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6. Conditions for existence and uniqueness of the solution to

real-valued, non-homogeneous Sturm-Liouville problems

In the present section we assume problems with real coefficients. Equa-
tions with complex coefficients can be split into the real and the imaginary
parts.

6.1. Existence of eigenvalues for real-valued Sturm-Liouville prob-

lems. Recall the following facts:

Theorem 7. Consider the linear second order differential operator in self-

adjoint form (16), with p(x), w(x) > 0 for x ∈ (a, b)3, and p, p
�
, w, q contin-

uous on [a, b] and real-valued.

Denote H = L
2((a, b), w(x)dx). Let α,α

� ∈ R, not both zero, and β,β
� ∈

R, not both zero. Denote

D(L) = {u ∈ H |u
�
, u

��
∈ H, p(αu+ α

�
u
�)
��
x=a

= 0, p(βu+ β
�
u
�)
��
x=b

= 0}

Then D(L) is dense in H, and L is self-adjoint on the domain D(L).
Therefore:

(i) all the eigenvalues of L : D(L) → H are real, and eigenfunctions are

(can be chosen) real-valued,

(ii) eigenfunctions corresponding to distinct eigenvalues are orthogonal in

H,

(iii) the eigenvalues are simple,

(iv) there is a lowest eigenvalue, and the eigenvalues form an increasing

sequence λ1 < λ2 < . . . < λn < . . .

(v) limn→∞ λn = ∞, and the corresponding eigenfunctions form an or-

thogonal basis for H.

Notes.

1. If p(a) = 0, then no condition is needed at x = a in D(L), and similarly
if p(b) = 0, no condition is needed at x = b.

2. The derivatives of functions in L
2 (but not necessarily differentiable

as functions) are considered in the sense of distributions. For example |x| ∈

L
2(−1, 1) has its derivative |x|� ∈ L

2(−1, 1) (see Exercise 1. of §2.3).
Furthermore: For boundary conditions which are not regular, but mixed

(including the periodic case):

αu(a) + α
�
u
�(a) + α2u(b) + α

�
2
u
�(b) = 0

βu(b) + β
�
u
�(b) + β2u(a) + β

�
2
u
�(a) = 0

results similar to those of Theorem7 hold, except that the eigenvalues may
not be simple (they are at most double, since this is a second order differ-
ential equations).

3
Note that p(x), w(x) may vanish at the endpoints x = a, x = b.
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6.2. Conditions for existence and uniqueness of the Green’s func-

tion and of solution to non-homogeneous self-adjoint Sturm-Liouville

problems. Theorems 8 and 9 embody the Fredholm alternative for self-
adjoint Sturm-Liouville problems: either the homogeneous problem has a
nontrivial solution, or any non-homogeneous problem has a unique solution.
This theorem is true in more general contexts: for compact operators, as
are, for example, the integral operators which give solutions to second order
problems.

6.3. When the Green’s function of Sturm-Liouville problems exists

and is unique. Recall that λ = 0 is an eigenvalue of (L,D(L)) if and only
if the homogeneous problem has a nontrivial (i.e. nonzero) solution (i.e.
there is u ∈ D(L), u �≡ 0 so that Lu = 0).

Theorem 8 below states that the Green’s function is guaranteed to ex-
ist, and be unique, if there are no nontrivial solutions of the homogeneous
equation. Recall the example in §5.2 where the Green’s function either did
not exist, or was not unique, depending on a condition on the forcing term;
it has a nontrivial solution of the homogeneous problem, namely u(x) = 1.

Furthermore, Theorem8 also states that in this case, then there is a
unique solution of the non-homogeneous problem, for any forcing term (in
the appropriate L

2 space).

Theorem 8. Let (L,D(L)) be a regular Sturm-Liouville problem, as in The-

orem7 with p > 0 on [a, b].
Denote by H = L

2((a, b), w(x)dx) and �·, ·�w its inner product.

Assume λ = 0 is not an eigenvalue. Then:

1. The problem has a Green’s function.

2. The Green’s function is unique.

3. Denoting by u1, u2, . . . , un, . . . an orthonormal basis of H formed by

eigenfunctions then

(23) G(x, t) = w(t)
∞�

n=1

1

λn
un(x)un(t)

4. The solution of Lu = f , u ∈ D(L), is

(24) u(x) =

� b

a
G(x, t) f(t) dt

and furthermore, its expansion in terms of eigenfunctions is

(25) u(x) =
∞�

n=1

1

λn
�un, f�w un(x)

5. Furthermore

w(t)
∞�

n=1

un(t)un(x) = δ(x− t)
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Remark. Formula (24) gives the inverse of the operator L defined on
D(L).

