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let L be a language .

An L-structure G is an qxpans.no#g=ip- if
L contains the language of groups and the redirect of G to the group language is a group .
We conflate G with its universe.

Examples
① If G is an abelian group then Th (G, t, o) is stable (folklore) .

② If G is a free
group

then Th (G
, ;

i ) is stable (Sela 2006)

③ If P - 92N : nai 3 then Th (Z
,
t
,
o,P) is stable (Moosa- Scanlon 2007)

④ Let G be an algebraic group over some k k ACF
.
Consider expansion of G by

relation symbols for all subsets of G
"

(net) definable in the field language
h (G) is w -

stable
.

Let T=Th (G) where G is an expansion of a
group.

Given an LG - formula of(x)
,

let 4667 = { a EG : G f- 4633 .
Recall that X E G is definable if

X -- d(G) for some LG - formula 447 .

DefI2 Let all x, y . . . . . . yn) be an L- formula
.
Define Itg to be the collection of

all finite - index subgroups of G of the form 466
,
I) for some I E G

"

.

let 649) -- http E- ¥%H) .

If Hap - ol then 6%47=6 .

Example201 G = (Z
,
t
.

.

,
o
,
I ) Nx

, y) is Tz (x- g z) (y divides x )
412

,
m) = m2

.
So 644) - Eo?

[m2 Etta F m# o 903 & ITT [ Qom2=803] .



Theorem-20.tl (Baldwin - Said 1976)
Assume F-Th (G) is stable .

Then for any L- formula 44 , ya , . . . . yn), there is a finite

Jetty st Goff) = AF.

Moreover
,
644) is definable by an L- formula .

Proof Fx Hx, -y) .
Who 6 Hap t 0 .

Claim I met st F finite HEAP then 7 FETT
,
18km

,
st Mt -DJ.

Proof : Suppose not . Fax met . Then F finite Hetty at tf TEH
,
18km ,

we have MH E MF.

After thinning It on may assume Htt s m , and if

I ⇐ It then NH E, ht . Let It - { Hi . . . . . . Hn 3 (k > m ).

For Ki Ek
,

choon g; E ( ¥.

Hj)) Hi . Given IE El . . . . .
k3
,
let

gz - Tek Si . Then g, c- Hj if jet I :

jet I ⇒ gie Hj tieI ⇒ gz e Hj .

je I ⇒ gags c- Hj and gj EH ; ⇒ gz ¢ Hj .

Choose Tsje G
"

st Hj -- ICG , Ij) . ht ai -- gu. f- ji Sj )

Then Gk Nai ,Ej) it gci e Hj iff ie j .

Since he can be chosen arts
. large . , we get OP for 4(x, j) by ES3 He 6

. ¢

Fx met as in Claim 1
.
Let 4 (x

, g . . . . .

. jn ) h
,

G. Ti ).

Claim : Hy contains a minimal element.

Proof : Suppose not . There is Ho Z H
, I Hz I . . .

with Hie Hy .

Choose gie Hit Him .

Then gie Hj iff j ti .

So 4 has OP u-t. Yo. µ

Let It be a minimal element of Hy .

Note It - NF where Fetty
,
IFI - m .



Claims : A = 6447
.

Proof : Gold) E H t, old. of Gold.
Fx ke ftp.WTSHEK .

By Claim 1
, H n K E Hy . By minimality of H, It = Hnk, ie. HER .gg

tail : Gold) is definable by an L - formula .

Proof : ht k = [G : 64473
.

Then a e GH) ih tf I e Gn,

if of(G, I) is a subgroup of G of index at most k then ella, I ) .

This expressible by an L- formula . K D


