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Abstract.

Criteria for nonintegrability (in the sense of inexistence of continuous, single-valued
first integrals in the complex domain) are given for first order differential equations
whose linear part is a homogeneous equation with several regular singular points (in
a bounded domain of the complex plane). The method used is the poly-Painlevé test.
Local equivalence maps between the nonlinear equations and their linear part are used
in the proofs, and the (noncommutative) group of monodromy maps is studied to
establish dense branching of solutions, hence nonintegrability.

A dicussion concerning the notion of first integral is included.
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1. Introduction

The present paper gives criteria for nonintegrability (in the sense of non-existence of
continuous first integrals in the complex domain) for the class of first order differential
equations having 0 as a particular solution, and whose linearization has two regular
singular points (in a bounded domain of the complex plane).

More precisely, let D C C be a relatively compact, connected, simply connected
open set and equations

W~ gt ) (11)

where p,q are analytic on D, p(z) with only two zeroes in D, both simple: p(x) =

p(x)

(z — s1)(z — s2)p1(z), where s; # s9, s12 € D, and p;(x) # 0 and analytic in D. The
function f (which collects the nonlinear terms) satisfies f(z,u) = O(u?) (v — 0) and is
assumed analytic for x € D\ {s1, s2} and |u| < Ry (R; > 0).

Equation (1.1) can be brought to a canonical form as follows. Dividing the equation
by p1(x), it may be assumed that p is a polynomial

p(z) = (z — s1)(z — s2) (1.2)

Then write ¢(x)/p(x) = p1/(x — s1)+p2/(x — s2)+r(x) with py o € C, and r(x) analytic
on D. Then the analytic transformation u = uy exp( [ 7(z)dz) of the dependent variable
transforms (1.1) into a similar equation, but with ¢(z) of the form

q(:v)zp(a:)( Lt SR ),NLQGC (1.3)

r — 51 r — 89

Hence, without loss of generality, it may be assumed that the coefficients of (1.1) satisfy
(1.2), (1.3).

The integrability properties of equations of type (1.1) with only one singular point
in D (p(z) = x — s1, q(x) = p1) were studied in [1]. It was shown that if u; € C\ R
then there exists a single-valued first integral (for x in an annulus around s; and small
u) and that necessarily this integral is singular (not meromorphic) for u = 0. In the
case when p; € R\ Q, there is no analytic first integral (generically), but there is one
real-valued, real-analytic integral (for x in an annulus around s; and small u).

The present paper addresses the case when two singularities si, s, are present.
The methods used can be generalized in a straightforward way to the case when D
contains more than two simple zeroes of p(x), but since it turns out that two are
(generically) sufficient to ensure nonexistence of continuous first integrals of (1.1), the
paper addresses, for simplicity, only this case.

Criteria of nonintegrability for (1.1) are obtained using the poly-Painlevé test [2],
[3] (see also [1], [4], [5]). The basic idea is that branching of solutions may obstruct
the existence of single-valued first integrals. Indeed, let u = wu(x) be a multivalued
solution of a given differential equation. A single-valued first integral is a continuous,
nonconstant function F'(z,u) which is constant on the trajectories. Suppose that a
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solution has dense branching, in the sense that (for generic x) the set of values of u(z)
on all the branches

Suz ={u(z); u e u} (1.4)

is dense in C. Since F'(z,u) is continuous, then it can not depend on wu, hence it is a
constant function: there is no first integral.

In order to find the branching of solutions, expressed as the set S, ., (hard to
determine unless the equation can be solved explicitly), the poly-Painlevé test proposes
the use of appropriately chosen asymptotic expansions of solutions, and the idea that if
an asymptotic approximation of a solution has dense branching, then the true solution
also has dense branching (at least in generic cases).

For equations (1.1) the test can proceed as follows. Denote

fla,u) = fola)i® + fo)a® + .

Choosing to study (1.1) for small u, introduce a small parameter € using the substitution
u = eU. The equation becomes

p(@) T = (@)U + € f, €0) (15)

where
e f(x,eU) = efo(x)U? + E f3(x)U? + ...

Solutions of (1.5) have a power series expansion in € (convergent for x in appropriate
domains)

U(z) = Up(z) + €Uy (x) + €Us() + ... (1.6)

whose terms can be calculated order by order. The first approximation, Uy(z), satisfies
p(2)Uj(z) = q(x)Up(x) hence Uy(x) = KoA(z) where

aw) = e ([ at0/pt0) ) (17)

= (z — s1)" (z — 52)"*(a — s1) " (a — s9) 7" (1.8)

for some a € D, a # s15. (Initial branches of the powers are chosen to fix the constant
Ky.) Denote

6, = exp(2mip;) (1.9)

The set of values of Up(z) on all branches is Sy, , = {07'05°Us(x); n12 € Z}. For
generic pairs (u1, p2) € C? the set Sy, is dense in C, hence Uy(z) has dense branching
(Proposition 3 (i)).

There are important cases when Sy, . is not dense (e.g. equations with real
coefficients, when sy and p; are the complex conjugates of so, respectively ps). Higher
approximations of U(x) can then be studied.

The term U, (z) satisfies

dU,

p()——= = (@)U + fo(x)Us
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with the general solution

Ur() = K\ A(x) + K2A(x) / A RE)(E —s) M E—s)de (110)

It should be noted that the constants €, Ky, K1,... are not independent. The
Appendix §3.3 shows this, and gives the connection between these explanatory
calculations and the notations used in the proofs of the present paper.

Upon analytic continuation on a closed path 7, winding counter-clockwise around
x = $1, the value of U;(x) becomes (see §3.1 for calculations)

+HIT K A(w) /x A(€) f2(6) (€ — 51) 71 (€ — s2) 71 d€ (1.12)

Going back to the variable u = €Uy + €2U; + O(€?), the initial value of u(z) is
u(a) = eKy + €Ky + O(€?) (1.13)
and, after analytic continuation around z = s,
AC, u(a) = €0, Ko + € [91[(1 + o (61 — 9%) K(ﬂ + O(€?) (1.14)
A similar formula holds for analytic continuation around ss:
ACu(a) = €03 Ky + €2 [92K1 + oy (92 — 93) K(ﬂ + O(€?) (1.15)

Consider the closed path A starting at x which goes counterclockwise around s,
then around ss, then clockwise around si, then s;. After analytic continuation on A,
the value of u at a becomes (see §3.2 for calculations)

ACpu(a) = eKo+ € [K1 + (a1 — a2) (1 — 61) (1 — 6) K] + O(¢*) (1.16)

After analytic continuation, p times counterclockwise around s1, followed by n times
along A, and finally p times clockwise around s; the value of u at ©x = a is

ACﬂ;pA”ﬂfU(a’) = €K0+€2 [Kl + n@’f (Oél — 062) (1 — 81) (]_ — 92) Kg} +O(62>(117)

The set {nd}; n,p € Z} is (generically) dense in the unit disk in C (Lemma 14),
hence if ; # s then the approximation of u modulo O(€?) terms has dense branching.

If oy = ap higher order terms of (1.6) should be studied. Proposition 4 (b) contains
the criteria for dense branching in some higher order. In fact a; # «s, generically for
the nongeneric case when Uy is not densely branched, (Proposition 1 (ii)).

Therefore Uy(z) + €Uy (z) is densely branched (generically).

It remains to show that dense branching of a truncate of the series solution (1.6)
(e.g. Up(x), or Up(z) + €Uy (z)) implies dense branching of the true solution u(z). The
proof will be done using local analytic equivalence maps of (1.1) to its linearization.

