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Introduction

I will discuss some fundamental inequalities in approximation
theory. Those of you who are familiar with approximation the-
ory, will need no motivation to understand the significance of
these inequalities. The rest of you, can follow and enjoy the
story even if there will be limited attempt to convince you that
anyone should care about these inequalities.

The magic names will be Andrey Andreyevich Markov, Sergey
Natanovich Bernstein, Issai Schur, and Evgeny Yakovlevich
Remez, although one of the primary reason of my upcom-
ing book on the Bernstein inequality is to convince the ap-
proximation theory community that some of the above names
should be replaced or, at least, supplemented by Lipót Fejér,
Edmund Landau, Frigyes Riesz, and Marcel Riesz (but not by
Charles-Jean de La Vallée Poussin no matter how much he
wished it).



What differentiates these inequalities from some other
equally useful ones is that these were optimal from (almost)
day one and later morphed into myriads of generalizations
that were far from being optimal in terms of the constants
appearing in them; some initially and some still are far from
optimality.

Most notable examples of inequalities with an opposite
developmental history would be those of Nikol′skiı̆-type
inequalities, the direct and indirect fundamental theorems of
approximation theory (Jackson & Bernstein),
Marcinkiewicz-Zygmund-type quadrature vs. integral
inequalities, and those involving Christoffel functions.

In a sense, although not all will agree, one could say that
approximation theory is mostly about inequalities.



Mendeleev and Markov2

1880s: Dmitri Ivanovich Mendeleev (The Mendeleev) asks
how big the derivative of a second degree algebraic polyno-
mial can be (if one has information of the size of the polyno-
mial itself).
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A. A. Markov proved in 1889
∥
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∥
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∞,[−1,1]
≤ n2 ‖Pn‖∞,[−1,1]

where Pn is a (real) polynomial of degree at most n. This
is optimal in the sense that for the nth degree Chebyshev
polynomial it turns into equality.
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where Pn is a (real) polynomial of degree at most n. This
is optimal in the sense that for the nth degree Chebyshev
polynomial it turns into equality.

Vladimir Andreyevich Markov, the younger brother of
A. A. Markov, extended Markov’s Inequality to higher order
derivatives in 1892.



As it turns out, not too many people read A. A. Markov’s orig-
inal paper that is available in both old and modern Russian,
and, most recently, in English as well.

Not even Bernstein who, around 1912, also proved it and,
at the same time, claimed that he was unfamiliar with
A. A. Markov’s work.
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As it turns out, not too many people read A. A. Markov’s orig-
inal paper that is available in both old and modern Russian,
and, most recently, in English as well.

Not even Bernstein who, around 1912, also proved it and,
at the same time, claimed that he was unfamiliar with
A. A. Markov’s work.

CONJECTURE. In fact, not counting V. A. Markov, Bernstein
was the first person to read Markov’s paper.

HOMEWORK. What is the MR Collaboration Distance, and
find out its value between me (Paul Nevai) and the mathe-
maticians mentioned so far.

HINT. The smallest of those is 3 and the biggest (but finite)
is 5 (with multiplicity 3).



HOMEWORK. Given ε ∈ (0, 1), figure out if
∥

∥P ′
n

∥

∥

∞,[−1+ε,1−ε]
= n2 ‖Pn‖∞,[−1,1]

possible for some polynomial Pn of degree at most n.

HOMEWORK. Knowing that
∥

∥P ′
n

∥

∥

∞,[−1,1]
≤ n2 ‖Pn‖∞,[−1,1]

holds for real polynomials Pn of degree at most n, how
would you extend it to complex polynomials Pn of degree at
most n?



Figure 1: A. A. Markov, 1859–1922



Figure 2: S. N. Bernstein, 1880–1968



During the proof of his inequality, A. A. Markov, as an
intermediate step, for all practical purposes, also “almost”
proved that

∥

∥

∥

√

1− (·)2P ′
n(·)
∥

∥

∥

∞,[−1,1]
≤ n ‖Pn‖∞,[−1,1] .

Bernstein again pretended not having seen this and he also
proved the same around 1912.

To make things even more suspicious, Bernstein’s proof is
the same as A. A. Markov’s.

Bernstein got away with it because most people read
neither A. A. Markov nor Bernstein (many decades later
Akhiezer and Shadrin did though).



