
Part.IT#Theory.E23,2DecTkf23.l-A group G is amend if there is a leftinvariant finitely additive
probability measure on the subsets of G .

Exe : finite groups, solvable groups, fin . gen . groups
of a subexponential growth

' !

Non-ex_ : nonabelian free groups, S2
,
CRI ) [Banach -Tarski )

Let L be a language and let G is an L- structure expanding a group .

Def23.2_r.Gisde@blyamen_bleif1herisaleft.i nu. fin . add . prob.
measure on the definable subsets of G .

Theorem23B_ [Nevelski - Petryhowski 2006T
If Th (G) is stable then G is definably amenable .

Proof
By Prop 21.9, there is a bi-generic type p E S,CG? Given a definable set XEG

let A × = Hi ⇐ {ge G : Tae 6
, aX e p

iff axe gp3 .

and DX = { ge G : X E gp3.

B) Theorem 21.12, Hx is a definable finite - index subgroup of G
.

Claim : DX is a union of left coats of Hx .

Ff : Fix a c-Dx .
Tax
ge att × .

WTS g eDX , ie . X e gp .

We have X -cap and a-
'

g EH × .
So a-

' X Ep ⇒ a-
'XE a-'g p ⇒ X Esp . 4

Notation : Given HE G and DE G
,

a union of left coats of H , let

1 DAH is the number of left coats of H contained in D.

Given definable at XEG, let y (x ) = lDxlHxl1G1H×, t GD .



µiskftint : Fix X and CE G
.

Then Hex = {ge G : Tae G
,
a .cl/epiRacXegp3--Hx

Also ge Dex iff CX Egp if XE c-
'

g p
iff c-

'

g
C- DX iff ge cD×

So Dex = c.DX

So pfcxy.MN/Hcxl=leDx/Hxl=lDxhtxl--1G/HcxllG1Hxl164*1
← MH?

p(G : Ho -- G - DG

µ&nkly additive : Ix disjoint definable X. YE G
wts : privy) =p (x) truly)

Claim : Thuy = DX U Dy

Pf : XVY Egp iff X Egp or Yegp .

Claim : Tf n Dy = Dxny = DO = ¢

Claim : Hx n Hy E HWY
PI : Ix gettin Hy .

For any one G

a(XUY) Ep if all
c- p or aYep if all Egp o- aYegp it a CXUY) Egp.¢

Note : Suppose K E H E G and CG : HI -- n , Ht :KI -- m

suppose DE G is a union of L coats of H
.
Then D is a union of Im coset of K .

and
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Now let K = Axn Hy .

Then

µ (Xvy ) =
IDxvilttxuxl

=

IDxuylkl I Dxupxtkl
-
- =-

161 Hxuyl 161K I 161kt
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=p (X)

t p (Y) . D

Remark-23.lt
1) p (X) =p (Dx

)
.

In fact , one can show µ (Xd 17×7--0

Moreover, p is the unique leftinv. finitely additive prob. measure on definable subsets of G.

Eg . (Z
,
t
, 40) t re G, D F p st p (NY

- r
.

OTOH : If X E Z is definable in a stable expansion of (Z,t), then

Here is a set D
,
whish is a union of coats of a nontrivial subgroup of Z,

st X SD has upper Banach density O .

2) G stable group. Let T = { pts, (GD :

p is bi -generic} .

Then T is closed
.

Fx
p,get? let G ,

I G and BEG" bt-otjanyyq.am .

let pies, (6,7 be 1h "definable extension
" of p, ie

. 44
,
c) c- p,

iff G
,
Kyle) where Aly? is f- old. of p .

Let Gz I 6, and a e Gz , at p , .

Then let p*g=tp Cable ).es, (G)

Fact : (P, *) is a compact Hausdorff group .

If G is sufficiently saturated
,
then PE GIG? Fax pet .

For X EG definable
, p(X)

-

- Haar (face : X Eap3)
well-defined : G - steep .




