
Part.IT#Theorg.Er9.E00etRecaIstart with p , a
set of La- formulas in holes Xi

, . . ., Xu

p is an n- type over A wet M iff p v ThaCM) is consistent
.

SIYA) : complete n-types over A art M

p e SMA) ⇒ F NEM and a- EN
"
st a- Kp .

Remark9.ly If MEN and A- EM
,

then SMCA) = SITA)
.

Proof : ETS : Tha (M) - Tha CN) . If allx " . . , Xm) is an L- formula a, . . . . , am e A

then Mk ICE) iff Nk flat since MEN
.

Remarkably : p is an n-type over A art M iff for
any finite yep

I in E M
"
st Ekg .

Proof :# 2 : choose NEM realizing p . Fix finite gep .
Let It) be the conjunction

of all La - formulas in
g.
NKI * Nxt

.

So M t Fidh) since NEM
.

D
.

in
LA-sentence

Eamplead Suppose Kt ACF and AEK
.
Describe Snk(A)

.

Tix
p C-Snk (A) . By QE, we only need to consider g. f . formulas in p.

Note : In 4 e p if 4,4 Ep , and nd e p iff Ictp .

So it suffices to

focus on atomic formulas
,
in variables Xi

.
. . .

,
Xn with parameters from A, ice

,

polynomial equations in FEI ) where F is the subfield generated by A .

Let Ip = { ftx) E FEd : 44-7=0 is in
p
? Then Ip is a prime ideal.

In fact
, pts Ip is a bijection between SnkCA) and the set of prime ideals

in this (ie .

. Spec (FED) . Eg . 5,4K) -- Epa : a eKT u { g3 where

Pa contains x=a
,
and g contains x#a taek

.

I sie (K) ) = 1kt

Example MERC
.
Describe STYM)



For a e M
,
let pat S,MCM) be unique type containing x --a .

[Why anyone? Suppose x=a is in p , g
distinct

.

Choose 4G) st al Cx) Ep and -4G )Ey

Then x -a n 441 , Xan ndCx) both consistent
.

He
.]

For VE M
,
set

pv = { x ta : a e M } u {ECx.al : a eV} u GE Cx, a) : a c-MN}
.

Then pv is a t- type wrt M ,
and determines a unique complete I-type 3 QE

§ SMM) = Epa : aeM3 u { pv : VEM} . 15,4M) 1=2 'M
.

Note : In general, I snuff) ) z 21A
It ILL tho

typefaces
Let M be an L- structure , A-EM .

Given an LA- formula 44 . . . . . . xn)
,

define

[KID = Epe SIYA) : dlxtep?

Basic Properties
1
. SMA) = [ Xi -- Xi]

2. funny G-D= GED n [41*1]

3. fauxD= Sit All HEB

Define a topology on SMCA) by using [44-1] for all La- formulas 4G)
as a toga of open sets . ( S is for

"

Stone" ; see : Stone space ).

theorem Snm (A) is a totally Incarnated compact Hausdorff space .



Proof : You verify topology is well- defined CES2 ¥7)

Hausdorff : Tix distinct page SnmCA) . Find 4Gt ) st 4G) ep and - ICH Eg .

Then p e HEB and
ge EIGHT .

Cgmpact : It suffices to consider open covers consisting of basic open sets.

So fix La- formulas (of hilliest SMCA) = !¥ [4,1*7] .
Let E = fifth : ie I ? Then E u Tha (M) is inconsistent

.

Otherwise
,
Nk Tha (M) and ieN

"

st a- t E
.
Let p=tpN(HA)

Then p e SMA) but p ¢ Hi GB tf ie I , H
.

By Compactness there is finite Io EI st Keli CI ) : ie Io } u Tha (M) is inconsistent. (A)

We show SMA) =¥, FlikB .

Ix p e SMA). Choose NkTha CM)

and a EN
"

st a- Ep .
B
, ⑧, F ie Io St Nk Iifa) .

So d
;
( Il Ep (since p is complete) .

So pEffCID .

ToddbDisconnected : A compact Hausdorff
space is totally disconnected if

any two distinct points can be separated by elopen sets .
Nole [9*1] are elopen. D


