
Examples Class 4-
-

1) QE ⇒ this condition by Thin 6.2

Assume the condition . Prove QE via Thin 6.2 Gi) . Tix M,NET.

Tix at E M nN.

W206 A is finitely generated . Tix g.& Ift, y)
and a- from A .

Assume M t 7ydCag? By Then 162 , F

(IL ) tMt - saturated extensions M 's µ and N
'

e N
.

We have M '

k Fyffe, y) . By assumption N
'
k Jyothi,yl .

So Nk Fyke, y) .
-

2) T -Th (2,2) . Identify prime model t ctbk saturated model
.

Recall T has QE if we add a symbol s for the successor function .

Priced : CE
,
c)

Thet: Tax MKT.

Fx at M
.

Let f : Z- M st fcn) = 5cal
.

Note & is an embedding art L .
Need f to be an elementary embedding .

By QE, it suffices to show that f is an embedding wrt s and s
.

This is clear by clef. of f
.

FEI : If T- Th (Qtl, then Ed
,
H

L
but T has no prime male ,

embeds in any model of Ty
Gunkbhsaturakdm.is .

.
-

C→§→c→
. . .

need dense Z- chains
.

(Z x Q
,
c) where (m, g) c Cn, n) if E-r t men

← ger .

Proof : ctbhv. Tax finite A E M - Zx Q, and pe STYAI .
By QE, we may assume p is a complete off type in the language {453 .

If p contains X- S"(a) for some a EA
,
ne 21 ,

then p is realized in M



by 567 . Assume p contains x # sus V at A, ne Z .

Partition A- = Aou A ,
st at Ao ih p contains x > 5cal Huez

.

So at A
,
iff p contains X c S" (a) F NEZ.

If aeAo and be A
,

then snca) c smcb) tf n, m EZ .

Pick some be M st the Z - chain determined by b is between

those determined by Ao and those determined by A ,
.

c- c- Es Es es c- c- c→

- 97to Ex
b

Then b Kp .

Her principle : If T has QE in a language L
'
Z L

and every symbol in L
'

is first - order definable using L, then

any p ESTA) is uniquely determined by its restriction to

quantifier - free L
'

- formulas.



3) L= {E3 .

T says
"E is an equivalence relation with infinitely many
classes which are all infinite

.

"

⑨ctbT :

TjO O

Ho - many classes each of sin to .

So T is to- categorical, hence complete by Vaught 's Test .

Claim : T has QE
.

Pf : If A is a finite L- structure
,
then Tv DCA) is Ho - categorical

(assuming it is consistent) . Appg Thru 6.2.

Claim : Tax Nz to .

Then Tis N- stable .

Pf : Tix MET . IMI =n.

Fix peg (Ml.

Cadi. p says x=a for some a EM
.
CK choices )

cased :

p says x#a Fae M, and ECX
, b) for som be M

.

fictitious)
Cases :

p says NEH, a) tf a
EM

.

( I choice)

so IS
,
CMH - K .

-
4) T complete theory. Show T is stable if no formula (xiy) has OP intT

(with 1×1=1 )
.

Proof :⇐7
.

V
.
Assume no formula ICxiy) has op artT.

Fix K2 (III tho) St NHK =N . We show T is re- stable .

Rex MKT
,
IM kN .

WTS IS , CM) ) -N . By FTS3. ⇒ FTS2, any pts, (M)
is definable art any formula dcx, j ) . Big FTS2 ⇒ FTS ! we have

IS
, (Mll Ek.

D



5) a) That , t) . Let IX. y) be FzCy=xtz)
N takin,n7 iff men.

b) Th (N
,
. ) Let akagi be Fzly - x- z)

N' FILM,
n) iff mln Gr m=n=o )

Let ai be the ith pine .
Let bi - doa ,

:c . . - ai

Then Nikolai , bj ) it ailbj iff icj .

c) 4=126 .

We show ECX.gl has OP. Ix M ERG .

