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6) a) M f- any universal consequence of T

Show µ embeds in a model of T

WTS : T u Diag (M) has a model .

Suppose not . Then I 2- formula of(×, , . > xD and an -

→ an
c-M

[
guanWR€ree

St Tv 941am . - , am} is inconsistent.

So T 1=-7×-41×-1

T tvxndcx) (Generalization )
Finna

so µ 1--7*41×-1
,
ha
-

b) µ is a model & any existential consequence
of T

.

WTS : 3- NKT that embeds in an elementary extension of all
.

a-

Goat : find NFT st Thµ(M)vDiag(N)
-

? ← new constants.

Slept Get right N.
let 2=9-7×-41×-7 : Mtn 2×-41*1; 41×-1 g.f. 2-

formula ?
.

WTS : TVE has a model .

Tix t.CH , . . ..tn/x-1g.f.st-Fx-4iCx4c-EV-i.WTSTvEnFx4(-x1....,nFx4nG-13 is sad:&-46 .

Suppose not . Then T 1=7×-41×-1 v. . . . v 7×-41×-1

ie. 71=7×-14
,
(F) v. . - vk.CH ) .

So M 1=7×-14,1×-1 v. ..v4n(x-D .



So M 1=7×-4,1×-1 v. - vk.CH

So all 1=7×-4,1×-1 for some Kien .

But Mt -7×-4,1×-1 by def
. & E. %

Let NKTUE .

Step show Thu (M) u Dias (N) is satisfiable/Consistent)
Tix a q8 . L - formula 4 (Xi , . . > Xml and G

, . . . , Cm C- N St

"""""" """" }¥¥ '

WTS : Thu (M) v94 Cc , , . . .cm) } is consistent
.

If not, then T.hn/M)t-n7x-4Cx-7 .
ie. M 1=-7×-41×-1

So - 3×-41×-1 c- E

So N 1=-7×-41×-1
&

But N 1--46-7 .

Yo
.

¥ÉN-
Suppose pe Sn (M) is definable

ie . if 2- formula 41×1 , - . .in . F) I 2m -formula ~¥y?[
st if I c- Mi , 4G ,

-

b) c- p if Mt- 415)
WTS : 7 a unique g. c- IGN) st g

extends p
and g

is definable no M
e-

Proof : Given III. g) let dotty be 1h Lm- formula that gins - 4-definition

for P .

Define of (set of LN
- formulas in F) st

given
4Gt, g) and b- c-NJ



I. Gib ) c- g
if Ntdallb)

.

* g is complete since Ntnddcbl c- Ntd (5)

* g. is consistent
.

ETS :

every formula in
g.

is consistent
.
(check :

dlclnrtlcjl = d4Cg1^dHg) )
Fx 41×55) c- g. Note : Mt -Vj(I4(g)→ 7×-41*577.

So N satisfies this .

Since Nt def (D)
,

we know IGI) is consistent
.

We have g. c- Sn (N) .
* g. is definable our M by construction .

* g
extends p

: Fix IGT
,
5) with b- c- M

Then Ici
,

-

b) c- p ik Mt dd(b-)
iff N t daffbl
if DCI

,

-

b) c- g-

* g. is unique : Suppose g
'
c-ICN) is another extension ofpth.tn#nbkove-M.WTSg--g! Fix 4Gt , g) .

We show daffy ) is a

d-definition for g
! Cand su gig

' )
.

Let 4(j7 be an Lm- formula which

defines
g
' wrt 4Gt

, jl . Given b- c- MJ we have

M FX (5) i ICE
,
5) c- g

' :& ICI,5) c- of
Rf Mtd (5)

.

Sollt-V-jlddljles~cgl.IS
. N satisfies this .



8) Prove Tis to- cat . Rf ICT) is finite 7h21 .

(⇒ ) : suppose In st smfh is infinite .

Since ICT) is compact Hausdorff , 3 non-isokkdpo.sn CT?

By OTT 3 ctbk model MFT omitting p .

Also I ctbk NFT realizing p. So M # N
.

(⇐) : Assume SNCT) is finite tf nd ! Then all types on are isolated
.

Fx ctbk if NKT. Say M = {an :nzo3 and N= {bn : nzo }

Build patrol elementary (4)nzo st dom (E) EM is fink F n

and an C- doin Anti ) , but Im (fn+, ) H n .