Let me note that having studied and actually read a
tremendous amount of approximation theory literature
produced between 1910 and 1930 or even up to 1960, I
came to the conclusion that quality control, that is, editing
and refereeing was virtually non-existent, and the leading
approximation theorists simply either didn’t read each other
works, or, just looked at the results without scrutinizing the
proofs themselves.

A notable exception to this was the Hungarian school of
approximation theory led by Fejér and the Riesz brothers.



Let me note that having studied and actually read a
tremendous amount of approximation theory literature
produced between 1910 and 1930 or even up to 1960, I
came to the conclusion that quality control, that is, editing
and refereeing was virtually non-existent, and the leading
approximation theorists simply either didn’t read each other
works, or, just looked at the results without scrutinizing the
proofs themselves.

A notable exception to this was the Hungarian school of
approximation theory led by Fejér and the Riesz brothers.

Note. Despite of my Hungarian background, I have no
vested interest in promoting Hungary. In fact, I am kind of
ashamed of all the universal harm Hungary caused to both
mankind and to her own people in the recent past, say, in
the last 150 years.



Miscellanea

In the beginning of the 20th century, despite huge interest
in Fourier series, trigonometric polynomials were not as
popular as algebraic polyniomials.

Even the terminology was not settled yet.

Entire rational functions or (aka ganzen rationalen
Funktionen)? (algebraic polynomials)

Trigonometric expressions? Trigonometric sums?
(trigonometric polynomials)

Even Fejér’s groundbreaking results brought only slow
changes.

Bernstein called the Chebyshev polynomial, that is an
algebraic polynomial, “trigonometric polynomial”.



Bernstein was probably the first person who, at least
initially, was interested in algebraic polynomials so that he
could obtain information about trigonometric polynomials.

Pn(cos ·) = Tn(·).

However, Tn above is even so this is not a 1–to–1
correspondence.

Luckily

(sin ·)× Pn−1(cos ·) = Tn(·)

where Tn is odd.



So there is a way to move back and forth between algebraic
and trigonometric polynomials even if it needs to be done
separately for the even and odd case.

Bernstein noticed that
√

1− (·)2
∥

∥P ′
n(·)
∥

∥

∞,[−1,1]
≤ n ‖Pn‖∞,[−1,1]

immediately implies
∥

∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R

for even Tn.



Then, very ingeniously, he came up with the rather artificial look-
ing
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√

1− (·)2
(

√

1− (·)2Pn−1(·)
)′
∥

∥

∥

∥

∞,[−1,1]

≤ n
√

1− (·)2 ‖Pn−1(·)‖∞,[−1,1]
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∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R for odd Tn.
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ing
∥

∥

∥

∥

√

1− (·)2
(

√

1− (·)2Pn−1(·)
)′
∥

∥

∥

∥

∞,[−1,1]

≤ n
√

1− (·)2 ‖Pn−1(·)‖∞,[−1,1]

that implies
∥

∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R for odd Tn.

Note. It took another 6 years or so for de La Vallée Poussin
to find an error in Bernstein’s proof in 1918. Not even Landau
and the Hungarians suspected anything. Then, probably, no one
read de La Vallée Poussin’s paper either but eventually people
read his 1919 book on approximation theory.



Figure 3: C.-J. de La Vallée Poussin, 1866–1962



Bernstein put even and odd together and he came up with

∥

∥T ′
n

∥

∥

∞,R
≤ 2n ‖Tn‖∞,R

for all Tn. This was done in his fancy-shmancy prize winning
1912 French memoir that was later published 3 times in 3 dif-
ferent Russian (revisionised) versions and also in English.

In retrospect, the above is neither optimal (2n vs. n) nor was
the proof free of error.

When we say Bernstein Inequality today, we mean
∥

∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R.



N.B. As my upcoming book will rigorously and mercilessly
document it, this terminology is due to Bernstein’s
ignorance and flagrant falsification of history that lasted
from 1914 until approximately 1930 or 1954 depending how
one interprets the available evidence.

N.B. I have another paper under preparation that dissects
another well-known result of Bernstein, that is, the
Bernstein-Rogosinski sums.

N.B. My college degree dissertation was about the latter
and I dedicated it to the memory of Bernstein & Rogosinski.
How I regret it now.



