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Diagrams 8 Extensions
- -

Let M be an L- structure .

Remark8 If h :M-N is an L-embedding then after identifying a e- M with

h (a) EN, we can view all as a substructure of N
. Similarly , if h is an

elementary embedding , then all
"

is
"

an elementary substructure of N
.

Given A EM
,
let La =L u { E : at A} when a is a new constant symbol.

Then M is canonically au LA -structure where all = a
.

Defend The diagram ,
uniHen DCM)

,
is the Lm - theory consisting of

all quantifier -free Ln - sentences 9 st M K 4.

The elementary diagram is Fhm (M) '

e Thymol ) .
Prepositions suppose M is an L- structure and N* is an Lµ - structure St

N* toDCM)
.

Let N be the redact of N- d L
. Define h :M-N

St h (a) = air! Then his an L-embedding . Moreover
,
if N*kThµ(M) then

h is an elementary embedding .
Prod Use Corollary 2.4 . Let Ilk, - . . . Xn) be a quantifier -free L- formula , and fix
on , . . . . an EM .

Then Mk Ica . . . . ., an) if Mt Itai, . . . . an) if

4th
.
. . .

.
ante DCM) iff N* take .

.
. .

, an) if NE Ich Cail. . . .. h can))

The "moreover " is similarly . D
.

Applicants : Recall that an abelian group G is orderede if there is a
linear order c on G st H x, y,z EG, if xay then xtzcytz .

Note that any orderable abelian group is torsion-free
. Eg . x so ⇒ xc 2x c 3x a

. . . .



theorem (Levi 1942)
Any torsion - free abelian group is orderable .

Proof het Lo = Et, 03 be the language of (abelian ) groups . Set 2=2%43,
where c is a binary relation symbol. Let s be the L- sentence

tfxvyvz (x cy → xtzcytz)
Now let 6 be a torsion -free abelian group,

viewed as an Lo-structure .

Define the LG - theory T=D(G) u {axioms tgrapglicifu {axioms for linear order} u { 03
in

LI - theory

Suppose T has a model M
.

Then (M
,
th

,
OM

,
<
M) is an ordered abelian group

and G E ( M, t? Om) by Proposition 5.10 . So 6 is a subgroup of an ordered abelian

group, hence is orderable .
So it suffices to show that T has a model

.

Tix EET finite . Let A- {a EG : E is used in some Loo -sentence in E } .
Let H - CA> E G .

Then THEY for some n so by the structure
^ in Ddd

- -

-T-Heoremfor finitely generated abelian groups.
View It as an La - structure st

st EH = a and CH is the lexicographic ordering . Then H Ezq
.

G and so

H Kd &. any IED(G) using only extra constants from A (by Corollary 2.4)
so Hk E

. D

Quantifier Elimination
-

idea : Let T be an L- theory and MET. Then X EM" is definable if

there is an L- formula ICK , . . . . Xn) st X = { a- e Mn : Metta) 3 .

Goat : Study definable state of models of T
.

Quantifiers make this difficult. X might be nice but the projection
Y = { lay . . . , an. .) E M

""
: G, b) EX for some be M 3 (defined by Fxn ICI))



might be complicated .

Defs.tl An L-theory T has gucntifireliminat if for any L-formula 4(x.. . . . Xn)

Here is a quantifier -free L- formula 4(Xy . . . . Xn) st
TETI (4G) or4G))

.

(so 4 and 4 define the same set in any MKT) .

ExampleSI
① T-- Th (F) where F is a field. Icw, x.ya) is

"

(g E ) has an inverse
"

ie
. 3-sat Edr ((I :X 7- to :D
Then Tktfwtfxthjifz (Icw, x ,ya) es wz- xyto ) .