Then f- V&n will be isomorphism from M tr N.

Let 4--4 (elementary since M
,
NKT)

Goren &n .

Enumerate Dom On)=¢ , , . . ..cm }
.

Let Olya , . - , ym , x )

isol-ktplcy.ycm.am/o).-cSm+i(T).Mt-FxOCc,xl.SNt-FxO(&n(-o3x)
so pick de N st Nt 01%6-7

,
d) .

SoOCj.x-ctpffnk-7.cl/o)stPC&Cc-1d/oD--tp(i. an,¢y([%"☐%✓)
so &nv{Can, d) 3 is portal elemntg .

Similarly find ee M st &nU{ (and) , (e) bn) } is partial

elementary . ( consider formula is.tt?ngFp-n-dbn/o) )
&nH '



4W
,
I):={ a- c- N 'T :Nt-d(ñ, 513.2)N%¥T,&(*Ñie¥¥

a) MIN
.

Ex 4Gt
, _y7 .

Ex b- c-N? Suppose 4W, 5)

is defined by an Lm- formula 41×-1
WTS 3- c- c- MJ st GCN

, c-7--4045 )

Nt-F-ycv-x-fkx.gl ⇒ 46-111 .

M F "

Choon c- c- MJ st Mt 7×-141*21<-41×-1 ))
so N F 11

⇒¥÷÷÷÷÷±÷÷÷÷÷
for I c-NJ

.

Fix MEN.

WT-S.FI c-NJ
,
ICN

,
-b ) is definable using an Lµ- formula .

There is k > 1, st

NF Fig . . . . jk-VJVV-x-fkx.jkdki.fi ) )
5--1

So if f- " " " "

so 7 To
, ,

. . .

, Ike MJ st

Mt V-jY.at/x-fllxiy7os&CxTbi1 )
so Nt a

" "

so V-jc-NJFK-ic-ksi-ICN.br/--dCN, I;)



c) Suppose if 2-N and N is 1M It - saturated
.

Suppose any QCN, I ) definable using on Lm- formula .

*

WTS : Only finitely many sets of the form 41N, II.
AstPOI : Suppose 3 infin.tl

, many such sets
.

Consider a partial type in j

%) = { FIGG . g) as -41%5) )
: b- c- MJ } .

WTS T (g) i realized in N
If i KP the ICN

,
e) =/ 4W, b-I 7 b- c-Mi Ya *

By saturation
,
ETS Tlg) is finitely satisfiable in V.

But this follows from AP
.AÉFTERAgÉ÷

1) (⇒J : Immediate from definition of MIN.

(E) : WTS : For any 2-formula of (× , . . ,×n) and a- c- M? M 1=4 (a) ihf NF%-) .
T-nductiononformnlas-i.IR G) is atomic then result follows since MEN.

Conjunctions t negations are easy.
Assume the result for d(× , . . . ,✗n, g) and consider Fy (I, y ) . Tix a-EM?

If Nf Fjlfa, y) then Mk Fydlñ,g) by our main assumption.

Conversely, MtFydlñ, y) ⇒ Mtdlñ,b) for some b c- M
,

⇒ N Falta
,
b) for some be M (by induction)

⇒ N f- of (a-, b) for some be N

⇒ N 1=7yelling?



3) First note that each Mi is a graph.

WTS : D ist Mi is a Rad graph . Suppose not . Then for all i, F finite disjoint Ai,Bi c-M; st Jc c-Mi
with RM:(a. c) V-ac-Aianl-RMifb.cl F b c-Bi . Let A-- A ,

v.
.
.u An

,
B-- B. v. " u Bn .

So A
, B are finite and

AMB = since Ain Bi = 8 Yi and Min Mj =D it i=j . Since MFRG, F cell st RM(a. c) FaeA and

-RM(b
, c) F b c- B. Tix ien st ceMi . Since Mi c-µ, we have RMila.cl TaeAi and -RMi(b, c)V-bc-Bi.ba#AssumT-hasQEan&xM.Nt-TwiNF-sM-N.FxL-Brmx...x

and ñeM? WTS Mtdlñ ) :& Ntd/a-1. Choose quantifier -free 41×-7 st
T t-V-xfk.it <→ 41×-17

.