First Landau (probably in 1913) and then Fejér (probably in
1914) noticed that

∥

∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R for odd Tn

implies
∥

∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R for all Tn

and this is called now (by those who are familiar with it) the
Landau-Fejér Kunstgriff (trick).

Namely, WLOG, ‖T ′
n‖∞,R = T ′

n(0) and then one applies the
above odd version with Tn(t)− Tn(−t).

Simple, isn’t it? It took Bernstein 10 years to acknowledge
Landau’s ideas but fully ignored Fejér.

Note. WLOG means “without loss of generality”.



Figure 4: the Landau-Fejér Kunstgriff



Figure 5: E. Landau, 1877–1938



Figure 6: L. Fejér, 1880–1959



However, as indicated above, and neither Landau nor Fejér
realized it at that time, Bernstein’s proof of the important
odd case was defective.

Luckily, 1914, just before WWI started, the Hungarian
juggernaut of L. Fejér, F. Riesz, and M. Riesz got into
action. First M. Riesz found a valid proof of

∥

∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R for all Tn

published in Comptes Rendus in French in 1914.

It was based on his newly found but now well-known
trigonometric interpolation formula for T ′

n.



M. Riesz’s interpolation formula

The M. Riesz interpolation formula (with his original notation):

If

ϕr =
2r − 1

2n
π, r = 1, 2, . . . , 2n,

then for every trigonometric polynomial F of degree at most n

F ′(ϕ) =
1

2n

2n
∑

r=1

F (ϕ+ ϕr)
(−1)r+1

2 sin2 ϕr

2

.

Note. Think of F being polynomials or even Laurent polynomials.

Note. Both formulas have a typo in the original such as F (ϕ+ϕ5)
but the typos miraculously disappear in his Collected Papers
even if the latter pretends to have the original papers photo-
copied.



Then, again with typo,

|F (ϕ)| ≦ M =⇒ F ′(ϕ) ≦ Mn

Note. This typo has been hand-corrected in the Collected
Papers to

|F (ϕ)| ≦ M =⇒ |F ′(ϕ)| ≦ Mn.

Note. The Collected Papers more than once lines are
moved from the bottom of page x to the top of page x + 1
although the original page numbers are kept. I find this semi-
cheating.

HOMEWORK. How to prove the Bernstein inequality from
the M. Riesz interpolation formula?



Figure 7: M. Riesz, 1886–1969



Then, within days of M. Riesz’s proof, his older brother
F. Riesz found an essentially continuous version of this
interpolation formula that produced a second proof, also
published in 1914 in C.R. Very roughly speaking, one can
write T ′

n as a convolution

T ′
n = Tn ⋆ Kn

which is a continuous analogue of the M. Riesz formula
from which the Bernstein inequality follows with some
elementary estimates. I write “very roughly speaking”
because F. Riesz needs to apply some delicate tricks in
addition to the rough estimates to obtain the optimal
constant.



Figure 8: F. Riesz, 1880–1956



Then it is M. Riesz’s turn again who, within weeks of his
original results, obtains two more fully independent proofs of
the Bernstein inequality.

One of them is based on zero counting that is known today
as de La Vallée Poussin’s proof and is found in most text-
books. More about this later.

The second is based on what is known today as Schur’s in-
equality that was “found” by Schur in 1919 with plenty but not
sufficient credit given to M. Riesz.

M. Riesz published his seminal paper in the world-
wide known Jahresbericht der Deutschen Mathematiker-
Vereinigun (Jahresber. Dtsch. Math.-Ver.) in 1914 in Ger-
man.



In the very same paper, M. Riesz proves
∥

∥P ′
n

∥

∥

∞,D
≤ n ‖Pn‖∞,D

where D is the unit disk and Pn can have complex coefficients
as well.

Bernstein proved the same in 1926 and managed to mislead
the world so that today the above bears his name too.

Amazingly, this inequality with full credit to M. Riesz is in
Pólya-Szegő’s Aufgaben und Lehrsätze aus der Analysis
that was published in 1925. Nevertheless, everyone who is
anyone assumed that it followed obviously from the Bern-
stein inequality but it didn’t because Bernstein’s original
Bernstein inequality was only for real trigonometric polyno-
mials.



In 1914 and 1915 Fejér also published two papers in
German where, although he doesn’t prove the Bernstein
inequality, he lays foundations to a machinery that was
used later to find new proofs of Bernstein-type inequalities
and to solve numerous extremal problems related to the
Bernstein inequality.