Solutions of (1.1) may be expected to be well approximated by solutions of the
linearized equation

dw

p(z)— = q(x)w (1.18)
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for small u, and x not too close to a singular point s;. This idea may be formalized as
the existence of an equivalence map u = h(z,w) (for small w) between (1.18) and (1.1)
which is close to the identity: h(z,w) = w + O(w?).

For x in a small regular region of (1.1) the existence of such equivalence maps
follows from the general theory of ordinary differential equations. For x in an annular
region centered at a singular point s;, j € {1,2}, such an equivalence map also exists
(generically) — it is a problem closely related to the equivalence to normal forms for
periodic equations [6], [7] (see also [1]). The question that needs to be addressed in
the present paper is a more global one: finding equivalences in a domain of x which
surrounds both singular points si, s, making thus possible to follow solutions upon
analytic continuations around both singularities.

It turns out that such global equivalence maps exist (generically): local equivalence
maps can be glued together, yielding global maps. These maps may be branched at
the points s, so. However, for each j € {1,2} there is one equivalence map which is
single-valued around s; and branched at the other singular point. Most importantly,
different maps are related through analytic transformations.

Solutions of (1.1) are expressed, using equivalence maps, in terms of solutions of
(1.18), whose analytic continuation can be easily written.

Moreover, solutions of (1.1) which are initially small remain in the domain of
equivalence to (1.18) upon analytic continuation on certain paths. As a consequence,
analytic continuation of all terms of (1.6) is found and dense branching of the full
series (hence of the true solution) is established, based on dense branching of a truncate
(Proposition 4).

2. Main Results

2.1. Notations and Assumptions

In the present paper only equivalence maps which are close to the identity (as functions
of the dependent variable) are considered, and, in order to simplify the exposition, the
statement that a map v = h(z,w) is an equivalence map will be taken to imply that h
satisfies h(z,w) = w + O(w?) (w — 0).

For each s; (j = 1,2), we use results on analytic equivalence of (1.1) to (1.18) for =
in an annulus around s; and small u. This holds if the numbers 1, satisfy a condition
similar to requirements needed in similar problems of analytic equivalence, when small
denominators appear in the Taylor series of the equivalence map (for example, “condition
C” [6], “condition w” [7], “Diophantine condition” [8]).

More precisely, equations (1.1) and (1.18) are analytically equivalent for z in an
annulus around s; and small w (cf. [1]) if the number p; is not nearly-rational, in the
following sense: there exist constants C' > 0 and v > 0 such that for all integers £ > 1

and [
L+ kp;| > Ck+ )™ (2.19)
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(Note that any nonreal number is not nearly-rational, and in fact condition (2.19)
this is nontrivial only for real numbers.)

In the case when the nonlinear term f(-,u) is in fact, analytic at s;, the condition
(2.19) can be weakened to include all positive numbers (the property reduces to
Poincaré’s or Siegal’s theorems [21]).

Assumption: In the present paper we assume that puq, o are not nearly-rational. If
f(-,u) is analytic at s; for some j € {1,2}, then p; can also be a positive number.

Notation:

Denote

D, =Dn{|lz—s1| >n}N{|lz —s2| >n} (2.20)

We assume 71 > 0 is small enough, so that the set D, is connected.

Assumption:

The point a satisfies a € D,.

Notation:

We choose some generators of the homotopy group of D, in a standard way. More
precisely, let a € D,. Denote by 7, respectively 7, a closed curve in D,, starting at a,
winding once, counterclockwise, around the point s, respectively sy (and not winding
around sq, respectively s;).

2.2. Normal form of (1.1) and equivalence maps

Proposition 1 states the properties of equivalence maps between (1.1) and (1.18). They
are (generically) branched when z encircles the singular points s; and so; but there is
one equivalence map which is single-valued upon analytic continuation around one (and,
generically, only one) point s;.

Let R be the Riemann surface above D \ {s1, s2} and R, C R relatively compact,
connected open subset whose projection on C is D, (cf. (2.20)).

Proposition 1 (i) There exists § = 6, > 0 and equivalence maps v = h'"V(z,w),
u = h®(z,w) of (1.18) to (1.1) which are analytic on R, x {|w| < 0} and such that
h\Y) is analytic on a domain {n < |z — s;| < 7'} x {Jw| <} (j=1,2).

The maps hV, h?) are related by h® = hé)l) where

he(z,w) = h (z, A(z)¢ (A(z) " w)) (2.21)

and ¢(z) = z + O(2?) is a function analytic at z = 0.

(ii) Assume that py, s are nonintegers and py + po & {0,1,2,3,...}. Then for
generic f(x,u) there is no analytic equivalence map on D, x {|w| < §} (i.e. the maps
hUY) are not single-valued upon analytic continuation around both v = s, and x = s5).

Remark 2 The domain of analyticity of an equivalence map hV9) is in fact larger (a
straightforward consequence of the reqularity of h'Y) near x = s; and of the matching
relation (2.21)). However, for integrability analysis we only need a domain which
contains closed curves around s; and Ss.
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It is interesting to note that the existence of equivalence maps which are single-
valued around one of the singular points s, s, can be generalized in the following way.
There exits a unique equivalence map v = h(x,w) of (1.18) to (1.1) which is analytic on
R, and such that h(-,w) returns to the initial values after analytic continuation along
any chosen (generic) path. The proof is given in the Appendix §4.

2.8. Criteria for nonintegrability of (1.1)

Let o = Ru;, B; = Spy, (j = 1,2). If one of the numbers pg, po is not real, e.g.
u1 € C\ R, denote

B=0/01 , a=as—a10:/0 (2.22)

The next Proposition summarizes the integrability properties of the linear equation
(1.18).

Proposition 3 Consider equation (1.18) with (1.2), (1.3), and u, 2 € C.

Denote F = C*\ {(z,u); x = s1 or & = sy or u=0}.

(1) If 1, po € C\ R and the numbers «, 3, 1 are linearly independent over Z, then
any nonzero solution of (1.18) has dense branching, hence there is no continuous first
integral on F.

If:

(ii) one of the numbers iy, po is not real (e.g. iy € C\R), and a, 3, 1 are linearly
dependent over Z, and also: a & Q or 5 € Q,

or, if

(11°) 1, po are both real, at least one of them irrational,

then the closure of the set Sy, (cf. (1.4)) of values at x (on all branches) of a
nonzero solution, has real dimension 1 in C. There is a real-analytic, real-valued, first
integral of (1.18) (and no analytic integral), defined for (z,u) € F.

(i1i) In all other cases the multivaluedness of solutions forms a discrete set and
there is a single-valued, locally analytic, first integral of (1.18).

Note. The locally analytic first integrals in case (iii) with p12 ¢ R are not
meromorphic on C? cf. §6.4.
For nonlinear equations there are more cases with dense branching:

Proposition 4 Consider equation (1.1) with (1.2), (1.8), under the assumptions of
§2.1.

(a) If the numbers uyi, ps satisfy the condition (i) of Proposition 3 then there exists
ro > 0 such that any u(x) of (1.1) with 0 < |u(a)| < 7o has dense branching: S,
contains a disk centered at u = 0.

(b) Furthermore, if equation (1.1) is not analytically equivalent to (1.18), and

(i) &R, an € Q, 2 € Q, or

(i) pp € R\ Q and pp ¢ Q

then there exists ro > 0 such that any solution u(z) of (1.1) with 0 < |u(a)| < 1o
has dense branching: S, . contains a disk centered at u = 0.
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Note. The condition ps ¢ Q of (b)(ii) can be weakened, cf. Remark 15.

