RNn M"
-

By anstmehoon MEN. A- EM
.

It's the smallest 4 the Remark
.



8) Chain (Milica .
Define N= Mi . Define N= Mi .

° constant c : Viaje a . cMi= CM's since Mi E Mj .
Let cN=cMi .

' n-ary f : Given a, , . . . , an
E N

.
Choose ich St ai

,
. . , an

E Mi

tf jsi , Mila ) = 8mi Ca ) since Mi E Mj .

Define FNCE ) = 9mi (a) for someLang ist ai
,
. . .

,
ane Mi .

o n- any relation R
: V icjca RMI = Ruin Min since Mi EMj .

2- I

Define RN = Rmi
.

Then Fi , RM Mi -- Rui .

a) Clear from construction that Mi EN tf is a .

b) Assume (Milica is elementary . Fix 4h . . . . . . Xn) L- formula

*WTS : V-ica-V-ac.MY , Mitaka) if NedCat .

Induction : 4 is atomic , use Mi EN.
1,7 clean

.

Assume the result for 9 (Xi , - . . ,Xn, yl . Consider 7yd (I, y) .
Fx icon

.
Tax a- c-Mi . Suppose Mi k Fyffe.gl . Then 3- be Mi

St Mitaka, b) .

Then I be N st Nteffab) by induction .

So NEFyelled .

Suppose NKJ-ycffa.gl . Fix be N st Nk Hab) . Fx j.si

St be Mj . Then Mj Ktla, b) by induction
.

So Mj f- 3ydCay) .

Since Mi k Mj , we have Mit 7ydCaryl . D .



⑨ M
,

A EM .

Want NEM st A EN t INI E IA It ILL tho

Attempt#I Let N be the substructure generated by A . INIEIAIHLI tho (by#7)

Only know NEM .

Exe : Let M be infinite set in 1=8 .

Let ACM be finite .

Then N=A
.

MEN
.

Attempt#I Apply DLST to Thach) to get Nt Thala) with

INI E IAH ILI tho.
There may be no elementary embedding of N into M fixing A .

Exe : M = (Qt , o) A -- 903 N= (Q2
,
t
,
o)

N does not embed into M
.

Pn 9 : Lo -- La . Expand M to an
L
.
- structure

.

Given Lk and expansion of M to Lh - structure .

ht La. -- Lau Ece . : :c: " "i? Fi! 3
Expand µ to Lun- structure st Mfd(e

, of.) .

Let L
.
= ✓Lk .

Let N be the L? substructure of M generated 3 A.

A- EN .
INI E IAI HLM tho E lAlt 121T No .

#7

Fix L- formula Ilk, . . . . xn) and bi
,
. . . ,bn E N

Wis : Mk 915) iff Nk 415) .

Induction : atomic is clear since Well
,

An easy .

Assume the result for 9 (Xi , . . . ,Xn , y) . Consider Jyothi,y) .
Tax be

,
. . .

, bae N .

Nk 2yIC5iy7 ⇒ MkayICI y) 2
> induction .

Suppose ME ByICI, y ) .
Choose Lt. terms ti , . . ..tn st bi - tinfoil
-



for some tuple Ii from A .
Let 4 ( Fi

,
-

→ In , y) be

4ft , Cal . . . . .tn hint , y) ← L
.
- formula

.

Mk7y4Gi-yamy# .

S
.
if c= ctfa , then Mk4la

So Mk ICI, c) .

So NEICE
,
c) (since ce N ) .

-

So Nk2yd(5. y)
-

⑥ M , N ,

MEN
,

h : M - N inclusion
.

WTS : h is an L -embedding (ie . MEN) iff h preserves g.
f
. formulas

.

⇐ ) : By proof of Thin 2.2 (only needed surjection for quantifier step
)

(⇐ ) : - constant symbol c : 4G) be x=c

Mk dem) so Netley ie .
cM=c?

• n-ary f : Let clcxy . . .

,
Xn , y

) be y
-
- FCK , .

- -Mn )

Given a- EM
"

. M Kaffa
,
4%-1) . So NEICE, 4%-1)

ie . 9%-2=8%-7 .

" n-ary R : Let olla , . . . xn) be R (Xi, . . ., xn)

Given a- EM
"

,
a- ERM ik Mt da) i Ntl Ca)

ik EE RN. So RM = RN n M?
-

⑤ M -

- (V
,
E) is a graph which is finitely k-colorable.

[ = {E3
,
L -- EE , C , ,

. . .

. Ck 3 each Ci is a unary
relation symbol .

Let o say
"

C , , . . . , Che partition the universe t yield a k-coloring
"

ie
.

V-xiv.ci Cx) n V-xifjkicxlncg.CN) n Kitty #Cx,y7→! - (Cicxincicyi))



Let T = DCM) u {graph axioms3 u { r }

A model of T is a k- colored graph which has It as a subgraph .

Tix E ET Anik .

Let A be the set & elements in V whose constant

symbols occur in E
.

A is a finite subgraph of µ .

Expand A to an Lv - structure satisfying E .

B
, Compactness

T has a model .

ADDED AFTER CLASS

-

① Let D= {on : net 3 where on says
"there are at least n distinct elements?

By assumption, TuD is finitely satisfiable .

By Compactness, TuD has a model

-

② fit⇒ Cii ) by definition .

- fi )⇒ - (iii) If T is not complete then there is an L- sentence &
St T # 4 and T # ad

.

So there is MET st M f - d and

NET st Ned. So M#N.

-Ciii)⇒ a Ci)
. Suppose M,NKT and MEIN.

Then there is an

L- sentenced st Mtd and Neil
.

So TEA and Ted

-

③ If 1=0 then
"L - isomorphism

"
=

"

bijection .
"

so if M
,
N are infinite and IM I = IN! then MEN.

By Vaught 's Test, the theory of infinite sets is complete .


