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L is a language

Def2 het M and N be L- structures
.

A function h : M- N is an

L- homomorphism f
- -
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i) for any n-ary function symbol f and a
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la. . . . . . ant ERM iff (hCai. . . . .Hani ) ERN
iii) for any constant symbol c

,

h (CM) = CN

we write h :M-N for L- homomorphisms .

If his also infective , then h is an L-embed-d.mg
.

If his also bijective, then h is an Trimorphism .

Theorem-2.tn Suppose h :M-N is an L - isomorphism . Then for any
L- formula of(x " . . .. Xn) and as, . . . . an EM,

M Kellan . . .

.
an) iff Nk 4thCail. . . . . Han) ) .

Proud
Claim : For

any L - term t (x" . . .
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.
xn) and air - - can C- M '

hfttya .. . . . . an) ) - torch lad. . . .. Haul)
PI : Induction on lens

.
If t is a constant symbol c then

hftm) = h (cm) = car = EN
.

If t is a variable Xi
,
then hltmca ,D= h (a) = tch la , ))

Let f be an M -

any
function symbol . Assume the result for terms

t , , . . . . tm whose free vbls are among Xy . . .

, Xn



Let t be f ft . . . . . . tm) .

Given ax . . .
.
an EM

hftncat) -
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.HATED)
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= fiftyGED
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.
ticketD= Ethan

. ¢(induction)

Now we prove the theorem by induction on 4.

Basic : 4 is atomic

Dd is tietz
Media) if t.MG) - title) if htt.MN/=hCtiYiD

(his injective)

if tithed) - ticked if Ned(heat) .
(claim)

2) d is Rcti
, .

. . .tn) (Exercise)

Tn¥ep Assume the result for 4 and 4

Exercise : Check In 4 and nd

We'll do : tfxnclcxi , . . . . Xn) (be. vbls Xi , . . ., Xm ) . Ix ai, . . . , an. , EM

ME VXnella, . . . . an. . . Xn ) iff for all be M, HkdCai , . . ., am, b)

iff for all be M
,
NfdCheap, . . . . Han. .), h (b) ) (induction )

it for all ee N
, Nfd Ch Ca . ), . . .,h(am) , c) (his onto)
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Notation : MEN if there is an L- isomorphism h :M-N
.

Corday If MEN then MEN
.

FEST ¥3 )
Coney h :M-N is an L- embedding :& the andns.am of Thin 2.2

holds her all quantifier- free formulas 4 (x . . . . .
. Xn) .



Proof : (⇒ ) from the proof ; only used surjection for quantifier step .
⇐ I See ESI ¥6 ?

Defoe h :M-N is an duty Lying if for any L- formula
Gtx) and a- from M

,
Mt Ita) if NedChCED .

Note that isomorphisms are elementary embeddings.

De926_ let M and N he L- structures with ME N .

Let h : M→ N be the inclusion map . Then M is a substructure of N

[resp . , elementary substructure ] , written MEN [resp, if
,

if h is an L-embedding (resp .

, elementary embedding] .
Also say N is an extension of M [resp . . elementary extension ] .

Note : If MEN then MEN and MEN

Exampled't let it = (227 , c ) and N -
- (Z

,
c )

.

Then MEN and MEN
Cwhg?,

-

but if ¢ N

e.g . M t n Ix (o < x - 2)

[So , 4.(ya) is 72×(5×22) and M K 4627
, N H 46,2)]