Among others, he published the Fejér (aka Fejér-F. Riesz)
representation theorem for nonnegative trigonometric
polynomials:

Tn = Q2
n +R2

n

where Qn and Rn are at most of the same degree as Tn.

HOMEWORK. Find this representation for 1 + sin t.



I emphasized “French” and “German” because it appears
that most mathematicians of the time pretended not to read
either French or German or both and, with the exception of
the Hungarian mathematicians, the papers of the Hungarian
juggernaut were largely ignored until about 1930.



As mentioned above, in 1918 (and in 1919) de La Vallée
Poussin found an error in Bernstein’s proof of

∥

∥T ′
n

∥

∥

∞,R
≤ n ‖Tn‖∞,R for odd Tn

that fully invalidated Bernstein’s proof and “found” a new
proof based on zero counting. As mentioned above, this
proof was actually found by M. Riesz in 1914. It took seven
years for de La Vallée Poussin to give some (but not full)
credit to M. Riesz.

On the other hand, Bernstein ignored de La Vallée Poussin
for eight years.

Note. Is it possible that de La Vallée Poussin is one of those
who pretended to read neither German nor French?



I should point out now that until 1920 there were five
substantially different proofs of the Bernstein inequality.

Bernstein’s (defective) proof and de La Vallée Poussin’s
proof that is the same as one of M. Riesz’s proof work only
for trigonometric polynomials with real coefficents.

Two proofs of M. Riesz and the proof by F. Riesz work for
trigonometric polynomials with complex coefficents as well.

Bernstein doesn’t say a word about the fact that his
trigonometric polynomials are real, and I had to reverse
engineer his proofs to figure this out.

Note. In 1926 Bernstein admitted that his trigonometric
polynomials were real and then took some unnecessarily
complicated steps to move to complex ones.



Of course, today it is well known but it wasn’t known then
that the complex case easily follows from the real one.

WLOG, |T ′
n| is maximal at 0, T ′

n real & positive at 0, and let
Tn,r be the trigonometric polynomial obtained from Tn by
dropping the imaginary parts of the Fourier coefficients of
Tn so that Tn,r ≡ ReTn on R. Then

T ′
n(0) = ReT ′

n(0) = T ′
n,r(0) ≤ n ‖Tn,r‖∞,R ≤ n ‖Tn‖∞,R

I traced this back to a 1941 paper by Schaeffer but I don’t
know who was the first person to figure this out.



With more details:

If |T ′
n(t0)| = ‖T ′

n‖ then Tn
def
= Tn(· − t0) has a maximal

derivative at 0.

If T ′
n(0) = ρ exp(iθ) then Tn

def
= exp(−iθ)Tn has a real and

positive derivative at 0.

If Tn(x) = a0

2 +
∑n

k=1 (ak cos kx+ bk sin kx) then

Tn,r
def
= Re a0

2 +
∑n

k=1 (Re ak cos kx+ Re bk sin kx) has real
coefficients, Tn,r ≡ ReTn on R, and T ′

n(0) = T ′
n,r(0).

Hence, by the real case,

T ′
n(0) = ReT ′

n(0) = T ′
n,r(0) ≤ n ‖Tn,r‖∞,R ≤ n ‖Tn‖∞,R



It is time to say a few words about the significance of the
Bernstein inequality. Three words: the Bernstein machinery.
We need some notation.

En(f) = infdeg(Tn)≤n ‖f − Tn‖∞,R

Of course (Émile Borel in 1905),

En(f) = mindeg(Tn)≤n ‖f − Tn‖∞,R

Weierstraß in 1885:

lim
n→∞

En(f) = 0

(for both trigonometric and algebraic polynomials).



1909–1910: Lebesgue invents moduli of continuity

ω(f, δ) = sup
|h|≤δ

‖f(·+ h)− f(·)‖∞,R

1911: Dunham Jackson, student of Landau in Göttingen,
proves the Jackson Theorem by squaring the Fejér kernel.

In reasonably modern terminology

En(f) = O(ω(f, 1/n))

(for both trigonometric and algebraic polynomials).

What about inverse theorems, that is, estimates of ω(f, 1/n)
in terms of En(f)?