The proof of Proposition 4 relies on writing convergent expansions for the
monodromy maps corresponding to analytic continuation of solutions around s,
respectively so. Following the values of some solution upon analytic continuation is
equivalent to looking at the group generated by the two monodromy maps. This group is
(generically) noncommutative, and the techniques used in the proofs are generalizations
of the study of iterations of maps to the case of a noncommutative group of maps.

2.4. Nonexistence of first integrals

There is a vast amount of literature proving, or disproving, the existence of first integrals
for ordinary differential equations. Different authors consider, in various contexts,
integrals defined on the whole, or just part, of the phase space, and various types of
regularity is assumed analytic, meromorphic, algebraic, differentiable, etc. An overview
with a wealth of references is found in [9]. Searching for meromorphic first integrals
of Hamiltonian systems, Ziglin’s approach [10] of investigating a linearization of the
equation in order to conclude about integrability properties of the full equation lead to an
approach based on differential Galois theory [11]-[13] and was recently developed yielding
comprehensive results on nonexistence of meromorphic integrals for Hamiltonian systems
(see [14]-[16] and references therein). Other approaches are in [17], the collection of
papers [18] and the references therein; see also [19], [3], [5].

Equations not having first integrals in one class of functions, may have in a broader
class. The question then arises: what is a natural class of first integrals to be considered?
A very interesting discussion, for equations in the real domain, is found in [20].

The following remarks concern first integrals of (locally) analytic differential
equations in the complex domain. For simplicity only first order equations are discussed
(but the remarks can be generalized in a natural way to differential systems).

To the extent that first integrals are used to describe the geometric properties of
solutions of a given differential equation, results like those of Propositions 3 and 4 on
the density properties of trajectories provide such a description. We propose below a
way of defining first integrals that would provide this type of global information for
equations in the complex domain.

2.4.1. Domains of first integrals Existence or nonexistence of first integrals depends
decisively on the domain.

In a neighborhood of a point of the phase space where the differential equation is
regular there always are analytic first integrals (by the basic local rectifiability theorem,
see e.g. [21], also [22]).

On the other hand, if the domain is too large, first integrals may not exist, in spite
of a very “ordered”, and “predictable” structure of the trajectories. Consider as example
the equation

zu'(z) = u(x) (2.23)
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with the general solution u(z;C') = Cx. There is no continuous first integral on C?
since a continuous, nonconstant function F'(z,u) which is constant on the trajectories
(F(xz,Cx) = const) does not have a limit as (z,u) — (0,0). It would be, however,
uninformative to call the simple equation (2.23) “nonintegrable”. But there are
first integrals defined almost everywhere on the phase space: Fj(z,u) = u/x, which
is meromorphic, singular only on the manifold = 0 (a singular manifold of the
equation), or Fy(x) = x/u which is meromorphic (singular on the trajectory u = 0)
or Fy(z,u) = x?/(2? + u?) which is meromorphic, singular on the trajectories of the
solutions u(z) = =4iz). The fact that any first integral has singularities indicates a
singularity of the manifold of solutions of the differential equation (all trajectories pass
through the origin).

Then how large would a domain of an “informative” first integral be? From a
practical point of view, it may be necessary to let the independent variable x vary only
on a subdomain D, C C, so that local techniques of study can be used. Since first
integrals are constant on the trajectories, it would be natural to require that if a piece
of a trajectory is in the domain of the first integral, then the whole trajectory (for
x € D,) is in the domain. It may be useful to remove from the domain§ manifolds
along which the differential equation is singular (and local existence, uniqueness, or
regularity of solutions fail), thus allowing for singularities of first integrals. The study
in regions surrounding singular manifolds (in the extended complex phase space) may
be particularly useful in establishing absence of first integrals.

A domain of a first integral may be defined as follows. Fix a domain D, of variation
of the independent variable z. Consider an initial point @ € D, and an open set of initial
values U, such that all (a, u,) with u, € U, are regular points of the equation. Then for
each u, € U, there exists a unique solution u(+; u,) of the differential equation satisfying
u(a; ugs) = ug, and it is analytic in a neighborhood of # = a. Let F(D,,a,U,) the set
of points (z,u) with x € D, having the following property: there exists a smooth path
¢:[0,1] — D, in D, joining a with x, and there exists u, € U,, such that the solution
u(+; u,) can be continued along ¢ and after continuation the value of the solution at z is
u: ACpu(x; ug) = u.

A domain of a first integral would be a set F = F(D,,a,Uy) \ M, where M is a
lower dimensional closed set consisting of singularities of the equation.

2.4.2. The regularity of a first integral Existence of a more regular a first integral is
expected to entail smoother properties for the family of trajectories.

For analytic equations it is natural to inquire about existence of analytic first
integrals over extended regions, since there are families of local analytic first integrals
(away from the singular points). But real-analytic integrals may also be of interest. For
example, equation

zu' =pu , peR\Q (2.24)

§ Relatedly, see also the discussion on holomorphic direction fields in [21].
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has the general solution u(x) = Cz* and has (in the complex phase space) a single-
valued, real-analytic, and real-valued first integral F(z,u) = |uz™*|, which counts,
dimension-wise, as a “half integral”.

Equation (2.24) fails to have an analytic integral on a too extended domain. Indeed,
let D, be any domain encircling # = 0, for example the annulus D, = {0 < |z| < 1},
and U, be a small ball in D,. Let ¢ € D, and a solution v = Cz* with initial value in
U,. Continuing the solution on paths going around x = 0 the values of the solution at x
form the set {Cx* exp(2minu); n € Z} which is dense in a circle (since pu is irrational),
hence any analytic function constant on the trajectory must be constant.

An interesting question, which however we do not investigate here, is whether
considering nonanalytic, but continuous, first integrals of an analytic equation may lead
to qualitatively different answers.

Another question is whether we should require first integrals to be single-valued,
or may be allowed to be multivalued. Algebraic first integrals have been considered by
many authors (see, e.g. references in [9], [20]). Consider, as an example, the simple
equation

(u')? = 4u (2.25)

with the general solution u(z; C') = (z — C)?, and the special solution u = 0. In spite of
the simplicity of the manifold of solutions, there is no single-valued first integral on C2.
The manifold u = 0 is a singularity of the equation (a branch point of the equation when
written in normal form), but even confining ourselves to a smaller domain (by removing
the singular part) C?\ {(z,0); z € C} there is still no analytic integral. Indeed, let
F(x,u) be a single-valued analytic function which is constant on the general solution
u(z;C) = (x — C)2. Then for all z,C, with x # +C,

Taking the derivative with respect to x in (2.26)

Fy(z,(x — O)}) +2(x — O)Fy(x, (x — C)*) = Fu(z, (x + C)*) + 2(x + C)Fy(z, (x + C)?)

and evaluating at z = 0 yields F,(0,C?) = 0, which means that F(0,C?) does not
depend on C, hence F(z, (x — C)?) = const for all z and C so F is constant.

However, equation (2.25) has an algebraic first integral F'(z,u) = x — \/u (singular
on the manifold u = 0).

It may be desirable to consider some multivalued (more general than algebraic)
first integrals. It was proposed in [3] that an integral can be allowed (mentaining its
usefulness) to be multivalued as long as is not densely branched. We will not pursue
this issue here.