Then Atalla) ←→ HEY(E) ←→ Nkrtlñ) ←→ Nk%-) .
MÉT Mes)a)I&pesnCT)isnmisoktedtkn¥ctbkµ⇐T÷¥¥

b) Fix g- {4,1×-1, . . . , 4kcal} =p teach Xi is an La- formula) . Ex NIM and a- c- N
"

staff.
k

Then Nt-4.la?V-i.SoNt-Fx- 4. (⇒ .

So MF Tix Yi Gil, as desired.

c) Suppose p c- SMCA) is isolated
.

Tox an LA - formula %) isolating p .

Then I a- c- M
"

stMt%-)

(by part (b)) . So tp^(%-) c- Snm(A) contains 41×-1
,
which implies tp^(%-) =p since isolates p .

So a-Fp .

d) Suppose MKT is prime . WTS M realizes no non -isolated types in silo) = Sn (T) . So suppose

p e Sn (T) is non-isolated . By OTT , 7 NKT omitting p .

Since His prime, we may assume MEN.

⇒%¥÷÷÷÷÷?÷⇒m↳*⇒
Claim : Tis a complete theory with QE.

←(needed late-7

Proof : It suffices to prove this for any redact of
T to a finite sublanguage. I:e , we may assume that for some fixed net, T is

the theory of DLO 1- Go < C, < . . .
< Cm .

Now fix a finite L-structure -1 , which embeds in some model IT
,

and show TvDiag (A) is complete .

(This gives QE by our characterization from lecture, and completeness of T when A-f)

To show TvDiag (A) is complete, we use Vaught Test. In particular, we show Tv Dig (A) is to- categorical
(note this theory has no finite models? Fix ctbk M

,
NKTUDiag (A). Who 6 d-EM and d- EN

.

Let &

be the identity on A. Then & is a partial embedding from M to N with finite domains. Now do usual back and



forth between M and N starting with % (note that cY=cY=cÉ c- A Fi so we don't need to worry
about

the constants.. ✗

Claim :T has 3 countable models
.

P : See lecture notes. The models are µ ,
st (Cn) unbounded

,
Mr St (G) bounded but who supremum, and

Mrs st (G) has supremum. ¢

Claim : M
,
is the prime model .

Proof : Ex NKT. WTS : F an elementary embedding from µ,
to N

. By QE, it suffices to show 7 an

embedding from M,
to N. Let M

,
= { CNN : neo] u {an : neo }

.
We build (E)no partial embeddings

from µ
,
to N st dom (G) = {c? ' : Keo ] u {are : Ken}

.

Then f- Ufn is desired embedding .

Start with & : Cnmi to CNN it n .

Given fn , let Iman)={cir : too} u { bk : Ken} when & Can)=bk .

Choose d st Cem' > an K Ken.

Then by < CEN K kl. Choose bn c- N satisfying the same order type among CY, . . ..ee?bo.....bn.,
as an does

among com ' , . . .
,
Cem '

, ao
,
. . .

, any . (just like in back + forth for PLO) . Then set &n+, = Rn u { Can, bn)?

Claim :Mz is saturated
.

Proof : Ex finite AE Ma and p c- 5,4A) . WTS p
is realized in Mz

. By QE, p is completely determined

by the induced cut in Au {c.tk : nzo?

Cased :p contains ✗ < Cn for some neo. Then p
is determined by a cut in the finite set A u {com? . . ., CY ? But all such ants

are realized in Mz as in the case of PLO
.

Cased :p contains × > Cn for all nseo. Let Ao = {a c- A : a > dnt> F n 3
.

Case_2a :p contains ✗ Za for some at Ao
. Then p determined by cut in the finite set Ao , hence is realized .

Casihb : p contains ✗ < a for all a c- Ao
. So p is determined by : X > Cn Fn and ✗ < a Y a c- Ao

.

.si#::::::::::::::::::::::::::.::Casel-:V
ac-M, da,a) xp .

Then y+y is a d-definition for p .

Cased : -3 a c-M
,
QQ

,
a) c-p .

We show alla
, g) is a d- definition for p .

Fx beM.
If cfcx,b) c- p then {4(x, a), 4Gt, b)3 is consistent and so µ Kalla, b) since I is an

equivalence relation . Conversely, if I. (a.b) holds then (×, b) c-p since {4(×,b) , -d(×, a)3 is inconsistent.

Renard : One can show that day) is stable
.

So this exercise also follows from FTS (overkill) .


