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Setting : G expansion of a group . T

- Th (G)
.

Assume T is stable

Def2 : Let Go be the interaction of all definable finite index subgroups of G -

Note : Go = My Goff)

Example21.22
① THEE, t, o) --T. If GET then Go = # n G

.

So if 8=2
,
60=63

If G is To -saturated then Go is nontrivial .

② G is an algebraic group over some ACF. Go is the connected component of G art the

Irish topology.

Remark 21.3 Ci is a normal subgroup.-

:

God : Another description of G?

Def2 : X E G is bigenenic if F ai, . . . . an, bi , . . . . In E G st G - aixbi .

temma2l.5_ If X E G is definable then X or GLX is bi -generic .

Proof : Suppose not
.

We build Cail is , (bi )is , st ai big E X iff ieg
'

.

[So if 447 defines X then 4(x.y) has OP
.
] Let ao EX and b. =L .

Choose and X bi
'

and bn of Yen ai ' (GH)
anti et X Tian and aibn EX tf ien A D

Exempted Th (21 , t, 40) is unstable. N' and ZIN are definable and not bi-generic.

temma21.tt If X, Y E G are definable and XV Y is bi-generic , then X or Y is

bi - generic .

Proof : Assume G -- ai (NY)bi = It
,

a:X bi u aiY bi .



- w
If A- is bi- generic then so is X . A B

Suppose A is not bi-generic. Then GIA is bi - generic by 21.5.

So B is bi -generic (since GIA E Bl . So Y is bi -generic .
D

Def2t8 p ES, (G) is bgeneric if every X Ep
is bo-generic .

Convention : Identify LG- formula Cx) with 967.

Prepositional There is a bi-generic type pts, (G) .

Proof : Let g- GX
: X E G is definable and not bi-generic? Then

g is fin. sad in G :

Ttx Xi
,
. .

.
.

, Xn E G definable , not bi-generic . Then
X

,
V

. . . - u Xn is not bi-generic by 21.7

So - X , n .
.
- na Xu = n (Xiu . . - u Xn ) ¥8 .

Extend
g.

to some p es, (G) .

If X Ep then a X E g ,
so X is bi -generic .

D

pef21.io Given p es, (G) and ge G, define gp = { GX : X e p
3
.

ESI : gp c. 5,167 .

Def21.tl : Given p es, (6) and XEG
definable

,
let

H'I - Ege G : Vasco
,
ax spilt axe gp3

(T stable.)
Theorem21.ly If p es, (G) and XE G is definable

,
then HI is a definable

subgroup of G . Moreover
,
if
p is bi-generic then HE has finite index

.

Proof : Fx yes, CGI ad definable XEG .
Exc : HI is a subgroup .

Since p is definable F Hy) st V ne 6 , axe p ite G Ktla)

[Ngl is old . for- p wnt the formula IG , g) given by
"

y
' ! x e X

"

.

)



S. ge HI if G K Va (Wa) Es 41g-'all .

Given g. RES ,
(G)

,

write qnr
it Fasb EG

, a X.beg it a Xb er.

Maintain : There are only finitely many bi - generic types in S, (G) mod ~ .

Proof : Next time .

Assume p is bi-generic . Suppose I gi.gz.gs . . . - in G st gjgj ¢ HI, if i#j .

So Vi# j Fae G st ax Ep if ax ¢ gig; p , ie.

giaxegip if giaxetgjp .

So tf i# j , gip X gjp . But each gip is bi -generic IES47 , contradicting
the Main Claim . D

.

Ellery 2113 If yes, (G) is bi-generic
then

Go = N H'I
XEG
def.

So Go = { ge G :

gp - op }
= : stabCpl .

Proof : GE HI tf del . X EG .

For the other direction
,
it suffices to fix definable

finite index normal subgroup K of 6, and show ×?gHP× E K .

Check : HI -- K .

D


