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L is a fixed language . -
-

1-2

An an L- theory T is finitely satisfiable of every finite subset of T is satisfiable .

Cempactnessthe.am satisfiable ⇐ finitely satisfiable } semen.no/esDounwadLowenheim-Sk-emTheoremAny satisfiable L-theory has a model examinable

of cardinality at most 1LIt to

Lowenheim- Sholem Theorem
#

Suppose T is an L- theory with infinite molds . Then T has a model of

cardinality K for any RE ILI t Ho .

Proof
het L*= Lu { Ci : ion ] where each Ci is a new constant symbol .
let T* = Tv { Ci # Cj : it j3 . Suppose EET

*
is finite .

So E E T u {Cit Cj : i. je -23 for some finite set I
.

Let M FT be infinite (M is an L-structure) . Expand it to an

L*-structure M * by interpreting C?
*

as distinct elements for ieI
,

and interpreting Cim 4- if I arbitrarily. Then if * f E
.

By Compactness, T
*
is satisfiable . By DLST, T* has a model

N* of cardinality at most 1L
. It 80 = K

.

So N 't has

cardinality n .
het N be the redact of N* to L

.

Then NKT and INI -- K . D

-

Complete Theories
- -

Deftly let T be an L-theory and of an L-sentence .
Then Tff (

"

T models 4" ,
"T implies 4

" ) if any model of T is a model of 4
.

Example 1.2-
-

1) {4,43 t 4^4

2) If T is consistent then Tf Fx (xx)
.

So 0 K 3.x Cx --x)

Cie .
.
satisfiable)



3) let T be the theory of
groups in L

- {*
,
e 3

T t tfxtfyfe ((x#y -- e n x*z -- e) → y --z)

Def An L- theory T is cemplete if , for any L
-sentence I

,

Ted o- T f nd.

Example-1.4
1) The theory of groups is not complete . Consider tfxtfy (xx y -- y * x)

(2) ZFC is not complete. Consider the Continuum Hypothesis
Deets Let M be an L-structure. The theory off is

Th (M) = Thy (M) : - {4 : al is an L-sentence t ME 43
.

Note that Th (M) is complete .

Deftly Two L-structures M and N are elementarily equivalent , written M =N,
if That) = Th CN)

.

Note that E is an equivalence relation on L-structures
.

May we =L for emphasis .

Exercise fest #2) Let T be an L-they .

TFAE

i) T is complete.
ii) For any L -sentence I

,

if TEI then Ttnd
.

iii) Any two models of T are elementarily egg, valent.

Exempted.7 Let L- 0 and T- {In : ne23 where

In is Fx
,
. . . . I xn ¥, Xi t Xj .

T is
" the theory of infinite sets "

Then T is complete (Est #3) . So
, as L-structures

,

N = 27 = Q E R = ① = Pic) = any
infinite set

.



theorem (Vaught's Test)
Let T be an L- theory st
a) T has no finite models .

b) F KI ILI t to st any hw models of T of cardinality k
are elementarily equivalent.

Then T is complete .

Proof suppose T is not complete. Then there is a sentence of st

Tu 9743 is satisfiable and Tv 943 is satisfiable
. By Ca)

these theories have infinite molds . By LST, these theories have

models of sin n.

This contradicts (b) .