2.4.3. Criteria for nonezistence of first integrals The result on nonexistence of single-
valed first integrals of (1.1) is:
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Proposition 5 Under the assumptions of Propositions 3 (i) and 4, there is no
continuous, nowhere constant, (single-valued) first integral of (1.1) on F(D,,a,U,)
where a € D,, and U, = {0 < |u| < &} for all n > O (such that D, is connected)
and 6 = 6(n) > 0 small enough.

Conclusions. If equation (1.1) is analytically equivalent to its linear part then
its integrability properties are, of course, the same as those of its linear part, and
integrability criteria are given by Proposition 3. Otherwise (which is the generic case),
conclusions have been obtained in the present paper only under the assumption that
the numbers pq, po are not nearly rational (in the sense that they satisfy (2.19)). Then
the existence of a first integral has not been ruled out if one of the numbers o; = Ry,
j = 1,2 is rational and, at the same time, the numbers asf3; — a1, (1, B2 (where
Bj = Su;) are linearly dependent over Z.
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APPENDIX: Proofs

3. Calculations in the poly-Painlevé test

3.1. Analytic continuation of Uy(x)

The following decomposition (see e.g. [24]) is used. Let g(x) be a function analytic at
x =0 and a # 0 small. For u € C\ Z_ there exists a constant « and a function H(z),
analytic at x = 0, such that

I(z) = 27" /x §'71g(€) d§ = ax™" + H(z) (3.27)
Indeed, if g(x) = 3, 5o gnz" then
H(x) = Z gn/(n+p)x" , a=—a"H(a) (3.28)

Writing (cf. (1.10), (1.8))
Ui(z) = K1 A(z) + KjA(z)(z — s1)" [on(z — s1) 7" + Hy ()]

where H;(x) is analytic at x = s, the value of U;(z) upon analytic continuation on a
closed path, winding p times around x = s is

AC»Uy(z) = 07 K1 A(x) + O K2A(x)(x — 1) (167 (x — s1) 7" + Ha(2)]

= [0VK1 + on (07 — 077) K] A(x) + 6P K A(x) | A(E) f2(€) (€ — s1) (€ — s2) 7" d€

a

yielding (1.12) for p = 1.
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3.2. Repeated analytic continuations

The constants of integration of Uy(z), Uy(z) are, initially, Ko, K;. After analytic
continuation around x = s;, (j = 1,2) Kj becomes 0; K, and K; becomes 6; K1+ «;(0; —
07)K§ (cf. (1.14), (1.15)). To determine the values of Kq and K after repeated analytic
continuations, one only needs to compose the corresponding maps. For example, after
analytic continuation around sp, followed by s5, the new value of K is 6,05 K,, and of
Ky is 010K + a10105(1 — 01) K2 + a20%05(1 — 65) K2, Finally, analytic continuation
on clockwise path around s; brings Ky to 02Ky, and K to 02K; + [a102(1 — 6,)
+agb102(1 — 05) + a1605(0; — 1)] KZ. Further analytic continuation clockwise around s,
yields (1.16).

3.3. Going to the notations of the proofs

Denote z = u(a) and eliminate € between (1.14), (1.15):
Y1(2) = ACru(a) = 012 + oy (61 — 67) 2* + O(2*) (3.29)

A formula similar to (3.29) holds for the monodromy map ~,(z) which takes the
initial value z of a solution of (1.1) at a into the value at a after analytic continuation
around x = $s:

Y2(2) = ACr,u(a) = b2z + as (6 — 63) 2° + O(2%) (3.30)

We note that ~;,7, are analytic at z = 0. If u(z) is a solution of (1.1) with initial
value u(a) = z then its value at a after repeated analytic continuations is obtained by
composition of corresponding monodromy maps i, ¥s.

Formulas (7.63), (7.70) represent the monodromy maps written in coordinates in
which v; has the normal form (7.63). Such coordinates exist under the assumptions of
§2.1 on j11 2, as a consequence of Theorem 10, and Proposition 11.

4. A remark on analytic continuation of equivalence maps

Remark 6 Let m = Hévzl 7T;pr (jp € {1,2}, n, € Z) be a path (cf. §2.1) such that the
N .

number pi, = szl Npltj, satisfies:

there are C,v > 0 such that |nu.+k| > Cn™" for alln,k € Z, n > 1(4.31)

There exists a unique equivalence map uw = h(x,w) of (1.18) to (1.1) which
is analytic on R,, and such that h(-,w) returns to the initial values after analytic
continuation along .

Proof

Fix h an analytic equivalence map near the point a and let ¢; be an arbitrary
function analytic at z = 0, with ¢;(z) = 2z + O(2?).

To find the form of hy, after analytic continuation along m we proceed by matching
it with A") and R (whose branching properties are known).
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For j =1,2 let ¢; be the function (analytic at the origin, close to the identity) such
that h = hgj) (cf. Proposition 8).
Note the following (trivial in view of (2.21)) identities: if h = hgj) then h -1 = hU)
J
G

and also hy = h),, and b = h,-1,,.
J

Denote
My(z) =0z , Ny(¢)=¢ 'oMyog (4.32)
To determine the analytic continuation of iy, around s; we write it in terms of V)
hy, = hfjl) Hence

71 op1”

AC’W;T h¢1 (x? ’LU) = AC’TI’;? h(jl) (xv A(SC) (%'1 © ¢1) (A(fl))ilw))

= hU (2,07 A(z) (5, 0 ¢1) (05, A(z) " w)) = hgy botiotd_ny (€:10) = ho, (, w)
where
¢2 = '[bjzl (@) Me;’_lll @) wjl o ¢1 o M0]—1n1 = Ne;’_lll (w]1> ¢1 o) Mej—lnl
Then
Acﬂ.;gﬂ.;ll h/¢1 — ACTI';L; h/¢2 — h/¢3
where

@3 = Nyna (Vj,) P 0 M@j;"z

and so on. After the last continuation, along 7y, hg, becomes hy,,, where

N
e NOK]N (¢N) O...0 Ne'fl (wl) O ¢1 o Mafnl O "'MQERN

The condition hg, = hg,_, is

Noww (n) 0 o5 0 Myny = Ny (Y) © ... 0 Nom (91) © ¢1(2)
= ¢1(0?19%NZ)
which is an equation for ¢; of the form

H (¢1(2)) = ¢1(62) (4.33)

where § = 67...0%" and H is an analytic function at the origin, with H(z) = 62+ O(2?).
Siegel’s theorem [6] insures that if u satisfies condition (4.31) then there exists ¢, which
satisfies (4.33). |
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5. Proof of Proposition 1

5.1. Local results

We establish a family of local equivalences, which can be glued together. Remarks 7
and 8 show the existence of such a family in small regular regions of the equations,
and Remark 9 presents results on existence of local equivalence maps in (small) regions
surrounding one singular point.

Remark 7 Let xyg € D,. There ezist equivalence maps uw = h(x,w) of (1.18) to (1.1)
which are analytic for x close to x¢ and small w.

Proof

It is well known that in neighborhoods of regular points of the phase space any two
differential equations are analytically equivalent. It only remains to show that there are
equivalences which are close to the identity.