Lipα (Lipschitz):

‖f(·+ h)− f(·)‖ ≤ const(f) |h|α

Although, by Jackson’s Theorem, for 0 < α ≤ 1,

En(f) = 0(1/nα) ⇐= ω(f, δ) = O(δα)

in general,

En(f) = 0(1/nα) 6=⇒ ω(f, δ) = O(δα)

However, in the trigonometric case, for 0 < α < 1,

En(f) = 0(1/nα) ⇐⇒ ω(f, δ) = O(δα)



Lipα (Lipschitz):

‖f(·+ h)− f(·)‖ ≤ const(f) |h|α

Although, by Jackson’s Theorem, for 0 < α ≤ 1,

En(f) = 0(1/nα) ⇐= ω(f, δ) = O(δα)

in general,

En(f) = 0(1/nα) 6=⇒ ω(f, δ) = O(δα)

However, in the trigonometric case, for 0 < α < 1,

En(f) = 0(1/nα) ⇐⇒ ω(f, δ) = O(δα)

Enter Bernstein. . .



The Bernstein machinery, I
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2
(f(·+ h)− f(·))
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n
∑

k=1

∆h(Tk − Tk−1)
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f = (f −Tn)+(Tn−Tn−1)+(Tn−1−Tn−2)+ · · ·+(T1−T0)+T0

∆h(f)
def
=

1

2
(f(·+ h)− f(·))

∆h(f) = ∆h(f − Tn) +

n
∑

k=1

∆h(Tk − Tk−1)

Use the Mean Value Theorem

‖∆h(f)‖ ≤ ‖f − Tn‖+
|h|
2

n
∑

k=1

∥

∥(Tk − Tk−1)
′
∥

∥



The Bernstein machinery, I

f = (f −Tn)+(Tn−Tn−1)+(Tn−1−Tn−2)+ · · ·+(T1−T0)+T0

∆h(f)
def
=

1

2
(f(·+ h)− f(·))

∆h(f) = ∆h(f − Tn) +

n
∑

k=1

∆h(Tk − Tk−1)

Use the Mean Value Theorem

‖∆h(f)‖ ≤ ‖f − Tn‖+
|h|
2

n
∑

k=1

∥

∥(Tk − Tk−1)
′
∥

∥

Use the Bernstein inequality

‖∆h(f)‖ ≤ ‖f − Tn‖+
|h|
2

n
∑

k=1

k ‖Tk − Tk−1‖



The Bernstein machinery, II

One more time:

‖∆h(f)‖ ≤ ‖f − Tn‖+
|h|
2

n
∑

k=1

k ‖Tk − Tk−1‖



The Bernstein machinery, II

One more time:

‖∆h(f)‖ ≤ ‖f − Tn‖+
|h|
2

n
∑

k=1

k ‖Tk − Tk−1‖

But
Tk − Tk−1 = (Tk − f)− (Tk−1 − f)



The Bernstein machinery, II

One more time:

‖∆h(f)‖ ≤ ‖f − Tn‖+
|h|
2

n
∑

k=1

k ‖Tk − Tk−1‖

But
Tk − Tk−1 = (Tk − f)− (Tk−1 − f)

and if Tk is the best approximating trigonometric polynomial, then

‖Tk − Tk−1‖ ≤ ‖Tk − f‖+ ‖Tk−1 − f‖ ≤ 2Ek−1(f)



The Bernstein machinery, II

One more time:

‖∆h(f)‖ ≤ ‖f − Tn‖+
|h|
2

n
∑

k=1

k ‖Tk − Tk−1‖

But
Tk − Tk−1 = (Tk − f)− (Tk−1 − f)

and if Tk is the best approximating trigonometric polynomial, then

‖Tk − Tk−1‖ ≤ ‖Tk − f‖+ ‖Tk−1 − f‖ ≤ 2Ek−1(f)

so that

‖∆h(f)‖ ≤ En(f) + |h|
n
∑

k=1

k Ek−1(f)



The Bernstein machinery, III

One more time:

‖∆h(f)‖ ≤ En(f) + |h|
n
∑

k=1

k Ek−1(f)



The Bernstein machinery, III

One more time:

‖∆h(f)‖ ≤ En(f) + |h|
n
∑

k=1

k Ek−1(f)

Now if |h| ≤ 1/n and En(f) = O
(

n−α
)

, then

‖∆h(f)‖ = O
(

n−α
)

+
1

n
O

(

n
∑

k=1

k1−α

)

= O
(

n−α
)

+O
(

n1−α
)



The Bernstein machinery, III

One more time:

‖∆h(f)‖ ≤ En(f) + |h|
n
∑

k=1

k Ek−1(f)

Now if |h| ≤ 1/n and En(f) = O
(

n−α
)

, then

‖∆h(f)‖ = O
(

n−α
)

+
1

n
O

(

n
∑

k=1

k1−α

)

= O
(

n−α
)

+O
(

n1−α
)

Oops . . . an extra factor of n ruins it all.



