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K is atgebracdlg closed if every non- constant polynomial over K has a rout in K .
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1%45.4 ACF is the L- theory axiomatizing algebraically closed fields
.
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Remond ACF is not complete since it does not specify characteristic .

Def5.2_ For nel, let An be the L-sentence It it . .
.tl = o
in

A-Cfo = ACF v En Xn : naif
n

For a prime p . A-Cfp = ACF u { Xp 3 .

theorems ACE
.
ACfp are K- categorical for all k> Ho .

Proof
The tradegree f Kt ACF is the cardinality f the largest algebraically
independent subset of K .

Eg. trdeg (QT ) - o , trdeg (QTTD)- I , trdeg (G) = 2%, trdegCQTx.cn)- r
Facts ① Suppose K, L f-ACF .

Then KE L iff trdeg (K) = tales CL) ,
chalk ) = cha- CL)

.

and IKK 14
.

② If Kt ACF and he trdeg (K), then IKK Hot K.

Conclusion : If K.LK ACE Corps are uncountable t 1kt - 121 , then KE L . D



Getty ACE
,
A- Cfp are complete .

Proof : Vaught 's Test.

Remade ACE
,
ACfp are not Ho - categorical .

Countable models are precisely the etble d-Cfp 's of trdeg n for ne N u { No}.
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theorems (A x - Grothendieck)
Let Kf ACF and suppose Io

: K
"
→ K

"

is an injective polynomial map.
Then Io is surjective .
Proof
Est
. suppose K - FI fo- som prime p .

Recall FI = µ Fpk .

Fix m st all coefficients in Io come from Fpm . Note FPT - Un Epkm
For any test , Io induces an injective poly map from Fpu"m → Fpu! ,
which therefore is surjective , since Fpkm is finite

.
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Now
, given n, d 21 , let And be the L-sentence which says

" Every injective polynomial map with n coordinates
,
each of which is a polynomial

in n variables and degree Ed , is surjective .
" (Do n-1=2 )

We're shown Ip f- 4yd for all primes p and n
,
d
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So for
any prime p . Act t Hn,d tf n

,
d since A-Cfp is complete .



Consider Act . Tor a contradiction
, suppose I n

,
d st ACE # Yn.cl

Then ACE F - 4yd since ACE is complete . By Compactness, there is

a finite set EE ACE st E t-4yd .

So EE ACF u 9-X . . . . . . . Xm}
for some m . Chose a prime p > m .

Then A-Cfp f E .

So Act tank,d ,
which is a contradiction
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1) ACE Ed ie .
4 is true in every KE ACE .

2) ACE u 943 is consistent
,
ie
. I is true in some Kk ACE .

3) There is some mo St Act tf tf pan . ie . I is true in
every KKACF of saff

, large characteristic
.

4) For all n so I p> n st Act v 943 is consistent
, ie . of is

true in some KKACF of arbitrarily large characteristic .