Consider the change of dependent variable u = A(x)u; (analytic for x near z).
Then (1.1) becomes

- = fi(z, uy) (5.34)

where fi(x,u1) = p(x) ' A(z) "' f(z, A(z)uy) so fi analytic near (xq,0) and
fi(@,u1) = O(ui) (w1 — 0).
By the local rectifiability theorem [21] there exists, near the point (z,u;) =

(x0,0), a biholomorphic map which leaves unchanged the independent variable w; =
dwy _

dx
83;/{1 + flﬁul kl == 0 (535)

ki(z,uy), © = x , which transforms (5.34) into its linearization 0, i.e. kp satisfies

If ky (2, uy) = kyo(x)+ky1(z)u; +O(u?) is the expansion of k; in powers of uy, then from
(5.35) K o(x) = k) (x) = 0. By replacing ki(x,u1) by ki(x,u1) — k1o we may assume
k1,0 = 0. Since ki(z, -) is invertible, then k;; # 0, and by multiplying k; by k; ! we can
arrange that k11 = 1, hence ki(x, ) is close to the identity.

Then k(z,u) = A(x)ki(z, A(z) 'u) is the w-inverse of an equivalence map u =
h(z,w) of (1.18) to (1.1). |

Remark 8 Let xy € D,,.

(i) Let ¢(z) = z + O(2?) be a function analytic at z = 0 and let u = h(zx,w) be an
equivalence map as in Remark 7, analytic for |v — xo| <7 and small w.

Then the map hy given by (2.21) is also an equivalence map, analytic for |x—xo| <r
and small enough w.

(ii) Conversely, let h(x,w) and iz(x,w) be two equivalence maps as in Remark 7.

There exists a unique function ¢, analytic at z =0, ¢(z) = z + O(2?), such that

h=hg (5.36)
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Proof
(i) Follows directly from the fact that a map u = h(x,w) transforms (1.18) to (1.1)
iff h satisfies

pOzh + quwd,h — qh = f(x, h) (5.37)

(ii) Let 7 > 0 be small, such that |z — x| < r implies 2 € D, and such that h, h are
analytic for |x — x¢| < r and |w| < 0. The function h(z,-) invertible for small ¢; denote
by k(x,-) its inverse, analytic for |z — xo| < r and |u| < d,.

Denote Ag = sup,_, <, |A(z)| and M = SUD|y | <r [w| <6 \h(z,w)/w]|. Let

G(z2) = A(z) "'k (m h (x,A(m)z)) (5.38)

analytic for |z — x| < r and |z| < max{0A;", 6, Ay M~}

The function G does not depend on x (it represents an analytic change of the
constant of integration). Indeed, a straightforward calculation, using (5.37) and the fact
that the map w = k(x,u) (which takes (1.1) to (1.18)) satisfies pk, +k,(qu+ f) —qk = 0,
shows that 0,G = 0, hence G is constant in x for |z — x| < r. Then ¢(z) = G(z;z).
|

Remark 9 (i) Let j € {1,2} and n > 0. Assume that ui; is not nearly-rational. There
exists a unique equivalence map u = hV)(z,w) of (1.18) to (1.1) which is analytic on
an annulus n < |z — s;| <n' and small w.

(11) In particular, assume f(-,u) is analytic at v = s;, and that p; is not nearly-
rational, or is positive. There ezists a unique equivalence map u = h(x,w) of (1.18) to
(1.1) which is analytic for x close to s; and small w.

Remark 9 will follow from the following two results.

Theorem 10 Consider the equation
xg—z = pu+ f(x,u) (5.39)
where f(x,u) = O(u?) (u — 0), and f is analytic for x in an annulus r' < |z| < r” and
lu| < R,. Consider the linearization of (5.39)
T = pw (5.40)
If the number p is not nearly-rational then there exist positive numbers Ry, p' < p”
, and a unique equivalence map u = h(x,w) which transforms (5.40) to (5.39) and which
is analytic for p' < |x| < p" and |w| < R,.
The numbers p' and p" (which satisfy r' < p' < p" < r") can be chosen arbitrarily
close to 1, respectively " (by lowering R, ).

This result is very close to the results on normal forms for periodic equations (cf.
6], [7]). A self-contained proof for n-dimensional systems was given in [1].

The following Proposition shows that in the particular case when f(z,u) is analytic
at (0,0), the equivalence map of Theorem 10 is also analytic at (0,0).
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Proposition 11 Consider the equation (5.39) where f(x,u) = O(u?) (u — 0), and f
is analytic at (0,0).

If 1 1s not nearly rational, or is positive, then there exists a unique equivalence map
u = h(z,w) which transforms (5.40) to (5.39) and which is analytic at (0,0).

Proof

Proposition 11 follows from Siegel’s theorem by rewriting equation (5.39) as an
autonomous system @ = pu + f(x,u) , £ = x and noting that the resonant terms are
not present and that x does not change.

Alternatively, a direct proof is obtained as a particular case of the proof of Theorem
10 in [1], by iterating analytic maps u = w + H(z,w) with a Taylor series expansion in

x (rather than a Laurent one in [1]). |
Proof of Remark 9
Denote
Bi(z) = (z — s2)"*(a — s9) 712 (5.41)
For x close to s; the analytic change of variables u = Bj(z)uy, respectively

w = Bj(x)w;, transforms equation (1.1) to
du

(z — sl)d—q;l = g + fi(w, uy) (5.42)

where
filz,wr) = (x = s2) 7' Ba(2) ™" f (2, Bi(w)ur)
and, respectively, transforms (1.18) to

dw
(z — Sl)d—xl = H1w (5.43)

Using Theorem 10, and, respectively Proposition 11, there exists an equivalence
map u; = hy(x,w;) of (5.43) to (5.42), analytic for = in an annulus around s,
respectively near s;. Going back to the variables v and w yields an equivalence map
h(z,w) = By(x)hi(z, By(x)"'w) of (1.18) to (1.1). 1

5.2. Proof of Proposition 1 (i)

Is a direct consequence of Remarks 7, 8, 9.

5.3. Proof of Proposition 1 (ii)
The map M) has an expansion in powers of w

A (z,w) = w + Z A (z)w™ (5.44)

n>2

Since hW) satisfies (5.37) then h, satisfy the recursive system of differential

equations
dhy’ W )
p— + (n—1)¢h, = R, (m,h2 ,...,hnﬂ) , n>2 (5.45)
x
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where R, are the Taylor coefficients at w = 0 of f(x, h")(x, w)) = D e Rnw™.
In particular, for n = 2
(1)

dh
gt any) = ) (5.46)

Assume that hgl) is single-valued also around z = so. Let f(z,w) = f(z,w) + Aw?
(A € C) be a modification of f. Then the equivalence map A" of (1.18) to the new
(modified) equation (1.1) satisfies
diL(l)

P+ ahy) = fo() + A (5.47)
hence
d iL(l) _ h(l) B
pAie —he) P Y Y L (5.48)

which does not have a solution which is single-valued at both s; and s, if A # 0 and if

M1+ o g{oa]-az?} B
Indeed, the prove this last claim, denote hy = hgl) — hgl). The general solution of
(5.48) is

ha(x) = CA(z)™ + M (z) (5.49)
where

I(x) = A(x)™* /x A(2)p(z) ' dz (5.50)

Analytic continuation of hy around x = s; is determined as in §3.1: writing
I(z) = (. — s2) 7" [an(z — 51) 7" + Ha ()]

where H; is analytic at s; it follows that
ACr hg(z) = [07'C + daq (67" —1)] A(z) " + /\A(x)_l/ A(2)p(2)tdz

Hence hq is single-valued at s; if C = 67'C + Ay (91_1 — 1) and, similarly, is
single-valued at sy if C' = 0,'C + Ay (951 — 1). Since 12 & Z, then 615 # 1 so
C = da; = day.