The Bernstein machinery, III

One more time:

‖∆h(f)‖ ≤ En(f) + |h|
n
∑

k=1

k Ek−1(f)

Now if |h| ≤ 1/n and En(f) = O
(

n−α
)

, then

‖∆h(f)‖ = O
(

n−α
)

+
1

n
O

(

n
∑

k=1

k1−α

)

= O
(

n−α
)

+O
(

n1−α
)

Oops . . . an extra factor of n ruins it all.

Bernstein to the rescue. . .



The Bernstein machinery, IV

Instead of

f = (f −Tn)+(Tn−Tn−1)+(Tn−1−Tn−2)+ · · ·+(T1−T0)+T0



The Bernstein machinery, IV

Instead of
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The Bernstein machinery, IV

Instead of

f = (f −Tn)+(Tn−Tn−1)+(Tn−1−Tn−2)+ · · ·+(T1−T0)+T0

WLOG n = 2m, and use

f = (f−T2m)+(T2m−T2m−1)+(T2m−1−T2m−2)+· · ·+(T1−T0)+T0

Then repeating exactly the same argument leads to

‖∆h(f)‖ ≤ En(f) + |h|
m
∑

k=1

2k E2k−1(f)

from which a la Cauchy’s condensation principle

‖∆h(f)‖ ≤ En(f) + 4|h|
n
∑

k=1

Ek−1(f)

Now if |h| ≤ 1/n & En(f) = O
(

n−α
)

, and so forth. . .



As a short summary of the Bernstein machinery, it works
with all norms and even in very abstract and very esoteric
spaces with some kind of a distance that almost has a trian-
gle inequality as long as one has a Bernstein-type inequality.



In 1919 Schur proved the Schur inequality

‖P‖∞,[−1,1] ≤ n
∥

∥

∥

√

1− (·)2P (·)
∥

∥

∥

∞,[−1,1]
∀P ∈ Pn−1

while referring many times to M. Riesz’s 1914 paper and
giving plenty of credit to M. Riesz although the credit
doesn’t go for what it really should go for. Namely, by a
change of variables, the above is equivalent to

∥

∥

∥

∥

T (·)
sin(·)

∥

∥

∥

∥

∞,R

≤ n ‖T‖∞,R for all odd T ∈ Tn

and the latter was very explicitly stated and proved by
M. Riesz in the same paper.
Schur doesn’t state “his” inequality explicitly in his paper.



Here is a quote from Schur: In these investigations, I am
making use of the simple method of proof which
Mr. M. Riesz has used with excellent success for the
derivation and the deepening of some of the main theorems
of this theory.

Actually, Schur’s proof is identical to M. Riesz’s proof.

For the record, I believe that Schur was on friendly terms
with the Riesz brothers and Fejér. Perhaps even they were
friends on a personal level.

Most likely M. Riesz was quite content to see his name
mentioned several times favorably in Schur’s paper and
either didn’t care or didn’t realize that he didn’t get credit for
the Schur inequality itself.

I can’t figure out why the inequality was named after Schur.



Figure 9: I. Schur, 1875–1941
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Question. Do you see that the M. Riesz–Schur inequality

‖P‖∞,[−1,1] ≤ n
∥

∥

∥

√

1− (·)2P (·)
∥

∥

∥

∞,[−1,1]
∀P ∈ Pn−1

is equivalent to

|P (1)| ≤ n
∥

∥

∥

√

1− (·)2P (·)
∥

∥

∥

∞,[−1,1]
∀P ∈ Pn−1?