Proof.

1. We construct the Green’s function: Equation Ly = δ(x−t) for x ∈ [a, b]
can be written as

−Gxx −
p�(x)
p(x) Gx +

q(x)
p(x) G = w(x)

p(x) δ(x− t)

hence

Gxx −
p�(x)
p(x) Gx +

q(x)
p(x) G = w(t)

p(t) δ(x− t)

Since the right hand side is zero for x < t, and also for x > t, solving on
these two intervals with their respective boundary condition we get

G(x, t) =

�
C(t) ya(x) for x < t

D(t) yb(x) for x > t

where ya, yb are nonzero solutions of Ly = 0, satisfying αya(a)+α
�
y
�
a(a) = 0,

respectively βyb(b) + β
�
y
�
b(b) = 0 (since p �= 0).

The two branches of G(x, t) must be matched at x = t. As in §4.4.2, we
must have G(x, t) continuous in x at x = t, and its x-derivative must have

a jump discontinuity of magnitude w(t)
p(t) at x = t:

(26)
C(t)ya(t) = D(t)yb(t)

D(t)y�b(t)− C(t)y�a(t) =
w(t)
p(t)

If ya and yb are linearly dependent, then yb =const ya then ya satisfies
the boundary condition at x = b as well, and since Lya = 0, then ya is an
eigenfunction to the eigenvalue 0, which contradicts the assumption that 0
is not an eigenvalue.

Therefore ya, yb are linearly independent, hence their Wronskian W :=
yay

�
b − y

�
ayb �= 0. This means that the linear system (26) has a unique

solution:

C(t) =
w(t)yb(t)

W (t)p(t)
, D(t) =

w(t)ya(t)

W (t)p(t)

On the other hand we can calculate the Wronskian W (t) from the differ-
ential equation that ya,b satisfy, −py

�� − p
�
y
� + qy = 0, or, in matrix form

�
y

y
�

��
=

�
0 1
q
p −

p�

p

� �
y

y
�

�

and, recalling thatW =const exp[
�
Tr(Matrix)], it follows thatW =const/p,

or W (x)p(x) =const≡ 1

κ . Therefore C(t) = κw(t)yb(t), D(t) = κw(t)ya(t),
giving

G(x, t) =

�
κw(t) yb(t) ya(x) for x < t

κw(t) ya(t) yb(x) for x > t
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2. Suppose G1 and G2 are two Green’s function of the problem. Then
G1 − G2 belongs to D(L) and satisfies L(G1 − G2) = 0. Since 0 is not an
eigenvalue, we must have G1 −G2 = 0 hence G1 = G2.

3. We know that the eigenfunctions of (L,D(L)) form an orthonormal
basis of H (by Theorem7). Since G(·, t) ∈ H for each t (because it is
continuous on [a, b]), then

(27) G(x, t) =
∞�

n=1

cn(t)un(x) for some cn(t) with {cn(t)}n=1,2,... ∈ �
2

and where
cn(t) = �un, G(·, t)�w, n = 1, 2, . . .

Now apply L to both sides of (27). We need to be careful: L is not bounded,
i.e. it is not continuous, therefore we cannot say that L(limN→∞

�N
n=1

∗) =

limN→∞ L(
�N

n=1
∗). It turns out to be true in distribution sense. Here is a

justification.
We know that Lun = λnun for all n. Therefore

(28) λncn(t) = λn�un, G(·, t)�w = �λnun, G(·, t)�w = �Lun, G(·, t)�w

and we would like to write

(29) = �un, LG(·, t)�w =

� b

a
un(x) δ(x− t)w(x) dx = un(t)w(t)

But G(·, t) �∈ D(L) (since its second derivative is not in L
2, but it is rater a

distribution), and LG(·, t) is not in L
2. But (29) is mathematically justified

by thinking in terms of distributions (which have have been built to extend
the usual L2 inner product, the operators, and their adjoints), so (29) should
be interpreted as

�Lun, G(·, t)�w =

� b

a

�
(−pu

�
n)

� + qun
�
G(x, t) dx =

�
(−pu

�
n)

� + qun, G(·, t)
�
=

�
un, [(−pu

�
n)

� + qun]G(·, t)
�
= (un, δ(x− t)w(t)) = un(t)w(t)

Now that we know how to understand rigorously formulas like (29), we
can use them freely.