It remains to show that a; and s cannot be equal for generic a. Assume the
contrary: a; = ap for generic a. Then from (3.28): (a — s1)"*Hi(a) = (a — s2)*2Hz(a)
for all a so that (x — s9) " Hy(z) = (v — s1) " Ha(x) = H(z) where H is analytic at
s; and at sy, hence is entire. Since I(z) (cf. (5.50)) has power increase as |z| — oo, it
follows that H is a polynomial. But H satisfies

(@ = s1) (2 — s2)H' () = H(x) [pa(z = s2) + pa( — 51)] = 1 (5.51)
It is easy to check, using (5.51), that if d is the degree of H, then p; + po =d. 1
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6. Proof of Proposition 3

The solutions of (1.18) have the form w(z) = zA(x) (cf. (1.8)), where z € C is the
(unusual notation for) the constant of integration: w(a) = z (some branches of the
powers are chosen to fix the constant z). After analytic continuation along m; (cf. §2.1)
the solution becomes w(z) = 0;zA(x) (cf. (1.9)): the solution of (1.18) corresponding to
the constant z changed to the solution corresponding to #;z. After analytic continuation
on arbitrary closed paths around the branch points s; and sy the values of the solution
at a point z form the set

Swz = {07Bw(z); n,p € Z}

Any continuous first integral F'(x,w) of (1.18) (defined on the trajectory of w(z))
is a function of the constant of integration F(z,w) = ®(z) = ®(wA(z)™'). Note that
F(a,w) = ®(w) so @ is at least as regular as F is.

If F is single-valued, then it must satisfy

F(z,w(z)) = F (z,0705w(z)) , foralln,peZ
therefore
O(2) =P (07052) |, foralln,peZ (6.52)
Hence, by continuity, ®(z) = ®(£z) for all the points £ in the closure of the set

M ={07605; n,p € Z}

6.1. Proof of (i)

Consider the case when one of py, ps is not real, e.g. py; € C\ R. To determine the
closure of the set M it is convenient to make some transformations. Let N be the set

N ={m+nu +pus; mn,peZ} cC (6.53)
so that exp(2miN') = M. Using the identification C = R? we can write

1 o Qg
N=<m +n + cm,n,p €7Zy CR?
and using the linear transformation L of R?

1 (071
L= ( 0 B8 ) (6.54)

we get (cf. (2.22))

Ll(/\/'):{m<é)+n<(1)>+p<g> ;m,n,peZ}

The density property of the trajectories of Proposition 3 in case (i) follows directly
from part (i) of the following Lemma.
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Lemma 12 Let o, 3 € R, and py € Z.
Consider the set

m + pa 9
L {(n—l—pﬁ ) ;m,n,pE }C (6.55)

(i) If the numbers a, 3,1 are linearly independent over Z then the set L is dense in
R2.

(i1) Assume the condition of (i) fails, and that not both o and (3 are rational. Let
M, N, P be the integers (where the nonnull ones do not have a common divisor) so that
Ma+ Npg— P =0.

Then the closure L of L is a countable union of lines:

{5 ) ewomeemer) - (8 ) ()

if M #0 and
— 0 —N
= Z R
== (o)== ()
i N £0.
(111) If o, B € Q (not both zero) then L is the two-dimensional discrete lattice:

B [ Du/M ([ P/(dM)
L=wZ+wZ , wherew, = ( DU/B> , Wy = ( A/(dB) )(6.56)

where « = P/M,3 = A/B (A,B,P,M integers with (A,B) = 1, (P,M) = 1),
D = (M,B), d = (A,P) and Au — Pv = d for u,v € Z. (In the case A = 0 we
take d= P, u=0,v=—1, D =—B, and similarly, in the case P =0, d = A, v = 0,
u=1,D=M.)

(iv) The same results hold if in the definition of L (6.55) we restrict the values of
p top > po, or to p < py (for some arbitrary, fized pg).

Proof of Lemma 12

(i) follows from the fact that, under the given assumptions, the orbit of every point
under the translation on the torus T'(zq,x2) = (z1 + o, 2 + ) (mod 1) is dense on the
torus [8].

To show (iv) under the assumptions of (i), let py € Z. The subset of £ where in
(6.55) we consider only p such that |p| > po differs from £ by a discrete set, hence it is
also dense in C. Furthermore, we can take only p > 0 (or, similarly, p < 0) in (6.55) and
the density property is preserved by the symmetry of the problem around the origin.

To prove (ii)...(iv), let py € Z. We consider in (6.55) only values of p satisfying
p > po; the case p < pg is analogue.
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(ii) For M # 0 consider the invertible transformation B of R?
gl *)_ Mx+ Ny
Y Y

BL = mA b ; m,n,q € Z,q > po
n+qp

We need to show that the closure of BL is Z x R.

Denote by d the greatest common divisor of N and P (if N = 0 take d = P, and if
P = 0take d = N); there are integers a, b, u, v such that aN+bP = d, ud+vM = 1. Let
(k,x) € Z x R. Write k = Mk +r, (r €{0,1,..., M — 1}). There are integers 7, § such
that if n = ur(Mn+a) and ¢ = ur(M{G+b), ¢ > po then n+ ¢ approximates x (if r =0
write n = Mny,q = Mg, for appropriate ny, q;); choose then m = (k — nN — qP)/M

Then

(which is an integer).
If M =0 then N # 0 and the proof is similar.
(iii) If @ = B = 0 the claim is obvious. Otherwise, to show (6.56), let

m+ gL Du/M P/(dM)

Fmonsg ( nt4 ) €L e ( po/B | '\ ajaB)
For any m,n,q € Z there are k,l € 7Z such that z,,,, = yi;: indeed, [ =
uBn —vMm + qd and k = (AMm — PBn)/(dD). Conversely, given k,l € Z, there are
k,l € Z: let a,b € Z such that aAM — bBP = dD. Denote t = BM/D. Since (d,t) =1

there are integers ¢, v such that ¢d+~t = |+ k(vMa—uBb). Then m = ka+~vyPB/(dD)
and n = kb+~vyAM/(dD). 1

6.2. Proof of (ii)

In this case, a single-valued first integral is easily obtained by going to the coordinates
of Lemma 12. Namely, let ®(2) be a continuous, single-valued first integral of (1.18);
denote

U =>®oexpo2miol , t=L""(Inz/(2nmi)) (6.57)
(where we used C = R?). From (6.52) it follows that ¥ must satisfy
U(t)=V(t+ L) (6.58)

Then using Lemma 12 (ii) we get, for M # 0, U(t) = exp[2mi(MRt + NSt)], which
written in terms of z gives the single-valued, real-analytic first integral

O(z) =exp[iMargz+i(May — N) /B In|z|]

We note that its values are in the unit circle (it is “half-an-integral”); the integral is
singular at z = 0.
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6.3. Proof of (ii’)

A single-valued first integral satisfies ®(z) = ®(z exp[2mi(niaq +nea)]) for all ny o € Z.
If ay or ap is irrational, then by continuity, ® must satisfy ®(z) = ®(z¢) for all £ with
|€] = 1, hence ®(z2) is (a function of) |z|.

6.4. Proof of (iii)

Consider the remaining cases when p; 5 € C\R, therefore a, § € Q. With the notations
Uy = ®oexp, s = Inz, using (6.53), (6.54), we must have Wy(s) = Wo(s + 2miL(L)).
The two generators wy,wy of L in (6.56) are R-linearly independent. Let then ¥, be a
doubly-periodic function, periods 2miL(w), 2miL(wy). Then Wy(In 2) is a single-valued,
locally analytic first integral (with essential singularity at z = 0).