Amazingly, the P (1) version implies the ‖P‖ version immedi-
ately by applying the former to P (uω) where ω is the variable
and u ∈ [−1, 1] is “just a parameter” so that

|P (u)| ≤ n max
ω∈[−1,1]

(

√

1− ω2 |P (uω)|
)

,



(repeat) |P (u)| ≤ n max
ω∈[−1,1]

(

√

1− ω2 |P (uω)|
)

,

and, therefore, since
√
1− ω2 ≤

√

1− (uω)2 for u ∈ [−1, 1],

|P (u)| ≤ n max
ω∈[−1,1]

(

√

1− (uω)2 |P (uω)|
)

,

and then, setting x
def
= uω, we get

|P (u)| ≤ n max
x∈[−|u|,|u|]

(

√

1− x2 |P (x)|
)

, u ∈ [−1, 1],

from which the M. Riesz–Schur inequality follows.



(repeat) |P (u)| ≤ n max
ω∈[−1,1]

(

√

1− ω2 |P (uω)|
)

,

and, therefore, since
√
1− ω2 ≤

√

1− (uω)2 for u ∈ [−1, 1],

|P (u)| ≤ n max
ω∈[−1,1]

(

√

1− (uω)2 |P (uω)|
)

,

and then, setting x
def
= uω, we get

|P (u)| ≤ n max
x∈[−|u|,|u|]

(

√

1− x2 |P (x)|
)

, u ∈ [−1, 1],

from which the M. Riesz–Schur inequality follows.

NOTE. This was overlooked for 95+ years.
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Bernstein ⇐= Schur

Question. Do you see that the M. Riesz–Schur inequality
∥

∥

∥

∥

T (·)
sin(·)

∥

∥

∥

∥

∞,R

≤ n ‖T‖∞,R for all odd T ∈ Tn

immediately implies the Bernstein inequality
∥

∥T ′
∥

∥

∞,R
≤ n ‖T‖∞,R for all Tn ∈ Tn ?

Indeed, by the Landau-Fejér trick, WLOG Tn is odd and |T ′
n|

is maximal at 0. But then, think of, say, l’Hospital’s rule,

∥

∥T ′
∥

∥

∞,R
= |T ′(0)| ≤

∥

∥

∥

∥

T (·)
sin(·)

∥

∥

∥

∥

∞,R

≤ n ‖T‖∞,R , T ∈ Tn



It turns out that the opposite is also true and it is almost
equally “trivial”. Amazingly, this is almost universally
unknown. I only know of a handful of people who are aware
of this and even they didn’t realize the validity of the direct
implication.

Let’s do the work even if it will takes one full slide.
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∥

∥
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Fix Pn−1 and u ∈ [−1, 1]. For t ∈ R, let x def
= cos t and

Tn(t)
def
= sin t Pn−1(u cos t) .

Then

T ′
n(t) = cos t Pn−1(u cos t)− u sin2 t P ′

n−1(u cos t)

so that T ′
n(0) = Pn−1(u).



Bernstein =⇒ Schur

Let the Bernstein inequality be true:
∥

∥T ′
∥

∥

∞,R
≤ n ‖T‖∞,R for all Tn ∈ T .

Fix Pn−1 and u ∈ [−1, 1]. For t ∈ R, let x def
= cos t and

Tn(t)
def
= sin t Pn−1(u cos t) .

Then

T ′
n(t) = cos t Pn−1(u cos t)− u sin2 t P ′

n−1(u cos t)

so that T ′
n(0) = Pn−1(u). Then, by the Bernstein inequality,

|Pn−1(u)| =
∣

∣T ′
n(0)

∣

∣ ≤ n ‖Tn‖∞,R = n max
|x|≤1

∣

∣

∣

√

1− x2Pn−1(ux)
∣

∣

∣
.

and, setting here u = 1, we obtain

|Pn−1(1))| ≤ n max
|x|≤1

∣

∣

∣

√

1− x2Pn−1(x)
∣

∣

∣
. ⇐ DONE



Thus we have the following theorem that amazingly lied
dormant for 90+ years until I “put a and b together” in 2012
to obtain the following

Theorem. The Bernstein inequality is equivalent to the
Schur inequality.

This immediately brings up questions of equivalency
between the A. A. Markov inequality, the Bernstein
inequality, and the M. Riesz inequality (aka Bernstein on
the circle). Although almost trivially the Bernstein inequality
implies the other two, it is most unlikely that either
A. A. Markov or M. Riesz would imply Bernstein.

A rigorous counterexample would be most welcome.

BTW, “almost trivially” only because of the above
equivalency theorem.