Therefore

cn(t) =
un(t)w(t)

λn

which used in (27) gives (23).
4. Formula (24) for the solution of a second order linear equation follows

from the classical theory of linear differential equations (or can be checked
directly). Using (23) in (24) gives (25).

5. Besides the expansion (25), we can expand any u ∈ H as

u(x) =
∞�

n=1

�un, u�wun(x) =
∞�

n=1

� b

a
un(t)u(t)w(t)dt un(x)
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= [exchange order in distribution sense]

� b

a

� ∞�

n=1

un(t)un(x)

�
u(t)w(t) dt

therefore

w(t)
∞�

n=1

un(t)un(x) = δ(x− t)

✷

6.4. When the Green’s function for self-adjoint Sturm-Liouville

problems exists and it is not unique.

Note: If 0 is an eigenvalue, to a second order differential operator, the
dimension of its eigenspace must be one (any eigenspace is at most two-
dimensional).

Theorem9 shows that if there are nontrivial solutions of the homogeneous
problem, then a non-homogeneous equation is solvable only when the forcing
term is orthogonal to the kernel of the homogeneous problem; the solution
is not unique because we can add to it any solution of the homogeneous
problem (i.e. in its kernel).

Theorem 9. Let (L,D(L)) be as in Theorem7 with p > 0 on [a, b].
If 0 is an eigenvalue of L, then an equation Lu = f has solutions u ∈ D(L)

if and only if

�u0, f�w = 0 for u0 ∈ D(L) with Lu0 = 0

When the solution exists, it is not unique, but there is a one-parameter

family of solutions, namely

(30) u = Cu0 +
∞�

n;λn �=0

1

λn
�un, f�w un(x)

Proof.

We only need to retrace the proof of Theorem8 and see what happens if
0 is an eigenvalue.

We first see that we cannot find a Green’s function. Then a direct verifi-
cation show that (30) satisfies Lu = f . Are there other solutions? Suppose
That u2 also satisfies Lu2 = f . Thne u − u2 satisfies L(u − u2) = 0, hence
u−u2 is a solution of the homogeneous equation, hence u2 = u+ [a solution
in D(L) of the homogeneous equation].

If u2 is linearly dependent of u0, then u2 has the same formula as u, only
with a different constant C.

If u2 and u0 are linearly independent, then there are two independent
solutions of the homogeneous equation satisfying the boundary conditions,
hence any solutions satisfies the boundary conditions, but this is not possible
unless α = α

� = β = β
� = 0, contradiction! ✷
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6.5. The resolvent. We can use a line of reasoning similar to that of §6.3
and §6.4 to find the formula for the resolvent of L. Let z ∈ C, not an
eigenvalue of L. This means that 0 is not an eigenvalue of L − zI. Using
Theorems 8 and 9 for the operator L− z instead of L we find

Theorem 10. Let (L,D(L)) be a regular Sturm-Liouville problem, as in

Theorem7 with p > 0 on [a, b].
(i) Let z ∈ C be not an eigenvalue of L.

Then Green’s function G(x, t, z) of L− z has the expansion

(31) G(x, t, z) = w(t)
∞�

n=1

1

λn − z
un(x)un(t)

and the solution of Lu− zu = f , u ∈ D(L) is

(32) u(x) = (L− z)−1
f =

∞�

n=1

1

λn − z
�un, f�w un(x)

(ii) If z = λk is an eigenvalue of L then Lu − zu = f , u ∈ D(L) has

solutions if and only if �uk, f�w = 0, and in this case there is a one-parameter

family of solutions, namely

u = Cuk +
∞�

n=1, n �=k

1

λn − λk
�un, f�w un(x)

Theorem10 can be formulated as an instance of the Fredholm’s alterna-
tive:

Given (L,D(L)):
either (L− z)u = f has a unique solution for every f ,

or there is a nonzero solution of (L− z)u = 0.

Remark: formula (31) shows that the Green’s function of the resolvent
(L−z)−1 of (L,D(L)) is analytic in the parameter z, except for z equal to the
eigenvalues of (L,D(L)), where G has poles of order one. This is intuitively
expected, by functional calculus. In infinite dimensions this happens only
for special operators, though.


