
Part.IT#Theorg.Er7.E60etRemark-Recall Theorem 6.2 (QE test)
1) In condition Ciii)

,
we may assume A- EM for some model MKT

.

Otherwise
, TuDCA) is inconsistent and thus complete

2) In conditions Cii) and Ciii )
,
we may assume

It is finitely generated.

theorem ACF has QE
.

Thief we apply Than 6.2 Ciii ) . Fx a finitely - generated L- structure at .

UTS : ACF v DCA) is complete . We an Vaught 's Test.

Fix K
. ,
K
,
f- ACF vDCA) uncountable wth IK

, I - l Kal .

Then it is a finitely generated integral domain contained in K,
and Kz .

So chalk
,
I -- char (ka) . Let Fi be the field of fractions of A in Ki .

There is a field isomorphism E : F- I fixing A .
Since it is

finitely generated. trdeg (Fil is Anik . So trdeg (KIF ) -- trdeg HYE) .
So I extends to an isomorphism I* : K , - K, fixing A . D

.

Tkf€2 Let F be a field
.
Then X EF

"

is constructible if it is a Boolean combination

of subsets of F
"

defined by p (Xi. . . . ,XnI - o where pe FIX . . . . .xD

Corollary 13 (Chevalles )
If K FACE and X E K

"

is constructible
,
then the projection

Y = { Cai, . . ., an. .) c-K
""

: ta
, b) EX f. s.me be K } is construable

.

Camper X = fcx.gl e Rl
'

: x .-53 .

Then Y - IR>
°

.

Proof : Note that X E K" is constructible if there is a gf. formula



4 (Xie - r .

. Xn , y , , . . . . yn) and bi
,
. . . ,bm C- K st X is defined by
in

(I
,
I)

.

coefficients

Fx gf 4Gt, g) and I st I Gib ) defines X
.

Let 44 . . . . .. Xu- i , ig) be T-xndfx.gl . Then 415,5) defines Y.

By QE 4 fx,j) is equivalent to some g.
f
.

formula
.
So Y is constructible . D

.

Rad#mphs [Work with graph language L-- {E3 ,
E is a binary relation .

]

Tkf7 A Rado graph is a graph (V, E) st Vtol and for
any

finite disjoint X , Y EV there is some v EV
,

st Ely x ) f x EX and

- E (v, y) if ye Y.

DIII het RG be the theory of Rado graphs, ie .

.

axioms for graphs : Tx n EG
,
x) and V-xkyfelx.gl → Ely ,

xD
.

Rado axioms : for any kzl ,

Tx
, .

- - ixkvy. . . . . . yk ( Xi # yj - Jv (#Ekin) n aElgin))).

Theoem7.to RG is No - categorical .

Proof
1) RG has a (countable) model .

Let A = (V, E) be any
finite graph. Set Ao -- A .

Given An
,
define

✓ (Am) = ✓ (An) u { Vx
,
y

: X. YE HAD disjoint }, with new edge ,

E (Vx
,
y ,
x ) for all x E X (and no others) .

So Ao E A ,
EA
,
E
. .

.
.



Let Me t.IO An .

Then Mk RG .

2) Fx M
,
Nk RG ctbk

.
We shew MEN via back t forth .

Enumerate M = {an : neo3 and N = { bn : n'03. let ho : a
.
to be .

Ginn hn : Xn→ Yn .
Extend h include ant, and bun .

A
.I ° but,

AyaT .

b

④ 9Mm} ""
l l

Yn

M N D

EkgII RG is complete
Proof : Vaught 's Test . Note that RG has no finite models .

Claim : If M K RG then every
finite graph is an induced subgraph of M .

RI : The proof of Thin 7.6 shows this when µ is countable .

For
any
Mt RG F etble Mo st tf EM by DLST (Est #9)

Exercise : Suppose M,N t RG etble and f : X - Y is a go.ph isomorphism
for some finite X EM and YEN

.
Then f extends to an isomorphism from all to N.