Why Schur?

For instance, the Bernstein & Schur inequalities
immediately imply the A. A. Markov inequality.

Now that we know that the Bernstein inequality is
equivalent to the Schur inequality, this means that the
Bernstein inequality implies the A. A. Markov inequality.

In even fancier words, the Schur inequality implies the
A. A. Markov inequality.

Those who are familiar with the Timan-type and the
Ditzian-Totik-type approximation theorems, will realize that
the optimality of the Schur inequality (see the second kind
Chebyshev polynomials), is the intrinsic reason why those
approximation theorems were needed to complete the
picture.



Until now T , as the first letter of “trigonometric” denoted
trigonometric polynomials.

From now on, T , as the first letter of “Tschebyscheff”, may
also denote Chebyshev polynomials.

I apologize. . .

wikipedia: Chebyshev, Chebychev, Chebysheff, Chebyshov,
Tchebychev, Tchebycheff, Tschebyschev, Tschebyscheff



Figure 10: P. L. Chebysev, 1821–1894



Remez in 1936 proved the following inequality.

We need some notation. Let

Tn
def
= cos(n arccos(·))

denote the nth degree Chebyshev polynomial, i.e.,

Tn(x) =

(

x+
√
x2 − 1

)n
+
(

x−
√
x2 − 1

)n

2
.

For a polynomial Pn let

M(Pn)
def
= {x ∈ [−1, 1] : |Pn(x)| ≤ 1}.

Let λ(S) be the Lebesgue measure of a set S ⊂ R.



The Remez inequality states that

‖Pn‖∞,[−1,1] ≤ Tn

(

4

λ(M(Pn))
− 1

)

.

Example. If Pn is the Chebyshev polynomial, then
M(Pn) = [−1, 1] and

4

λ(M(Pn))
− 1 = 1

so that the Remez inequality for Tn is

‖Tn‖∞,[−1,1] ≤ Tn (1) .

Actually, equality holds for constant multiples of Tn only.



Figure 11: E. Y. Remez, 1896–1975



Compare Remez’s

‖Pn‖∞,[−1,1] ≤ Tn

(

4

λ(M(Pn))
− 1

)

with Chebyshev’s

|Pn(x)| ≤ |Tn(x)| ‖Pn‖∞,[−1,1] ∀x ∈ R \ [−1, 1]

and its improvement by Erdős

|Pn(x)| ≤ |Tn(x)| ‖Pn‖∞,[−1,1] ∀x ∈ C \D

where D is the unit disk.

The latter two remind us of some kind of a maximum
principle.



Figure 12: P. Erdős, 1913–1996



The Remez inequality had a marvelous application in a
paper by Erdős & Turán in 1940, and then lay dormant for
about 30 years or so when it finally received the well
deserved recognition.

Erdős & Turán proved that if {pn} are monic orthogonal
polynomials with respect to a weight function that lives in
[−1, 1] and is almost everywhere positive there, then

lim
n→∞

(pn(x))
1

n =
x+

√
x2 − 1

2
∀x ∈ C \ [−1, 1].

This theorem was the start of a rich theory of orthogonal
polynomials based on potential theory that strives even
today.

The concept of “Erdős weight” also originates from here.



Figure 13: P. Turán, 1910–1976



One can reformulate the Remez inequality in such a way
that it lends itself better to generalizations.

Notice that the value

4

λ(M(Pn))
− 1

is exactly the value of the linear function ℓ at 1 that maps
[−1, λ(M(Pn))− 1] onto [−1, 1]. Indeed,

ℓ(x) =
2

λ(M(Pn))
x+

2− λ(M(Pn))

λ(M(Pn))
.



Hence, if

πn(s)
def
= {Pn : λ ({x ∈ [−1, 1] : |Pn(x)| ≤ 1}) ≥ 2− s}

where s ∈ (0, 2), then the Remez inequality can be stated as

sup
Pn∈π(s)

‖Pn‖∞,[−1,1] = Tn (ℓ(1))

from which a number of useful estimates follow.

For instance, if there are intervals {Ik}∞k=0 such that I0 ⊂ In
for n ∈ N and the length of In is 1 +O

(

n−2
)

times the length
of I0, then

‖Pn‖∞,In
= O(1) ‖Pn‖∞,I0

.



Thank you for your attention.



The End
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