Consider the remaining cases when i, 1o € R, therefore rational. Denote p; =
A;/B; where (A;, B;) = 1 (for j = 1,2). If Q = ByBy/(Bi, By) then ®(2) = 29 is a
polynomial first integral.

7. Proof of Proposition 4

7.1. The monodromy maps

Let d; be cuts of the domain D,: arcs starting at s; (j = 1,2) such that D, \ d; \ d is
connected and simply connected.

We may assume that m C D, \ dy and mo C D, \ d; (cf. §2.1).

Let hV(z,w) and h®(z,w) be the equivalence maps of Proposition 1 (i), analytic
on (D, \ d2) x {|w| < &}, respectively on (D, \ di) x {|w| < §}. Let ¢(z) = z + O(2?),
analytic near |z| < r, such that AV (z,w) = h((f)(x,w) (cf. (2.21)).

Assume a € D, \ d; \ do. For any number z € C the function w(z) = zA(x) (cf.
(1.8)) is the solution of the linear equation (1.18), corresponding to the initial condition
w(a) = z (an initial branch of A(x) is chosen on the first Riemann sheet D, \ d; \d; of the
universal covering R,, of D, in order to fix z). Using the equivalence map u = Y (2, w)
we get the general form of solutions of (1.1) with small enough initial conditions at = = a
for z € D, \ d; \ da:

u(z; z) = WY (2, 2A(z)) , where u(a; z) = hV(a, 2) (7.59)
which is well defined if
2| M <6 , where M = sup |A(z)] (7.60)
x€Dy\d1\d2

The identity (7.59) implies that the solution u(x;z) can be analytically continued
along 7r;. Similarly, it can be continued along 7.

Assuming (7.60) satisfied, the solution u(z; z) becomes after analytic continuation
along m; (cf. (1.9))

AC u(z; z) = B (z,0,2A(2)) = u(x; 6,2) (7.61)
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Relation (7.61) holds for all x € D, \ d; \ d2 (on this new Riemann sheet of R,) if
2] |61 | M < § (7.62)

Hence the monodromy map along m; (showing the change of the constant of
integration z after analytic continuation of u(x; z) along ) is

M, (2) = 01z = My, (2) (7.63)

for z satisfying (7.60), (7.62).

To determine analytic continuation of u(z; z) along my, we write u(x; z) in terms of
h(?):

u(w; 2) = b (2, 2A()) = B2 (¢, 2A(x)) = b (2, 6()A()) (7.6
well defined for all z € D, \ d; \ d (on the initial Riemann sheet) if

2| <7r , [z]M <6 , and |p(2)|M <6 (7.65)
After analytic continuation along 7, the solution u(x; z) becomes

ACu(x; 2) = AC, WY (x,¢(2)A(z)) = B (z, 020(2) A(z)) (7.66)

= hV (2,671 (020(2))A(2)) = u (257" (020(2))) (7.67)
where AC;,u is analytic on this new Riemann sheet if

lo(2)] 62| M < o (7.68)
Also (7.67) holds if, in addition,

|71 (020(2))|M < 6 (7.69)

Clearly, there is 79 > 0 such that conditions (7.60), (7.62), (7.65), (7.68), (7.69) are
satisfied for |z| < 7.

Hence the monodromy map corresponding to 7 (showing the change of the constant
of integration z after analytic continuation of u(x; z) along ) is

May(2) = ¢ (020(2)) = No,(2) (7.70)

which is analytic for |2| < rq. Also, the solution u(z; ) is in the domain of A initially,
and after analytic continuation once along 7y, or once along ms.

7.2. Proof of Proposition 4(a)

Consider the monodromy maps 7,, = M M? for n,p € Z (cf. (7.63), (7.70)). We
only consider p > 0 if |65| < 1, respectively p < 0 if |f2| > 1 so that 7, , are analytic for
|z| < r.

From Lemma 12 (i),(iv), for any £ € C there are sequences of integers ny, py
with p. > 0, respectively pp < 0, such that limy_ ., 07%65" = £. For generic & we
have limy_, [px] = oo. Since the function ¢ of (7.70) is close to the identity, denote
¢ 1(2) = 2z + 2%¢(z) (where ¢ is analytic). Then

Yuree(2) = 07071 (05 6(2))
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= 0705 9(2) + 076057 226 (2) — €(2) (k — o0)

and the convergence is uniform on the disk |z| < 7.

We need to show that there exists rq > 0 such that analytic continuation of solutions
u(z; z) with |z| < o along the paths m" Pt (corresponding to the monodromy maps
Yng.p,) T€mains in the domain of equivalence of (1.1) and (1.18). The conditions (7.60),
(7.62), (7.65), (7.68), (7.69) are satisfied (upon repeated analytic continuations) if

2| M <6, |o(2)IM <5, |o()[102/M < b, |67 (05"2)| <0

and

|07 6~ (05*2) | <0

for |z| < ry and all k. Such an ry € (0,7] clearly exists for |£| < Cp, since |65[P* < 1 for
all k and we can assume |07%05%| < 2Cj for all k.
Then

Jim w25, (2)) = (@66(2)

which shows that the values (for fixed z) of the solution u(z; z) on all the branches form
a set whose closure contains a disk centered at 0.

7.8. Two lemmas

We need two lemmas in the proof of Proposition 4(b),(i). The first one gives the uniform
asymptotic behavior of iterations of analytic maps which are close to the identity.

on —

Denote repeated composition by 7°* =y o~y o...07 (n times).

Lemma 13 Let 7y be a function analytic near |z| <r, v(2) = 2z + wq 27 + O(2912),
w#0,q>1
Then there exists p > 0 such that the sequence of functions

nt/a~om (zn’l/q) , neN

converges to the function
z

(1 — wza)'/d (r71)

Vw(2) =
uniformly for |z| < p.
The second lemma is a density result.

Lemma 14 Let 0 € C, with 0 < || < 1, and arg6 & nQ. Let py € N.
Then the set
{no”;n,p € Z, p>po, Inb"| <1}

18 dense in the unit disk in C.



Nonintegrability criteria 24

Proof of Lemma 13

Since
z

Vo'(2) = ————
=) (1 — nwza)M*

and
7(2) = 2+ nwg 2T+ O(2772)

for all n > 1, we can write
Y (2) =M (2) + 29, (2) , forn > 1

where I', is analytic at z = 0.
Using the identity 7°"(2) = v°™Y (y(2)) we get the recurrence

Ln(2) = (7(2)/2)" Lot (1(2)) + va(2)

h
where 1

un(2) = 5 X"V (9(2)) =2 (2)]
hence, with the notation G, (z) = I',,(2n~'/%), we have
Gn(z) = (”y(:zn’1/“’)2’1711/(1)q+2 Gt ((n — 1)Vay(zn™17)) v, (2n~19)(7.72)
Let p > 0 such that
p < min {r, (2w) 14, M~'} | where M = sup |(y(z) —=2)/2*| (7.73)

|z|<r

We first estimate v,. We have (cf. (7.73))
sup  |y(2)] < pn VU4 pP M < p(n — 1) (7.74)

|z|<pn—1/4

therefore, if |2| < pn~'/7 then

7 (2) = ()| d_ofn-
un(2)] < W| | (Sup) ) \%'yw( D(2)| < Const|Ty(2)| (7.75)
z|<p(n—1)—+/4
so that
sup  |uu(2)| <V (7.76)
|z|<pn—1/4

for some constant V' > 0.
It will follow that the functions G,, are analytic for |z| < p. Indeed, the argument
is done by induction, using estimate (7.76) and

|(n — 1)1/qu (zn’l/q) | < (n— 1)1/q|zn’1/q| (1 + |z\n’1/qM) <p

Since
7(2)27 < 14+ w/qlz]? + |2]7 D1 (2)]
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we have

