
PartHI_MokTheorg.Er6.E30et@CorfEx5.B) F- Th (Rl,t, so, l) . 4(x) is 3-y(x=y7 . Note 4 defines Tk?

Suppose 4(x) is

g.f.
So 4(x) is a Boolean combination of polynomial equations .

So 4 defines a finite or afinite subset of R .
T does not have QE .

Later : Th (Rl
,
t
, ; e , o, I) does have QE

.
Note xcy it Iz ft to n y -x=z2).

So (Rl, t, -

,
o
, t ) and (Rl, t, . . c, o , l ) have the same definable sets .

kmma# Suppose T is an L- theory st for any g.& formula of (Xi
,
. . .

,
xn
, y
) there is

a gf . 4G . . . .
.
. xn) st TETI (Fyffe, y) as 4Gt ) ) . Then T has QE

.

Proof : Induction on formulas. (Exercise) .

Theorem6.tn let T be an L- theory. TFAE .

i) T ha, QE .

,
are arbitrary'

ii)supposed,NET and A EM
,
A EN.

Then for any g.f. formula III. y) and

any tuple in from A
,
if Mk3y4Ca,y) then Nk T.ydca.gl -

iii) For any L- structure at, TvDft) is a complete La -theory .
Proof (i)⇒ Ciii)

.

Assume T has QE.

Let A be an L-structure and suppose
M
,
NkTuDCA) . WTS MEAN.

Let r be en LA -sentence st Mfo.
UTS Nk r

.
Write o as of Ca . . . .

. En) for some L - formula I(Xi
, .

. .

. Xn)

and a
,
. . .

, an C- A
. By QE , there is

g.
8 . X (x, . . . , xn) st TETI Collides 4 (x)) .

Since MKT and Ilkka)
,
we haveMt4G)

.

Since MEDIA)
,

we have 4(ay . . . . an) C- DCA) . So NEHA ,. . .
.

. an )q Since NKT,
Nk da . . . . ..

and
,
ie . NK "

Hair
. .
. .

.AMI
NedCat , . . . . art) → Neo



Ciii )⇒ Cii) . Let M
,
N
,
A
,
ICI

, y) , and a- be as Gil .

Since A EU and A EN
,

we have M.NET u DCA) by Gr 24.

By Ciii) . M ELAN. So Mk Iydki.gl ⇒ Nt Fyffe,y) .
in

LA - sentence

(ii) ⇒ Ci)
.

Assume Gil
.
WTS QE . By lemma 6.1, it suffices to fix qf. III.y)

and find qf. 4h st T Ktx (Jyothi.gl as thx) ) .
Let Lt = Lu { Ci . . . . , Cn } where Ci is a new constant symbol .

Let T = { 4G) : 41*7 is a gal. L-formula t Tt# (Ayaka, yl - 4G))?

Claim : Tv T t 3-yoke, yl .
First

,
assume the claim holds . By compactness, I g.f. 4, htt . . . . 4mA) st f 7714?

Tv 94
,
El , . . ., 4M£73 kayaking . and The# (3ydGig→ ti txt ) .

Let 4th be 4.GI . Then Tf (4G) → 3.yoke,g) ).

So T f-VI (4G ) → Dyal (I, y) ) (exercise, " generalization ")

so T K VI HH es Fyke, yl ) .

PnofRCla Suppose not. There is Nk Tu Tu {→yolk, g) 3 .
Let ai = CY and let A EN be the substructure generated by an. . ., an .

Then NKT
,
A EN

,
and Nf - 7yd le, y) .

By ESI #7, any be A is of the form tfa) fo- som L- team t
.

So we can view DCA) as a L
't
- theory by replacing k with t (c. . . . , cnl .

Let Et TuD (A) u 97ydG.yl . If we build Mt E then

MET
,
A EM and ME 3yd(a-, y) , contradicting Gil.

So it suffices to show E has a model
. Suppose not . By Compactness,



there are qf . 4, htt . . . .. tmlx) st 4. let . . .Xm file DCA) and

Tv { tile) } u 92516, g) 3 is unsatisfiable . Let 4G ) be . 4. txt .

Then T t (Fyffe, g) → 4677. So Tktfxfdyallx,y)- 41×77.

So 467 ET
.

So Nk 467
.

Since Nk DCA)
,
m have

Nk ny (it. Contradiction . D