Any finite graph embeds in M as an induced subgraph (Corollary 7.7)
a
,
•

I
b
' ME ECai.by) ihfiej .

Az§ . be
a
? § . b., so ECX

, y?
ha OP art T by ESS #6 .

: \ :

an
°- o bn

d) Teth CZ, t, A) A -- Enz : neo?

Fy , FyzFy37yy (X - yityetystyy n ! ACgi ) )
÷
Lagrange : Zk Ocn) iff nzo

Let 4Cx,y7 be 0 (y - x ) .

Then Edm.nl if men .

-
E± : Th (z

,
t
,
{2n : nad) is stable

. fqa2.FEE.gs#,Afis3
contain a co-meager set .[ xty EA is a RG



6) Te Th (F
,
t
.

.

.
o
, i ) . F field . Suppose day ? is

g.
f

.
t has OP artT

.

Thee is K FT and Cai)iw and Lbj Ijaw from K st

Kk Nai ,bj ) if iEj . Let It be dg . closure of K .

Then K is a substructure of te
.

Since QCX
,y
) is g.

&
,

I k4(ai , bj) if iej . Then Th (ti) is unstable

But A-Cfp is stable H p .

Contradiction .

Recall : It's unknown if Th (Ift)
,
t
.

.

,
o
,
I ) is stable ??

-

9) G exp .

of
group

.

Th (G) stable .

a) Assume G° has finite index
.
Poon Gu is definable

.

RI ': If HE 6 is old
.
and finite index

,
then Go E H .

So It is a union of coats of G
.

So there are only finitely many such It
, say Hi

, .
.
. .

, Hn .

So Go = I
,

Hi is definable
.

b) Assume G is (121 t ) - saturated and Go is definable
.

Prove G° has finite index
.

Proof : Recall G°= ng Eff) (4G, g) is an 2- formula)

GI is dfrnabk.sc# (x) . (Baldwin - 5×1)
Let 041 define G° .

We show that I ah
.
. . -if st Go = ÷

,

644;)
-



If not
,
then {a 0413 u { Ooecx) : 43

is finitely satisfiable in G , and thus realized in G by saturation .

This antelias GE ng 6447 .

Each Goff) has finite index
.

So Go = Goff) has finite index .

-

ADDED AFTER CLASS
-

7)
.

Let g* -- gu { GIY : YE G definable, not bi -generic?

Claim : q* is finitely satisfiable in G .

Prod Trx Xi
,
. . ..
Xm Eg and Y, . . . . . Yn EG definable t not bi -generic .

WTS : X
,
n
. . . n Xm n GlY

,
n

. . .
n Glyn t 0. Suppose not .

Then X
,
n . . . n Xm E Y, u . . .

u Yn . Note that Yu. . . u Yn is not bi -generic by
Lemma 21.7 .

So X
,
n . . - n Xm is not bi -generic .

But X ,
n

. . .nl/mEg, contradiction . ¢
Let pes, (G) best g

* Ep.
Then yep, and if Yep then Y is bi -generic

since otherwise G)Y e g
*
Ep.

8) Fix pe S, (G) and yep . Note : X Egp if g-
' X e p .

gpishnikly satisfiable : Tx X . . . . . . Xn C- gp .

Then

g-
'(X , n . . . n Xn ) = g-

'X
,
n . - ng

'X
n
e p .

So g-
'(X,
n. . .
nxn) ¥0.

So X, n . . . nxn# 0 .

gp mptete : Fix definable X EG.
Then g-

'X is definable so g-
'X c- p

or g-
' (61×1=61 g-'X Ep, ie. X Egp or G IX Egp .

Therefore gpe 5,66) .

Now assume p is bi-generic .

gpisbi- generic : Fix X Egp .
Then g-

'X E p so Far . . , an, by. . . .bnEG

st G = ai(g-'X) bi . Let a'i -- ai g! Then G -- ¥ a:X bi . So X
is bi- generic .