A
sup | (7(zn_1/q)z_1n1/q)q+2 | <14 Constp'n™" =1+ = (7.77)
lz|<p "

where A = A(p) > 0 is a constant, and A < 1 for small p.
Denote g, = sup|,|, |Grn(2)|. Then from (7.72), (7.76), (7.77) we get

A
gn < (1 + 5) Gno1+V (7.78)

With the substitution g, = z,, [[;_, (1 + 2) the recursive inequality (7.78) becomes

H(H%)

IEIQ(H%)

<o+ VY (p+ 1) A0 < Vel AN (L - A) T (0 4 1)
p=2

Using the inequality [];_, (1 + %) < eforstA(p 4+ 1)1 we get

—1
T S Tn—1 + V

which yields

n -1

p=2

gn < Const(A)n
Finally, since
ntiym (an M) =, (2) + 2P TG, (2)

the result of Lemma 13 follows. |

Proof of Lemma 1/

Denote 7 = |0, a = arg . Let se’ € C,0 < s < 1.

There exists an increasing sequence of integers py, such that lim;_.., e?** = e®. The
set {n7P*; n € N} splits the interval [0, 1] in intervals of length 7P% which goes to 0 as
k — oo. Let ng be such that np7P* < s < (ng + 1)7P*. Then npfP* — se as k — oo.

7.4. Proof of Proposition 4(b),(i)
Consider the commutator of M , and M,,: the monodromy map
v = M;Ql ) /\/l;l1 o My, o M, (7.79)

The equivalence map A" (-, w) analytic near z = s, is not analytic near x = s, if
and only if the function ¢ is not the identity (cf. (7.64) and the uniqueness of h\9) cf.
Theorems 10, and 11). Then there exists some ¢ > 1 such that

(2) = 2+ @127 + O(2772) | with ¢gyq # 0 (7.80)
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It follows that (cf. (7.79), (7.63), (7.70))
Y(2) = 2z + wq 127 4 O(211?) (7.81)
where

wq = =g (1—0) (1 —05) (7.82)

and w # 0.

Let £ € C with || < 1 and sequences of integers ny, p, such that n.00* — & (cf.
Lemma 14), where p, > 0 if |6;] < 1 and p, < 0 if |6;] > 1. For generic £ we have
limy_o |nk] = 00, which we assume.

Then using Lemma 13

Prgan (2) = Moy o MEE(2) = 0779 (207%) — & w(€2) (k — 00)(7.83)

We need to show that the functions I'y, ,, represent the change of the constant of
integration z of solutions u(z; z) of (1.1) upon analytic continuation on the corresponding
paths 7, P*ai e (where ma = my 'mry tmamy) for |z| < 7o (with ro independent of k)—
in other words, that u(z;z) remains in the domain of equivalence upon these analytic
continuations. This is done by a repeated use of conditions (7.60), (7.62), (7.65), (7.68),
(7.69) in the following way.

First, a solution u(x; z) remains in the domain of equivalence (i.e. the domain of A"
and h®) upon analytic continuation around s; a number pj, of times if |z||6;]7 < M~
for all j = 0,1,...,p, so if |z] < M ~! and |z||6,]|P* < oM.

Let z; = 2z07%. Then u(z; z1) remains in the domain of equivalence when continued
along ma if the numbers: z; , 601z1 , @(0121) = O11(z1) , O20(0121) = 010201(21 ),
¢ (020(0121)) = 010202(21), 070~ (020(6121)) = Oatha(z1)

G070 (020(0121))) = Oats(21) , 057 0(07 97 (B20(6121))) = s(21)
¢ 1051007 1 (020(0121)))) = Ya(21) = v(21) have absolute value less than dM L.

The functions 1; are close to the identity and analytic at the origin: ;(z) =
Z+ > oq Yjkz". Consider the function ®(t) = ¢+ Zk>1(2?=1 1;.x)t* well defined on
some interval t € [0, 7). If

q)(|21|) < = 5M_1 Hliﬂ{]_, |01|, |92|, |9102|}

then the conditions for wu(z;z;) to remain in the domain of h() upon analytic
continuation on the path ma (corresponding to ) are satisfied.

These conditions must be iterated n; times. Note that the function ® satisfies
O(|v(2)]) < @(v[(|z])) < (@ o @)(2) (for small z). Then wu(z;2;) remains in the
domain of equivalence upon analytic continuation on mx* if ®°"(|z1|) < ¢ for all
m =0,1,...,ng, and since t < ®(¢t) the condition is ®°"*(|z1|) < ¢’, which is implied by
|61 | 7Pe @™ (|207%]) < ¢'. There exists ro > 0 so that this condition is satisfied for all
|z| < ro and all sequences ny, pr with ng07* — & with ng|6,P* > |¢]/2 for all k, in view
of Lemma 13.
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Therefore, if |z] < 7o, then after analytic continuation along the path m; "7k wp*

corresponding to the monodromy map Iy, ,, (#) the solution u(z; z) takes values with

lim w (2; Ty (2)) = w (25 2(1 — w(gz>q+1)—l/q>

k—oo

therefore its values (for fixed x) are dense in an open set.

7.5. Proof of Proposition 4(b), (ii)

For m € Z consider the path 7, = m "m, I7mm, and the corresponding monodromy
map

Mﬂ'[m] = M;lrn o M;; o M:’Tll O Mﬂz = el—m o Ng;l [©] M971n [©] N92 (784)

(cf. (7.63), (7.70)); My, is analytic on a disk |2 < r (independent of m).
Using (7.80) and formulas analogue to (7.81), (7.82) for My, My , we get

Mﬂ[n] OMW[m](Z) =z+ ¢q+1 (1 - eg) (2 - 9717“1 - 9711(]) Zq+1 + ) <2q+2) (785)

Note that there is ry > 0 such that solutions u(x;z) remain in the domain of
equivalence to (1.18) upon analytic continuation on any path of the form 7, mp, (since
61| =1).

For any s,t € R there exist sequences of integers my, ng such that 674 — e
and 07*? — e as k — oo. Then the corresponding sequence of monodromy maps
Mﬁ[nk]/\/lﬁ[mk] converges uniformly to the map ~(z;t,s) = M.-is o N2_1 0 Mis o Ny, o
Me-it 0 Ny-1 0 M o Ny, and (cf. (7.85))

Y(zit,8) = 24 ¢gr1 (1 — 04) (2 — € — &) 297" + O (277?)

Since, by assumption, ¢,+1 # 0 and 03 # 1 (see also Remark 15 bellow), the closure
of the set of values of u(x; z) upon analytic continuation on the paths p, 7, contains
the values u(x;v(z;t,s)) for all £, s, € R, hence an open set.

Remark 15 The assumption s & Q of Proposition 4(b) (i),(ii) can be weakened. If
fact, it is enough that 03 # 1 where g+ 1 is the first term hélﬁl(:r) of (5.44) which is not
analytic at both points s1 and ss.
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