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Prime and Atomic Models
-

T is complete consistent L- theory with infinite models.

Deft Fx MKT.

D M is atomic if every n - type over ¢ realized in M is isolated
.

2) M is prime it for any NKT there is an elementary embedding from M b N.

EI : Kt ACE .
Then OT e k

.

So QT E K by QE .

theorems Assume L is countable . Then MKT is prime if it is ctble and atomic .

Proof
⇒ : Assam MKT is prime .

Then M is ctbh since T has a ctbh model CDLST)
.

Suppose p e Sn (T) is non- isolated. By OTT there is some NKT omitting p .

Since ol L N
,
M omits p .

So µ is atomic .

⇐) : Assume MKT is countable t atomic
.

Fx NET
.

WTS ME N.
Enumerate M -

- { an : n213
.

We build partial elementary fo Ef, efz E . . . from M to N

St an e doin (fn) and dom Cfn) is finite .
Then f -- Vfn is an elementary embedding

from M to N.
ht fo -- of (MEN). Suppose we

have fn . Let KK .
. .

.

.
Xntil

be an L- formula isolating tpm(ai , az, . . . , anti ) (exists since all is atomic)
.

M t I xnt ,Mac, . . . .

, an, Xan ) . So Nk F Xml(Hail. . . . ,fn(an), X nu ) .
Pick be N st Nkf Cfn Cail . .

. .

,
fnlanl

,
37

.
Tix an L- formula 4ha, . . . Xan )

st Mk 4 (ai , . . . , anti . WTS Nk 4(fu (al, . . . .fm Can)
,
b) .

By Pop 11.6, T Ktx . . . . Xan (Nxt - 4 (x)) . So Nk 4Gala , ? . . .hn Can? b).

So fry ,
= fav 9 (anti, b)3 is partial elementary . D



Therewith Assume L is countable .
TFAE .

i) T has a prime model.

ii) T has an atomic model.

iii) For all nel
,
the isolated types in Sn CT) are dense

.

Prod We have Ci)⇐ Cii) by Then 172 (and Esl #9) .
Gil⇒ Ciii) . Let MET be atomic. Tox net , and an L- Ronmnk IG) st to
WTS [ofCID contains an isolated type . Nok MkIINxt

.

Choose a- EM
"
st

ME offal . Then tpM(a) is isolated (since M is atomic) and it is in [46-7]
.

Ciii) ⇒ lid
.
[Henkin construction

,
non- examinable]

Let L* -- Lu 94 , Ca , Ca . . . ? Let do
,
oh
,
ok

.
. .

.

enumerate all L*- sentences
.

We build T
*
= TV { Oo

,
O
, ,
O. . . . . } st T

*
is complete, satisfiable, has the witness property,

and such that the Henkin model of T* is atomic . (as an L-structure).

Let Oo be Fx (x -- x). Suppose we have Oo
,
Q
,
. . . .

,
Om .

Cases MH E { 3.it 1, 3it 23 are identical to proof of OTT.
CanmH=3it3 : Choose n z i st all new constants used in Om are in

{a
,
. .
.

. ,
Cn } . Let 4 (Xi . . . . . Xn ) be an L- formula St Om is -4(C . .

. . .

, en)

By induction Tv {Om} is consistent
.

So To 94(Xi, . . .

.

213 is consistent
, and

so [447340 . By Ciii), there is some isolated p e 14ft )) .

Let ICI) isolate p . Lt Omt , be Om nella , . . ..cn ) .

Tv 90mi , 3 is consistent: Choose NKT with a- EN
"

realizing p .

Expand N to Lt- structure st Cine ai (for rien) .

Then NKTUEOut, } .

Now let MFT 't be the Henkin model
.
WTS M is atomic (as an L- structure)



For arbitrarily large n, we have 4(Xi
, .
.

.

.
Xn) isolating pe smfh

st

=P

T't da , . - .cn ) . So tpmlcih . . -
- in) is isolated than large

For
any tnpk in from M

.

WTS tp%) is isolated .

WLOG .

the coordinates of the tuple are distinct

(a,b, c ) isolated by 4Him, Xz )

(a, a, b, c ) isolated 2g 4 ( X , ,
X Xy) n Xz=Xz

So I is a sub- tuple of (Kid, . . - - , Ccn]) for som n

Gen¥ct : Given any M and ai, - n , an E M
,

if tpmcai , . - in) is
isolated by Ifa , . . , xn), then I 4¥ I e El . . - in?

tpM(failiez) is isolated by CJ Xilie -2444 -
n . .

.
Xn) . D


